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Knowing without seeing is at the heart of
chemistry.

—Roald Hoffmann
(The Nobel Prize in Chemistry 1981)

—Kenichi Fukui
(The Nobel Prize in Chemistry 1981)

Two quotes from Prof. Hoffmann and
Prof. Fukui, who were awarded the Nobel
prize in chemistry in 1981, are written above.
Both the great scientists were supervisors of
AI (last author), who was the supervisor of
YA (first author) and YO (second author).
Professor Fukui’s Japanese quote, from his
Japanese book, roughly means that “the more
you conduct a study in areas distant from
your own academic field, the more creative
your later work will be”. Additionally, when



AI was Prof. Fukui’s student, he distinctly
remembers the unforgettable words from him
—“there is no need to read a lot of papers, but
it is essential to read a few important papers
in detail between the lines and extract some
important concepts from there”. The
treatments introduced in this monograph are
not intended for general use as a text book but
are definitely original and more or less
affected by the thinking of these two great
scientists. Although highly efficient advanced
supercomputers are now available, we still
believe that the concepts pursued in the early
quantum chemistry period (1930s) must be of
permanent importance in the cultivation of
new fields or the further development of an
existing field.

August 2016 Yuriko Aoki
Yuuichi Orimoto
Akira Imamura



Preface

This monograph aims to summarize an overview of theoretical research in organic
material design by means of quantum chemical approaches based on the molecular
orbital theory from primary Hückel to ab initio levels of theory. Most of the con-
tents are based on our own approach to identify simple and efficient guidelines for
magnetic design, which have not been described in other books.

There has been long-term interest in magnetic. The magnetic properties of some
metals have been known and utilized since ancient times, while organic- and
molecule-based magnets have been investigated as replacements for metallic
magnets in charge transfer complexes, organic radical magnets, ferri-magnets, and
so on, since the early 1980s. From an economic point of view, newly synthesized
organic polymer magnets must display advantages over traditional inorganic metal
or metal oxide magnets in functional flexibility, substantial weight savings, and
facile processibility over their life cycle.

This monograph comprises five chapters. In Chap. 1, we survey the historical
aspects of various current and potential applications of magnetic properties. In
Chaps. 2 and 3, we describe a quantum chemistry approach, together with its
mathematical background, that may be used to find hydrocarbon systems with
degenerate non-bonding molecular orbitals (NBMOs) that interact with each other
(Chap. 2) and identify high-spin-preferred systems using an analytical index that
allows the simple design of high-spin systems while considering correlation effects
(Chap. 3). In Chap. 4, we show our own method, used to analyze the effect of
high-spin stability (the dominant contribution to this stability comes from exchange
terms) through orbital interactions. For this purpose, we develop our own treatment
called the through-space (TS)/through-bond (TB) interaction analysis method, to
understand how high-spin stability may be realized by considering the interaction
between NBMO radicals through bonds (within a molecule) or through space
(within a molecule or between molecules). Finally, in Chap. 5, we show how to
extend the methods discussed in Chaps. 2–4 to large systems. The elongation
(ELG) method, which we have been developing since early the 1990s, is a very
efficient finite cluster approach that is available for both the Hartree-Fock (HF) and
post-HF levels of theory. This method follows to the procedures for building up a
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large system at a time by adding small units to an appropriate size of cluster and
growing the cluster with order-N (O(N)) computational time. In Chap. 5, we present
some applications that are utilized for modeling solvation effect using the polar-
izable continuum model (PCM) method and, particularly, the minimized mixing
molecular orbital (MMMO) localization process for non-bonding molecular orbi-
tals. The MMMO localization, a unique and simple method, can be applied very
efficiently to open-shell part of organic polyradicals with great reliability and stable
convergence in the self-consistent field (SCF) calculations during the ELG process
under the PCM, called the MMELG-PCM method. Some applications that show the
efficiency with O(N) and accuracy of the ELG approach are presented by imple-
menting it to various open-shell polymers and dendrimers. Although the ELG
method has been continuously developed in our laboratory since the first publish in
1991 by AI et al., there is still room for further development and improvement to
utilize it for magnetism. Future prospects are given in Chap. 6 together with a
concluding summary. The content of this monograph is a very basic and funda-
mental, and so we hope it would be a help for the study of young researchers who
are going to learn quantum chemistry related to magnetic property.

There are thousands of papers published on organic magnetism, both experimental
and theoretical, but we have cited only part of them in the references as the result of
space limitations. In addition, this monograph is a type of magnetic version of a
previously published SpringerBriefs on NLO properties for large systems entitled
“Calculations on Nonlinear Optical Properties for Large Systems: The Elongation
Method,” where YA is a common author; in this manuscript, the fundamental con-
cepts of the ELG method are described with some applications. The interested reader
is therefore referred to the above-mentioned SpringerBriefs to discover further details
about other applications of the ELG method in NLO functionals.

August 15, 2016
(82nd Birthday of AI)

Kasuga, Japan Kasuga, Japan Hiroshima, Japan

Yuriko Aoki Yuuichi Orimoto Akira Imamura
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Chapter 1
Survey of Organic Magnetism

Abstract In this chapter, we initially give an overview of magnetism and briefly
discuss the advantages of “organic ferromagnetism.” Next, we review the many
rules and indices used for predicting ferromagnetism that are proposed in the
frameworks of molecular orbital methods and valence-bond theory. We introduce
two types of strategies for designing ferromagnetic systems: “inter-molecular spin
alignment (molecular magnets)” and “intra-molecular spin alignment (high-spin
polymers).” Finally, we mention the theoretical approaches used to understand and
predict magnetism in larger systems, namely, statistical treatment using the Ising
model and quantum chemistry calculations for large systems.

1.1 Overview

Magnetism exists in three general types: ferromagnetism, paramagnetism, and
diamagnetism. In this section, these types of magnetism are briefly introduced. The
effect of temperature on magnetism is also mentioned.

1.1.1 Ferromagnetism

Figure 1.1 illustrates ferromagnetism (a) and its relatives anti-ferromagnetism
(b) and ferrimagnetism (c, d). In systems exhibiting these types of magnetism, the
electron spins interact with each other. As a result, electron spin alignment occurs,
even in weak external magnetic fields. With the exception of anti-ferromagnetic
compounds, these species exhibit spontaneous magnetization. In other words,
magnetic materials of these types have intrinsic magnetic moments. These types of
magnetism can be described as follows:

• Ferromagnetism (Fig. 1.1a): the electrons’ spins align parallel because an
exchange interaction causes neighboring electrons’ spins to be in the same
direction. Ferromagnetism is further divided into two types: hard and soft

© The Author(s) 2017
Y. Aoki et al., Quantum Chemical Approach for Organic Ferromagnetic Material Design,
SpringerBriefs in Electrical and Magnetic Properties of Atoms, Molecules, and Clusters,
DOI 10.1007/978-3-319-49829-4_1
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ferromagnetism, which are associated with the presence of impurities in the
system. A hard magnetic material contains impurities, while a soft one does not.
The presence of impurities prevents the electron spins from flipping their spin
direction. As a result, a hard magnetic material can maintain its magnetism for
an extended period after removal of the external magnetic field (this feature is
called residual magnetization), while a soft magnetic material demagnetizes
quickly after removal of the external magnetic field.

• Antiferromagnetism (Fig. 1.1b): the electrons’ spins align anti-parallel because
an exchange interaction causes neighboring electrons’ spins to be directed
opposite to each other. The up- and down-spins cancel, resulting in zero mag-
netism (i.e., no spontaneous magnetization).

• Ferrimagnetism (Fig. 1.1c, d): the electrons’ spins align anti-parallel for the
same reason as described for antiferromagnetism. However, the number
(Fig. 1.1c) or magnitude (Fig. 1.1d) of up-spins is different from that of
down-spins. The imbalance of up- and down-spins leads to spontaneous
magnetization.

1.1.2 Paramagnetism and Diamagnetism

• Paramagnetism: in a paramagnetic material, the electrons’ spins do not interact
with each other. As the result, electron spin alignment generally occurs only in
the presence of a strong external magnetic field (Fig. 1.1e). Each spin in the
system aligns parallel to the magnetic field.
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Fig. 1.1 Types of
magnetism:
a ferromagnetism,
b antiferromagnetism,
c, d ferrimagnetism, and
e paramagnetism
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• Diamagnetism: in a diamagnetic material, a small magnetic moment occurs
anti-parallel to an applied external magnetic field because of electromagnetic
induction. Diamagnetism is an inherent property of all materials, and it doesn’t
be related to the presence of free-radical electron spins.

1.1.3 Effect of Temperature on Magnetism

Temperature dependence is a basic feature of magnetism. With increasing tem-
perature, thermal fluctuations in the spin direction increase. In a paramagnetic
material, the magnetic moment of the system M is proportional to the external
magnetic field H:

M ¼ vH: ð1:1Þ

In this equation, v denotes the magnetic susceptibility, which follows Curie’s law at
around room temperature:

v ¼ const:
T

; ð1:2Þ

where the T is the absolute temperature.
In a ferromagnetic material, the relationship between temperature and magnetism

is complicated by the involvement of inter-spin interactions. Figure 1.2 shows the
temperature dependence of spontaneous magnetization in a ferromagnetic system.
When the temperature is low, large spontaneous magnetization is present because
the exchange interactions are dominant compared to the temperature effects. At
higher temperatures, the electron spins become disordered and overcome the
exchange interactions, which eventually results in paramagnetism. The temperature
at which the spontaneous magnetization of a ferromagnetic material disappears is
called the Curie temperature TC. At temperatures above TC, the magnetic suscep-
tibility v follows the Curie–Weiss law, which can be expressed as
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 Fig. 1.2 Temperature

dependence of spontaneous
magnetization in
ferromagnetic systems. Tc
indicates Curie temperature
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v ¼ const:
T � TC

: ð1:3Þ

1.2 Why Organic Ferromagnetism?

The main focus of this book is “organic” ferromagnetism. Why organic ferro-
magnetism? To answer this question, we begin by discussing the features of
inorganic ferromagnetism. We then describe the advantages of organic ferromag-
netism compared with inorganic ferromagnetism and highlight the potential
applications of organic ferromagnetic materials in the development of new
high-performance innovative materials. Moreover, organic–inorganic hybrid sys-
tems, including supramolecular systems, are briefly mentioned.

1.2.1 Inorganic Magnets

In inorganic magnets containing transition-metal atoms, the presence of unpaired
internal d- or f-type electrons plays an important role in magnetism (Fig. 1.3a). In
general, strong magnetism and high transition temperatures are expected in such
inorganic materials. The main weak points of inorganic magnets are (1) their
heaviness, and (2) the use of rare (earth) metals.

Organic radical battery 

High spin polymer 

π-network 
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Polymer
(Chemical-bonding system) 
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Multi-function, etc. 

(a) 

(b) 
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Fig. 1.3 Overview of magnetism and its applications: a inorganic and b organic magnetic
crystals; c organic magnetic polymer; d organic-inorganic hybrid system
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1.2.2 Advantages and Potential Applications
of Organic Magnets

Organic magnets are expected to have potential as new innovative materials
because: (1) they are generally lightweight, (2) they exhibit the properties of plastic,
(3) they are prepared from abundant raw materials (i.e., they are free of rare
metal(s)), (4) their magnetic properties are tunable, and (5) their magnetism may be
coupled with other properties. In general, however, radical electrons in organic
systems are highly reactive (i.e., unstable) and easily form chemical bonds. Thus,
the realization of organic magnets remains a challenge.

The transition temperatures (TC) of magnetic crystals based on small organic
molecules (Fig. 1.3b) are generally too low to permit practical use because the
through-space (TS) exchange interactions between molecules are generally weak.

In addition to molecular crystals, many efforts have been made to align the
electron spins in polymers (Fig. 1.3c). The main driving force for this alignment is
an intramolecular exchange interaction through bonds using the p-network. As the
result of strong through-bond (TB) exchange interactions, a high-spin polymer is
expected to show ferromagnetism at higher temperatures. For example, Rajca et al.
synthesized a ladder-type high-spin polymer, which showed very high spin mul-
tiplicity (Fig. 1.4) [1–4]. High-spin polymers have the potential to show both
coupled- and multi-functions induced by their p-networks, for example, “mag-
netism + conductivity” [5, 6]. One of the applications of high-spin polymers is in
organic radical batteries (ORBs) (Fig. 1.3c) [7–10]. An ORB in which
(2,2,6,6-tetramethylpiperidin-1-yl)oxyl (TEMPO) (Fig. 1.5a), poly(2,2,6,6-
tetramethylpiperidinyloxy methacrylate) (PTMA) (Fig. 1.5b), and Li were used
as the radical source, cathode active material, and anode active material, respec-
tively, was proposed [7]. As another example, an all-organic radical battery has
been proposed [8–10]. Figure 1.5c (charging), d (discharging) show schematic
illustrations of the reactions in an ORB; at each electrode, the reduction/oxidation
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Fig. 1.4 High-spin polymer synthesized by Rajca et al.
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reaction of the nitroxide radical controls the charge/discharge process. As a
molecular stacking system, a molecular spin battery was proposed [11].

Organic–inorganic hybrid systems (Fig. 1.3d) are also recognized as potential
magnetic materials. Metal complexes (for example, [12–14]) and supramolecules
(for example, [15–17]) have been actively investigated for the purpose. Various
types of artificial DNA have also attracted interest for their numerous potential
properties including magnetism (for example, [18, 19]).
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1.3 Development of the Disjoint and Non-disjoint
Concepts in Organic Systems

The field of organic- and molecule-based magnetism began in Japan almost five
decades ago [20, 21]. Around four decades ago, Itoh predicted that polycarbenes
should have high-spin ground states [22]. Qualitative theoretical approaches based
on Hückel theory were reported to describe the multiplicity of the ground states of
large alternant organic molecules with conjugated bonds [23] and the band struc-
tures of nonclassical polymers [24]. In the last three decades, Iwamura et al.
designed a molecular assembly of diphenylcarbenes having intermolecular ferro-
magnetic interactions [25]. They also discussed the potential use of polycarbenes as
microdomains in macroscopic ferromagnets and investigated the magnetic behavior
of a nonet tetracarbene as a model for one-dimensional organic ferromagnets [26,
27]. This area has become one of the most important fields of material science in
Japan (for example, [27–33]) and internationally (for example, [34–41]).

In the last two decades, many experimental and theoretical reports relating the
design of new magnetic materials based on organic, inorganic, and hybrid mole-
cules to their functional properties have appeared (for example, [42–57]).
Furthermore, Rajca [2, 3, 58–62], Nishide [63–80], and other experimentalists and
theoreticians (for example, [81–85]) have extended hydrocarbon-based magnetic
compounds to include one- and two-dimensional systems, ladder-type structures,
and systems containing hetero-atom radical centers. One can get more references in
some review books (for example, [86]) and more historical information on the long
term development by both theoretical and experimental ways in magnetic properties
of organic materials. Recently, highly accurate ab initio molecular orbital (MO)
calculations, together with remarkable developments in supercomputer technology,
have resulted in an increase in the use of theoretical techniques in the molecular
design of organic ferromagnets.

The synthesis of novel organic materials based on the theoretical design of
magnetic property is emerging as an advanced approach of modern organic
chemistry. Magnetism resulting from the interactions of electron spins requires a
large number of unpaired electrons. Ferromagnetism caused by the coupling of
electron spins is essential to produce magnetic materials. In practice, however,
keeping a high-spin state permanently is not as easy as in theory. In recent years,
many studies of high-spin organic molecules (those with S = 1 (triplet) or greater)
have provided valuable insights into the spin-coupling mechanisms available to
organic structures as well as several general approaches for the preparation of
high-spin materials. Nowadays, a hybrid experimental–computational approach is
popular to find stable organic high-spin systems as cited in the top of this section,
not only for ferromagnets, but also for potential applications in spin batteries,
magnetic storage devices, and optical and conducting materials. In particular, there
is a desire to manipulate the interrelationships between optical, conducting, and
magnetic properties.
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The molecular design of organic ferromagnets requires the construction of
organic molecules with high spin multiplicities and the introduction of inter-
molecular ferromagnetic interactions. At the Hückel level, we developed a simple
rule that states that the combination of two molecules that contain special sites
where one molecule has no MO coefficient and the other molecule has no or some
MO coefficients (a so-called 0–* combination, explained in Chap. 2) maintains the
original degenerate MO energy levels, even after the combination, if the two
energies are the same [87]. We were then inspired by the work of Borden and
Davidson (B&D) [88] and noted that if two carbon sites belonging to different
molecules both have no MO coefficients, the system should be classified as “dis-
joint”; if one of the two sites has nonzero MO coefficients, the system should be
classified as “non-disjoint”. The “disjoint” and “non-disjoint” concept has been
confirmed using variational principles in MO calculations without any approxi-
mation in the framework of the Hückel method (see Chap. 2). B&D explained that,
if the Hückel non-bonding MOs (NBMOs) cannot be localized to disjoint groups of
atoms, the energy of the triplet lies well below that of the corresponding open-shell
singlet at the Self-consistent field (SCF) level. The system then corresponds to a
“non-disjoint” system. Additionally, the fact that a 0–* combination between two
molecules produces a “non-disjoint” organic molecule leads to the stabilization of
the triplet state.

The treatment proposed in this chapter provides one method of solving the
problem of how to make “disjoint” or “nondisjoint” organic ferromagnets by
combining two or more molecules. The results obtained seem consistent with those
obtained using the spin polarization mechanism, i.e., the “spin up and down rule,”
which has been used widely by experimentalists to judge whether molecules show
triplet or singlet states, although we have so far been unable to find any report that
provides a mathematical proof. We show in Chap. 2 the mathematical basis of our
approach developed for the prediction of organic high-spin systems. Before that, in
this chapter, we describe some of the basic general features of p-conjugated
molecules.

1.3.1 Alternant and Non-alternant Hydrocarbons

Conjugated hydrocarbons are classified as alternant or non-alternant. Alternant
means that stars (*) can be put on alternating carbon atoms with no two stars
adjacent. Alternant hydrocarbons can be further sub-classified as even alternant or
odd alternant. In even-alternant hydrocarbons, the numbers of starred (*) and
unstarred (unmarked) carbon atoms are equal in principle; the numbers of starred
and unstarred carbon atoms are not equal in odd-alternant hydrocarbons. Since the
number of stars in an odd-alternant or non-alternant hydrocarbon is always maxi-
mized, the numbers of starred carbon atoms in these systems must be greater than
their numbers of unstarred carbon atoms by at least one. The left-hand side of
Fig. 1.6 shows examples of even-alternant hydrocarbons (first two lines) and
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odd-alternant hydrocarbons where one unpaired electron remains (last line). The
right side of Fig. 1.6 shows non-alternant hydrocarbons, in which it is not possible
to star alternating carbon atoms without marking two adjacent centers. If a system
includes a ring with an odd number of carbon atoms, it must, in principle, be
classified as non-alternant.

1.3.2 Kekulé and Non-Kekulé Molecules

Since the predictions of qualitative resonance theory of unsaturated hydrocarbons
we reanalyzed in terms of LCAO MO theory [89], numerous theoretical analyses of
the electronic states and physical properties of unsaturated hydrocarbons have been
reported in conjunction with experimental data (for example, [90–94]).

Before discussing the high-spin ground states of hydrocarbons, we describe
Kekulé and non-Kekulé forms. Kekulé suggested the structure of benzene in which
the carbon atoms are arranged in a hexagon with alternating double and single
carbon–carbon bonds [95]. Based on this suggestion, there are two bonding
arrangements (two alternation patterns) possible for benzene; however, the true
structure is considered to be in between the two Kekulé forms as a result of
resonance. Similar Kekulé-type conjugated molecules are depicted in the left-hand
side of Fig. 1.7.
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A well-known approach for the development of high-spin organic molecules is
the control of TB exchange in a conjugated molecule, which should be related to
the non-Kekulé forms illustrated in the right-hand side of Fig. 1.7. Non-Kekulé
conjugated molecules have two or more formal radical centers and are traditionally
believed to be stable in high-spin states. However, several non-Kekulé hydrocarbon
structures were found that did not conform to this belief, being addressed as “vi-
olations of Hund’s rule in non-Kekulé hydrocarbons” [96]. Disjoint NBMOs in
B&D’s classification mentioned above can explain these exceptional non-Kekulé
molecules.

Theoretical approaches such as Hückel theory were developed beginning in the
1950s and seem outdated. However, highly accurate treatment of large open-shell
systems at ab initio levels is also still demanding, even with the most advanced
recent supercomputers, and so, for many complicated problems related to electron
correlation effects, a qualitative discussion is therefore inevitable. In this context,
these old and simple treatments are still useful to predict the possibility of high-spin
stability without or before performing heavy calculations. Therefore, a hybrid
approach involving a combination of the old concepts and high performance
ab initio computations must be employed to design open-shell functional materials
and may be helpful for the synthesis of new organic ferromagnets or related
functional compounds. There are many recent theoretical reports describing
high-level calculations related tonon-Kekulé molecules (for example, [97–99]). We
are attempting to develop a theory based on hybrid Hückel level–ab initio level
calculations for the efficient treatment of large open-shell non-Kekulé systems. We
introduce the mathematical evidence behind our simple concept to find disjoint and
non-disjoint systems at the Hückel level in Chap. 2 and then present a novel
treatment extended to ab initio levels of theory in Chap. 5.

1.4 Index for Finding High-Spin State

Many rules and indices have been proposed for predicting low-spin or high-spin
state. These are mainly classified into two types, that is, MO-based approaches and
approaches based on valence bond (VB) theory [100].

1.4.1 Molecular-Orbital-Based Index

Hund’s rule [101, 102] states that when a system has energetically degenerate
NBMOs the electrons tend to occupy each NBMO with a parallel spin configuration
(see Fig. 1.8). Thus, when designing a high-spin molecule, it is important to gen-
erate as many degenerate NBMOs as possible. On the other hand, it should be noted
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that Jahn–Teller distortion (for example, [103]) often breaks the MO degeneracy,
resulting in a low-spin ground state.

In 1950, Longuet-Higgins proposed a MO approach to count the number of
NBMOs (NNBMO) in alternant hydrocarbons by [89]

NNBMO ¼ N � 2T; ð1:4Þ

where the N is the number of carbon atoms and the T is the maximum possible
number of double bonds. Then, the spin angular momentum s can be obtained by

s ¼ 1
2
NNBMO ¼ 1

2
N � 2Tð Þ: ð1:5Þ

For example, as shown in Fig. 1.9a, meta-phenylenedimethane is expected to
have two NBMOs (s = 1), whereas the para- and ortho-isomers have no NBMOs
(s = 0).

Hund’s rule 

Jahn –Teller 
distortion 

Fig. 1.8 Hund’s rule
concerning electron-spin
arrangement in degenerate
MOs, and Jahn–Teller effect
leading to MO degeneracy
breaking
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Fig. 1.9 Rules for counting radical electrons using a MO approach based on numbers of carbon
atoms and double bonds and b VB (�HB) approach based on numbers of up- and down-spins.
Phenylenedimethane isomers are selected as examples. See main text for details
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1.4.2 Valence-Bond-Theory-Based Index

In 1978, Ovchinnikov proposed a VB-based rule for predicting s by the simple
formula [23]

s ¼ 1
2
N" � N#
�� ��; ð1:6Þ

where N" and N# indicate the numbers of up- and down-spins, respectively. In this
rule, adjacent carbon atoms are alternatively assigned " and # spins (see Fig. 1.9b).
Then, Eq. (1.6) provides s by counting the numbers of up- and down-spins. This
technique gave the same conclusions for phenylenedimethane isomers as the
MO-based method.

In the Heisenberg (HB) model [104], the spin Hamiltonian among more than two
sites is expressed as

ĤHB ¼ �2
X
a;b

JabŜa � Ŝb; ð1:7Þ

where the Ŝa indicates the spin angular momentum operator on the spin site a, and
Jab is an effective exchange integral between sites a and b; in the VB approach,
a and b indicate atomic orbitals. Jab can be described using an exchange integral
Kab and an overlap integral Sab by (for example, [105])

Jab ¼ Kab � cS2ab; ð1:8Þ

where c is a positive constant.
At the ab initio MO level, J can be expressed in terms of the total energy and the

expectation value 〈S2〉 after approximate spin projection as follows [106]:

J ¼ ELS � EHS
� �.

Ŝ2
� �HS� Ŝ2

� �LS� �
; ð1:9Þ

where HS and LS denote high- and low-spin states, respectively, and this treatment
has been developed (for example, [107–113]).

Finally, in addition to the indices introduced here, many other rules and criteria
have been proposed for judging ferromagnetism (for example, [114–117]).

1.5 Strategy for Ferromagnetism

Exchange interactions between radical electrons play an essential part in the fer-
romagnetism of a system. To obtain ferromagnetic systems, we have to arrange
radical spins by controlling the exchange interactions. There are two main types of
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strategies used for the design of ferromagnetic systems while taking into account the
exchange interactions: the first is aimed at the development of radical crystals using
TS intermolecular interactions, and the second focuses on the preparation of radical
polymers using intramolecular interactions, in which the leading interaction occurs
through bonds (see Fig. 1.10). The concept of TS and TB interactions was origi-
nally proposed by Hoffmann et al. in 1968 [118]. The concept divides various
interactions into two categories: those that occur through space and those that occur
through bonds. The concept of TS/TB interactions has been widely used to explain
various experimental phenomena (for example, [119–122]).

1.5.1 Approach to Radical Crystals

In the design of radical crystals by stacking small radical molecules (Fig. 1.10a)
(for example, [115, 123, 124]), the TS exchange interactions between the molecules
are the dominant contributors to the ferromagnetic properties of the whole system.
Many magnetic systems based on the stacked molecule approach have been
investigated from both theoretical and experimental standpoints, and various
organic molecule-based radical crystals [49, 125–134], including nitronyl nitroxide
(NN)-based crystals (for example, [135, 136]) and charge-transfer salt crystals [33,
137], have been proposed. As a special case, radical crystals designed to merge
magnetic and conduction properties have been investigated using this approach
[5, 6].

…
  

…
  

(b) (a)

Radical crystal Radical polymer 

Fig. 1.10 Strategies of
producing a radical crystals
and b radical polymers
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1.5.2 Approach to Radical Polymers

In the design of radical polymers by arranging as many radical spins as possible in a
system (Fig. 1.10b) (for example, [21, 22, 138]), intramolecular TB exchange
interactions such as p-conjugation are the essential factors for defining magnetic
properties. In general, TB-type exchange interactions are stronger than TS-type
interactions. Thus, radical polymers are expected to have TC values much higher
than those of radical crystals. In practice, polymers with very high spin multi-
plicities, such as those shown in Fig. 1.4, have been reported by Rajca [2] and
Rajca and Rajca [1, 3, 4]. In addition, a hybrid strategy that fits between the TS and
TB approaches has also been proposed (for example, [30]).

Various systems based on the radical polymer approach have been investigated
both theoretically and experimentally. In particular, magnetic systems that use p- or
mixed p/r-networks have been actively studied [35, 139–147]. We can roughly
classify the systems from the viewpoint of the system dimensionality. For (quasi-)
one-dimensional systems [148–160], disjoint/non-disjoint composite bands [161]
and finite-fused-azulene chains [162] have been proposed, among others for
example. In the case of two-dimensional systems [163–169], graphene-based sys-
tems [170, 171] such as graphene-nanodots [172] and graphene-nanoribbons [173]
have been investigated, for example. Using the TS–TB mixed approach, spin
alignment through hydrogen bonds [174–176] and inter-chain (inter-layer) inter-
actions between (quasi-)one-dimensional (two-dimensional) magnetic polymers
[177, 178] have been investigated, among others [179].

1.6 Ising Model: Theoretical Approaches to Large
High-Spin Systems (I)

Magnetism is strongly related to temperature and is often described using statistical
mechanics. Here, we review the statistical treatment of magnetics called the Ising
model [180–182]. Figure 1.11a shows a typical Ising model. In a system, N-spins
are placed on the lattice one-by-one. Each spin has a magnetic moment l and has
one of only two possible states, i.e., the up-spin state (+1) or the down-spin state
(−1). For simplicity, each spin interacts only with the nearest neighboring spin(s) in
the two-dimensional space. In the Ising model, the Hamiltonian of a system in an
external magnetic field H can be described by

H ¼ �J
X
i; j

rirj � lH
X
i

ri; ð1:10Þ

where the coupling constant J defines the features of the magnetic interaction
between electron spins, and J > 0 and J < 0 indicate ferromagnetic and antiferro-
magnetic interactions, respectively.
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By means of the mean field approximation, we can assume that Eq. 1.10 can be
rewritten as the sum of the Hamiltonian for each spin site, Hi:

H ffi
X
i

Hi ¼
X
i

�Jz rh iri � lHrið Þ; ð1:11Þ

where z and rh i indicate the number of nearest-neighboring spins and the thermal
mean field of the spins, respectively. By considering the sum of states and
Helmholtz free energy, the mean value of the magnetization of the system can be
expressed as [183]

Magnetization ¼
X
i

ri

* +
¼ N tanh kBTð Þ�1 Jz rh iþ lHð Þ; ð1:12Þ

where kB is the Boltzmann constant. As another example, Fig. 1.11b shows the
Ising model for a one-dimensional N-spin system with periodic boundary condi-
tions. The Hamiltonian for the system can be expressed using the boundary con-
ditions as

1 2 3N  (N-1)

(a)  

(b)  

Fig. 1.11 Ising models for
a two-dimensional system and
b one-dimensional system
with periodic boundary
conditions

1.6 Ising Model: Theoretical Approaches to Large High-Spin Systems (I) 15



H ¼ �J
X
i¼1

ririþ 1; where rNþ 1 ¼ r1: ð1:13Þ

Finally, it should be noted that a quantum-chemistry (QC)-based treatment (for
example, [184]) beyond the classical Ising model has been developed in this field.

1.7 Quantum Chemistry Approach: Theoretical
Approaches to Large High-Spin Systems (II)

An understanding of inter-radical exchange interactions is an important factor in the
design of ferromagnetic systems. Furthermore, to achieve accurate designs, a
quantitative examination of the interactions should be required. QC calculations
that obviously treat electrons and their spin are candidates for analyzing the
exchange interactions (for example, [105, 110, 126, 130, 134, 136, 137, 144, 174,
176, 184–188]).

Ab initio QC was rapidly developed for the elucidation of reactions mechanism,
especially since the Nobel prize in chemistry was awarded to R. Hoffmann and K.
Fukui on 1981, concerning the course of chemical reactions by role of frontier
orbitals [189, 190]. Owing to recent remarkable progress of high performance
supercomputer, QC treatment is much more being developed to be applicable to
large systems. In this subsection, we introduce various QC techniques for
describing larger high-spin systems. There are several QC methods such as (semi-)
empirical MO, ab initio MO, and density functional theory (DFT) methods. In this
book, we focus on ab initio MO methods; the ab initio MO method is a
non-empirical theory, and the computational cost of a calculation is O(N3–4), where
N indicates the system size. Electron correlation effects can be included by per-
forming post-HF calculations (such as Møller–Plesset (MP) perturbation theory and
configuration interaction (CI) calculations); the cost of the post-HF treatment is
O(N5–7). Because ab initio calculations are very time consuming, they are normally
only useful for small molecules.

Recently, many fragmentation methods for closed-shell systems have been
developed in which the required computational time scales linearly with system
size. However, efficient and accurate methods for open-shell systems have rarely
been reported in QC, because the rapid increase in the active space of a large
open-shell system makes it difficult to treat large-scale CIs. Nevertheless, a precise
description that includes electron-correlation effects, at least for the open-shell part,
is necessary to predict the magnetic properties and temperature effects. Spin mul-
tiplicity is, in fact, very important in predicting TC. Unfortunately, however, it is
difficult to obtain reliable TC values that include electron-correlation effects except
in the case of some qualitative prediction techniques that use pseudo-potentials.
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1.7.1 Open-Shell Ab Initio Molecular Orbital Methods
for Larger Systems

We review several methods beyond the conventional method that can be employed
to perform calculations for larger open-shell systems efficiently.

Open-shell elongation method. The elongation (ELG) method [191, 192],
developed in this author’s group, is a linear-scaling method that mimics the
polymerization reaction using a computer. Figure 1.12 shows a schematic illus-
tration of the open-shell ELG method procedures [193, 194]. First, a starting cluster
is computed as an open-shell system to obtain its canonical MOs (CMOs). The
CMOs then undergo a unitary transformation into two regional localized MOs
(RLMOs), i.e., active and frozen RLMOs localized to active (reaction terminal side)
and frozen (remaining) regions, respectively; this procedure is called the localiza-
tion step. A new monomer then attacks the active RLMO of the starting cluster.
Here, it is assumed that the frozen RLMOs to be far from the attacking monomer
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Ac ve
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Interac on space 

Frozen RLMOs 
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Fig. 1.12 Open-shell ELG
method procedures
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and that there is no interaction between them. The eigenvalue problem is solved
within the open-shell scheme only for the interaction space consisting of the active
RLMOs and CMOs of the monomer to obtain the new CMOs for the limited space;
this procedure is called the ELG step. By repeating the localization and ELG steps,
the electronic structures of the system can be elongated step by step while keeping
the electron spins (spin multiplicity) in the frozen region. The computational
accuracy of the ELG method is on the order of 10−8 hartrees per atom. A detailed
description of the open-shell ELG method is provided in Chap. 5.

Open-shell fragment molecular orbital method. The fragment MO
(FMO) method has been proposed [195–197] and developed [198–205] for cal-
culating large systems. In this method, properties such as the total energy of the
system can be obtained from the energies of each fragment and fragment pair. For
example, the two-body FMO energy of N fragments is described by

EFMO2 ¼
XN
I

EI þ
XN
I[ J

EIJ � EI � EJð Þ; ð1:14Þ

where EI and EIJ represent the total energies of the single fragment and fragment
pair, respectively. These energies are calculated under the static electric field
generated by the other fragments. The method has been extended to include cal-
culations for open-shell systems (FMO-ROHF, FMO-ROMP2, and FMO-ROCC)
[206].

Open-shell divide-and-conquer method. The divide-and-conquer (DC) method
has been proposed [207–209] and developed [210–216] for the calculation of large
systems. In the DC method, the whole system is initially divided into subsystems.
Each subsystem (central region) is surrounded by a buffer region, which is made up
of subsystems adjacent to the central region. The CMOs for the localization region
consisting of the central and buffer regions are obtained from conventional calcu-
lations under the static electric field generated by the other parts of the system. The
density matrix for the whole system is constructed from those corresponding to the
localization regions while controlling the Fermi level. The static electric field is
recalculated using the new density matrix, and each localization region is recal-
culated in the field. These processes are repeated self-consistently. The
spin-unrestricted open-shell scheme has been proposed at the HF and DFT levels
(DC-UHF/UDFT) [217] and for a MP-based method (DC-UMP2) [218, 219].

Density matrix renormalization group method. The density matrix renor-
malization group (DMRG) methods are among the most actively developing ab
initio QC techniques used to predict magnetic properties, even though these
methods were not originally formulated from a wavefunction perspective, but rather
using renormalizatioin group language [220]. The DMRG algorithm was originally
introduced by White [221, 222] to treat properties of large quantum lattice models
and was later extended to ab initio Hamiltonians [223–227]. Yanai et al. imple-
mented orbital optimization with the DMRG to enable the self-consistent
improvement of the active orbitals, as is done in the complete active space

18 1 Survey of Organic Magnetism

http://dx.doi.org/10.1007/978-3-319-49829-4_5


self-consistent field (CASSCF) method, creating what is known as the
DMRG-CASSCF method [228, 229]. Furthermore, they presented a novel paral-
lelized implementation of the DMRG algorithm that is oriented toward applications
for polynuclear transition metal compounds [230]. Recently, these methods have
been further developed to encompass complete active space second-order pertur-
bation theory (DMRG-CASPT2) [231, 232] and multireference CI (DMRG-MRCI)
techniques [233]. Associated dynamic correlation methods, which can handle large
active spaces, are also known [234].
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Chapter 2
Nonbonding Molecular Orbital Method
and Mathematical Proof
for Disjoint/Non-disjoint Molecules

Abstract In this chapter, we introduce our own technique, which was developed to
design non-disjoint systems with high-spin states more stable than those of disjoint
systems, as mentioned in Chap. 1. Pure hydrocarbon (HC) systems are addressed
first, because high-spin organic molecules are accessible when non-bonding
molecular orbitals (NBMOs) are present as a result of the symmetry of the alternant
HC skeleton. This description is then followed by a discussion of heteroatom-
included HC (HHC) systems. We explain the basic idea of making non-disjoint
combinations between molecules feasible when designing large organic
non-disjoint systems with high-spin ground states.

2.1 Introduction

The explanation below is based on mathematics using linear algebra because dis-
joint or non-disjoint combinations can be defined at a simple Hückel level.

In odd-alternant HCs, all of the carbon atoms can be either starred (*) or
unstarred (0) in such a way that two atoms of the same type are not directly joined
by a bond. The atoms of one set (*) are numbered from 1 to h and the atoms of the
other set (0) are numbered from (h + 1) to n. We define active carbon atoms as “*”
and inactive carbon atoms as (0). The equations to be solved for each group can be
expressed as follows:

�eCr þ
Xn

s¼hþ 1

brsCs ¼ 0 ðr ¼ 1; 2; . . .; hÞ

�eCr þ
Xh
s¼1

brsCs ¼ 0 ðr ¼ hþ 1; hþ 2; . . .; nÞ

8>>>><
>>>>:

: ð2:1Þ
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The NBMO method [1] is useful to elucidate the nature of radicals and the inter-
actions between them in super-molecules. In alternant HCs, the NBMOs can easily be
defined by hand (without a computer), and the NBMO coefficients easily be obtained
without the need for computational calculations. Even for non-alternant HCs, most of
which are composed of odd-numbered rings, the NBMO levels with k ¼ 0 can be
found using some special techniques [2]. That is, the carbon atoms that have non-zero
coefficients and those with zero coefficients can be recognized by hand for both
alternant and non-alternant HCs. Using this method, we can obtain insight into how to
combine radical molecules in such away as tomaintain the degeneracy of the levels in
the combined super-molecule. In other words, based on their NBMO coefficients, we
can determine a means of combining radical molecules so that the energy levels of the
NBMOs in the original molecules are retained. This simple treatment would be a first
step to satisfy the minimum condition that the system should possess degenerate
energy levels, before discussing if the system shows low spin or high spin.

We can prove mathematically that there are two combination methods that
maintain two NBMOs even after the intermolecular interaction. One is the for-
mation of linkages between the carbon atoms that have zero NBMO coefficients;
this method is shown in Fig. 2.1a. Molecules A and B each have their own single
NBMO, and the linkage between the two molecules must occur between the two
carbon atoms with zero coefficients in order to maintain the two original NBMO
levels. Molecules A and B may be either alternant or non-alternant HCs.

The second method is the formation of a linkage between the two atoms, one of
which has a no coefficient in molecule A and another on which has a non-zero
coefficient in molecule B. This method is depicted in Fig. 2.1b. Molecule A must be
an alternant HC, and molecule B may be either an alternant HC or a non-alternant
HC in order to satisfy the condition that the two original NBMOs keep their original
energy levels. The former (Fig. 2.1a) corresponds to a “disjoint” linkage, and the
latter (Fig. 2.1b) corresponds to a “non-disjoint” linkage. As explained below, both
types of linkages can maintain the original NBMO levels “completely (not
approximately)” even after the linkage is formed.

(a) Disjoint type

A B 0 p q
* 

Alternant
Hydrocarbon

Alternant/Non-
alternant
Hydrocarbon

A B 0 p q 0 

Alternant/Non-
alternant
Hydrocarbon

Alternant/Non-
alternant
Hydrocarbon

(b) Non-disjoint type

Fig. 2.1 General rule for producing super-molecule that possesses two degenerate NBMOs:
a disjoint and b non-disjoint linkages
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The most important difference between the two types of super-molecules is the
interaction between the two NBMOs. Disjoint super-molecules have no interactions
between their NBMOs, so the electron spins are not induced to produce a high-spin
state, while non-disjoint super-molecules are characterized by small interactions
induced through exchange integrals, leading to high-spin states due to Hund’s rule.
This simple concept is not a rule of thumb but can be logically proven using linear
algebra without introducing any approximations except those inherent in the Hückel
method. First, we present the derivations of the NBMO degeneracy for both disjoint
and non-disjoint systems using an atomic-orbital (AO)-based Hamiltonian [3] and
then using a molecular-orbital (MO)-based Hamiltonian.

2.2 Atomic-Orbital-Based Proof for Disjoint
and Non-disjoint Hydrocarbons

In this section, the derivation of a rule to obtain two degenerate NBMOs in a
super-molecule composed of two HC radicals is presented for systems based on
pure HCs. In odd-alternant HCs, we can number alternating active carbon atoms,
denoted by a star “*”, from 1 to h, while avoiding the labelling the neighboring
carbon atoms and the other atoms are numbered from (h + 1) to n. The equations
for the above two sets can be expressed for molecule A as follows:

�eCr þ
XnA

s¼hA þ 1

brsCs ¼ 0 ðr ¼ 1; 2; . . .; hAÞ

�eCr þ
XhA
s¼1

brsCs ¼ 0 ðr ¼ hA þ 1; hA þ 2; . . .; nAÞ

8>>>><
>>>>:

; ð2:2Þ

where hA represents the number of active (starred) carbons and nA represents the
total number of carbon atoms in molecule A. In the same way, the secular equation
for molecule B can be expressed using hB as follows:

�eCr þ
Xn

s¼nA þ hB þ 1

brsCs ¼ 0 ðr ¼ nA þ 1; . . .; nA þ hBÞ

�eCr þ
XnA þ hB

s¼nA þ 1

brsCs ¼ 0 ðr ¼ nA þ hB þ 1; . . .; nÞ

8>>>><
>>>>:

ð2:3Þ

where the numbering of the carbon atoms in molecule B is from (nA + 1) to n, the
total number of carbon atoms. The secular determinant of the two isolated systems
(before being linked) is written as
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ð2:4Þ

where −eI in the diagonal blocks indicates that the matrix is completely diago-
nalized, because starred active carbons (or unstarred inactive carbons) cannot be
directly combined within a molecule. Off-diagonal blocks are indicated by

b1 ¼

b1;hA þ 1 b1;hA þ 2 � � �
b2;hA þ 1 b2;hA þ 2

..

. . .
.

bhA;nA

0
BBB@

1
CCCA ð2:5Þ

and

b2 ¼
bnA þ 1;nA þ hB þ 1 bnA þ 1;nA þ hB þ 2 � � �
bnA þ 2;nA þ hB þ 1 bnA þ 2;nA þ hB þ 2

..

. . .
.

bn;n

0
BBB@

1
CCCA: ð2:6Þ

Equations (2.5) and (2.6) provide the interaction terms between the active and
inactive carbon atoms within molecules A and B, respectively. Whether an matrix
element has value or not depends on bonding information at the Hückel level. That
is, off-diagonal block matrices b1 and b2 indicate intramolecular bonding infor-
mation between active and inactive carbon atoms in each molecule.

2.2.1 Hydrocarbons Disjoint (HC-AO-D)

We now consider disjoint combinations. If a link is created between inactive atoms
(0) of both molecule A and molecule B, the secular determinant can be written as
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ð2:7Þ

where P(PT) in the off-diagonal block is added to Eq. (2.4). The P(PT) matrix
includes only one non-zero element because one bond is formed between molecules
A and B.

The rank of the matrix can now be reduced using mathematical techniques in
linear algebra. That is, the first h columns (the columns corresponding to the *-part
of A) and the columns from (nA + 1) to (nA + hB) (the columns corresponding to
the *-part of B) of Eq. (2.7) are multiplied times 1/(−e). Additionally, the rows from
(hA + 1) to nA (the rows corresponding to the 0-part of A) and the last nB − hB rows
(the rows corresponding to the 0-part of B) are multiplied times-e, so that Eq. (2.7)
can finally be expressed as

DðeÞ ¼ ð�eÞ2hA�nA þ 2hB�nB H0�0j j ¼ e2 H0�0j j; ð2:8Þ

where
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ð2:9Þ

In Eq. (2.8), it is assumed that the number of active carbon atoms is greater than
the number of inactive carbon atoms by one. Therefore, 2hA � nA þ 2hB � nB
becomes 1 + 1 and as such, DðeÞ ¼ 0 possesses the double solution with e = 0.
This means that no interaction occurs between the original two NBMOs, resulting
in so-called “disjoint” molecules.
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2.2.2 Non-disjoint Hydrocarbons Non-disjoint (HC-AO-N)

Next, we consider non-disjoint combinations. If a link is formed between the
inactive atom (0) of molecule A and the active atom (*) of molecule B, the secular
determinant can be written as
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ð2:10Þ

where the position of the off-diagonal block is different from that in Eq. (2.7)
because the link between two molecules is assumed to occur between an inactive
carbon atom in molecule A and an active carbon atom in molecule B. After
reducing the rank of the matrix using a procedure similar to that applies for
Eqs. (2.7) and (2.8), Eq. (2.10) can finally be expressed as

DðeÞ ¼ e2 H0��j j; ð2:11Þ

where
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ð2:12Þ

The presence of D(e) = 0 in Eq. (2.12) again provides two solutions with e = 0.
It was not immediately obvious whether the *–0 linkage could also cause exactly
two solutions with e = 0, as in the case of a 0–0 linkage, but it became clear by
mathematical derivation. The existing of degenerate e = 0 means that the original
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NBMOs are completely reserved, even though some interaction occurs between the
two NBMOs; thus, these systems are called “non-disjoint,” as will be shown later.

We can conclude that the formation of either 0–0 or 0–* linkages between two
molecules that already have NBMOs can maintain the original NBMO levels after
linking. The mathematical prove is possible similarly for the case in which a system
has more than one NBMO in its isolated molecules because the positions of the
starred and unstarred carbons remain unchanged, even though several degenerate
NBMOs are mixed with each other. Some applications to several models of organic
conjugates systems are presented in the previous paper [3] where the reliability of
the indices shown in the next Sect. 2.3 is examined by using both the density
functional theory (DFT) with functional methods and the complete active space
SCF (CASSCF) calculations.

The above AO-based proof simply addresses whether or not an e = 0 solution
exists after link formation; however, the interaction mechanism on the NBMO
reservation are still not clarified. In the next section, an MO-based proof will be
provided that permits a more detailed understanding of the reason why the
NBMOs remain unchanged, even in a super-molecule, particularly in non-disjoint
molecules.

2.3 Molecular-Orbital-Based Proof for Disjoint
and Non-disjoint Hydrocarbons

As explained above, we can prove that the two types of linkages formed between
two radical molecules can still preserve the original NBMO level in each isolated
molecule after the intermolecular interaction. However, the AO-based treatment
does not provide any insight into the mixing pattern between the MOs, which is
important when trying to predict a high-spin ground state. Therefore, we present a
proof of the same results as above using an approach based on the MOs of the two
isolated molecules instead of their AOs [4]. The objective of this technique is to
enable perturbation calculations to be performed for the newly created bond based
on the isolated molecules. However, in fact, we treat the additional term arising
from a new bond by a “variational method” using zeroth-order terms before the
interaction. Therefore, the results obtained are not just from the lower-order terms
of perturbation theory (unlike perturbational MO (PMO) analysis [5]) but provide
exactly the same results a using full conventional diagonalization.

In general, the determinant of the secular equation based on the MOs can be
expressed as

Hij � Sij e
�� �� ¼ 0; ð2:13Þ

where Hij and Sij are Hamiltonian and overlap matrix elements, respectively, based
on the ith and jth MOs. If the MOs used here are already solved for the whole
system, Hij corresponds to a diagonal matrix whose diagonal elements are eii, and
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Sij becomes dij for the orthonormal condition, then Eq. (2.13) is already satisfied.
However, we can use any kind of basis for i and j because the original Hamiltonian
and overlap matrices in the AO basis are unique for the whole system after linkage.
The eigenvalues obtained after diagonalization are invariant if the transformations
of the matrices are unitary. We suppose here that Hij is the interaction matrix whose
basis MOs arise from two isolated molecules before their combination.

For simplicity, considered at the Hückel level, the secular equation for solving a
supermolecule from isolated MOs can be written as

Hij � dij e
�� �� ¼ 0; ð2:14Þ

where Hij is a resonance matrix element between particular MOs, i and j, in each
isolated molecule, which is given by

Hij ¼
Xn
r

Xn
s

Cð0Þ
ir Cð0Þ

js ðHð0Þ
rs þDHrsÞ ¼ eð0Þi dij þDH ð2:15Þ

where the Cð0Þ
ri is defined as zeroth-order terms composed of MO coefficients of

isolated molecules A and B as

WiðAÞ ¼
XnA
r¼1

Cð0Þ
ir ðAÞvr; ð2:16Þ

WiðBÞ ¼
XnB
s¼1

Cð0Þ
is ðBÞvs: ð2:17Þ

Hð0Þ
rs represents the resonance integrals in the isolated molecules before linkage,

and DHrs represents the resonance matrix elements resulting from the linkage,
which, in general, is brs at the Hückel level, between the rth and sth AOs, each of
which belongs to a different molecule. DHrs yields non-zero values when r = p and
s = q according to the linkage definition shown in Fig. 2.1. We can treat the inter-
action using perturbation theory to estimate the linkage effect between the two
molecules, where DHrs is defined as a perturbation applied to the zeroth-order
wavefunctions given in Eqs. (2.16) and (2.17). To reach the correct solution,
however, perturbation theory enables terms beyond the second-order perturbation
energy to be obtained. Therefore, we apply here a variational treatment using the
secular equation to solve the interaction directly, not in the AO basis as for the
conventional method, but in a zeroth-order MO basis. The results thus obtained by
solving the zeroth-order MO-based secular determinant must be completely identical
to those obtained by solving the whole system directly by conventional AO-based
secular determinants. Therefore, we can discuss and analyze the results by supposing
a completely correct solution in the framework of a given equation. This point is the
advantage of the MO-based variational method compared to a perturbation method.
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2.3.1 Hydrocarbons Disjoint (HC-MO-D)

We consider the linkage between two unstarred carbon atoms, one of which belongs
to molecule A and the other to molecule B, regardless of whether the molecule is
alternant or non-alternant hydrocarbon. The secular equation corresponding to
Eq. (2.14) in the disjoint combination can be expressed as

ð2:18Þ

where nA and nB represent the numbers of MOs of molecules A and B, respectively,

and NA and NB indicate the NBMO levels of molecules A and B, respectively. eðAÞi

and eðBÞi correspond to the orbital energies of molecules A and B, respectively,
which are already solved in the isolated molecule and therefore fully diagonalized
within each subspace. The NBMO level in each molecule with one radical has zero
orbital energy if the Coulomb integral a is supposed to be 0 in the Hückel method;
then, the central element in each diagonal element related to NA or NB is given by
(0 − e). The most significant feature of this expression can be seen in off-diagonal
sub-blocks, where all the matrix elements related to NA or NB in the two molecules
are given by zero, as described below.

For a disjoint combination, the secular equation corresponding to Eq. (2.18) can
be expressed as

DHiNA ¼
XonA
r

þ
XonB
r

 ! XonA
s

þ
XonB
s

 !
Cð0Þ
ir Cð0Þ

NAsDHrs

¼
XonB
r

XonA
s

Cð0Þ
ir Cð0Þ

NAsDHrs ¼ 0 ði ¼ 1; 2; . . .; nÞ
ð2:19Þ
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DHNA j ¼
XonA
r

þ
XonB
r

 ! XonA
s

þ
XonB
s

 !
Cð0Þ
NArC

ð0Þ
js DHrs

¼
XonA
r

XonB
s

Cð0Þ
NArC

ð0Þ
js DHrs ¼ 0 ðj ¼ 1; 2; . . .; nÞ

ð2:20Þ

DHiNB ¼
XonA
r

þ
XonB
r

 ! XonA
s

þ
XonB
s

 !
Cð0Þ
ir Cð0Þ

NBsDHrs

¼
XonA
r

XonB
s

Cð0Þ
ir Cð0Þ

NBsDHrs ¼ 0 ði ¼ 1; 2; . . .; nÞ
ð2:21Þ

DHNB j ¼
XonA
r

þ
XonB
r

 ! XonA
s

þ
XonB
s

 !
Cð0Þ
NBrC

ð0Þ
js DHrs

¼
XonA
r

XonB
s

Cð0Þ
NBrC

ð0Þ
js DHrs ¼ 0 ðj ¼ 1; 2; . . .; nÞ;

ð2:22Þ

where it is evident that at least one coefficient, either the rth or the sth, is zero
because the coefficients under discussion are related to NA or NB even though
DHrs(=DHpq) is non-zero at the linkage position. On the other hand, DHrs ¼ 0 when
both of the coefficients in each equation are non-zero, because the linkage is done
only between the pth and qth AOs. Finally, Eqs. (2.19)–(2.22) must be zero.
Therefore, two NBMOs with e ¼ 0 in the isolated molecules are not mixed at all
with any other elements; that is, they are block-diagonalized for the two elements,
thus keeping the original NBMO levels unchanged even after solving the secular
equation. This type of mathematical proof is not easy to obtain using the pertur-
bation method, since the full higher-order perturbation series must be successively
calculated to achieve complete convergence. Therefore, using MO-based determi-
nants, two clear solutions of Eq. (2.18) can be obtained:

DDis
n ðeÞ ¼ ð�eÞ2DDis

n�2ðeÞ: ð2:23Þ

It was demonstrated that two NBMO levels are maintained even after the for-
mation of an intermolecular linkage between two carbon atoms with zero
coefficients.

2.3.2 Hydrocarbons Non-disjoint (HC-MO-N)

We now consider the case of a non-disjoint linkage where an unstarred carbon in
molecule A is combined with a starred carbon in molecule B. To maintain the two
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NBMO levels after the linkage is formed, we found that molecule A, in which an
unstarred carbon atom joins with molecule B, should be an alternant HC that obeys
the pairing theorem. That is, the orbital energy should have a relationship between
the (nA − i + 1)th and ith energy levels that corresponds to

enA�iþ 1¼ei: ð2:24Þ

In addition, the coefficients in molecule A must fulfill the condition so that the
(nA − i + 1)th MO coefficient is given by a constant multiple of the ith MO
coefficient:

CðAÞ
nA�iþ 1;r ¼ kirC

ðAÞ
ir ; ð2:25Þ

where kir ¼ �1 for unstarred atoms when kir ¼ 1 for starred atoms, and vice versa.
For molecule B, no restriction is imposed on the coefficients to maintain the energy
of the NBMO. Using the relationship described by Eq. (2.25), the matrix element
between the (nA − i + 1)th and its paired ith MO can be expressed as

HðABÞ
nA�iþ 1;j ¼

XnA
r

XnB
s

CðAÞ
nA�iþ 1;rC

ðBÞ
js HðABÞ

rs ¼
XnA
r

XnB
s

kirC
ðAÞ
ir CðBÞ

js HðABÞ
rs ¼ kipH

ðABÞ
ij ;

ð2:26Þ

where kip ¼ �1. Mathematical proof that the two NBMOs keep their NBMO levels
even after the formation of a linkage between starred and unstarred atoms is shown
below.

In this case, the secular equation corresponding to the disjoint combination (i.e.,
Eq. (2.18)) can instead be expressed using Eqs. (2.24)–(2.26) as

ð2:27Þ

where the Coulomb integral term in the Hückel method was set to zero (i.e., a ¼ 0)
for simplicity. It can be seen that the column and line along NA are all zero except
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for the diagonal element, �e, while those along NB have non-zero values in
the off-diagonal blocks, which differs from the case of disjoint linkages. This
determinant obviously provides one solution with e ¼ 0. By reducing the rank of
the determinant Dn�1ðeÞ after extracting the isolated �e, we can extract another �e
from a series expansion of this part. Then Eq. (2.27) can simply be expressed as

DNon�dis
n ðeÞ ¼ �eð Þ �eð Þ

X
m

DNon�dis
n�m �

eðAÞ
n0A

þ e

kn0A

0
@

1
A eðBÞ1 � e
� �

eðBÞ2 � e
� �8<

:
� � � �eð Þ � � � eðBÞnB�1 � e

� �
eðBÞnB � e
� �o

¼ ð�eÞ2DNon�dis
n�2 ðeÞ:

ð2:28Þ

Finally, the determinant for a non-disjoint linkage exhibits the same form as
Eq. (2.23), which was derived for a disjoint linkage, and also provides doubly
degenerate NBMO levels after the linkage. However, the process for the creation of
ð�eÞ2 terms in non-disjoint linkage is different from that used for disjoint linkages.
Disjoint linkages contain two isolated NBMOs that maintain their levels at the
energy of the isolated molecules simply because there are no interactions with other
orbitals, while a non-disjoint linkage contains one interacting NBMO in addition to
one isolated NBMO. The presence of an interacting NBMO means that the linked
carbon atom that has coefficients causes an interaction with the (non-NBMO)
orbitals in the other molecule while still maintaining the original NBMO level, even
after the interaction, because of the condition that molecule A must fulfill the
pairing theorem, that is, it must be an alternant HC.

A simple model of the linkage between two allyl radicals, as shown in Fig. 2.2,
is used for specific elucidation of (a) disjoint and (b) non-disjoint linkages. The
secular determinants to be solved based on the zeroth-order MOs (isolated two allyl
radicals), corresponding to Eqs. (2.18) and (2.27), are also given for disjoint
(Eq. (2.29)) and non-disjoint (Eq. (2.30)) linkages, respectively.
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Fig. 2.2 MO coefficients of a disjoint and b non-disjoint HCs following linkage formation
between two allyl radicals
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The first diagonal block in each matrix represents the secular equation for the left
allyl molecule and the second diagonal block indicates that for the right allyl
molecule in each of the linkage types shown in the upper figure. It is evident that
Eq. (2.29) yields two isolated NBMOs, (e2 − e)2, that do not mix with other terms,
while Eq. (2.30) gives one isolated NBMO, (e2 − e), from the left allyl molecule
and another NBMO, (e2 − e), from the right allyl molecule that will interact with e1
by b/2 and with e3 by −b/2 in the left allyl molecule; these elements are finally
cancelled after the interaction. These matrices in the secular equations can be
understood from the orbital interactions before and after the linkage, schematically
presented in Fig. 2.3 for disjoint (upper) and non-disjoint (lower) linkages.

The upper interaction model in Fig. 2.3 corresponds to the case in which two
original NBMOs are still isolated after the interaction, in what is known as a “disjoint”
linkage, and the lower interaction model to the case in which one NBMO interacts
while the other remains isolated, in what is known as a “non-disjoint” linkage. In the
latter case, it is evident that the NBMO from the allyl molecule on the right maintains
its original level, e ¼ a, even following the interaction between the occupied and
unoccupied orbitals in the allyl molecule left by b/2 and −b/2, respectively, corre-
sponding to the terms in Eq. (2.30). The NBMO from the right-hand side (where the
starred atom is the linkage position) remains unchanged as a result of the interaction
with the other orbitals in the allyl molecule on the left. Non-disjoint linkages keep the
original NBMOs when the left molecule satisfies the pairing theorem because the
stabilization (resulting from a decrease in the energy caused by the interaction
between the occupied orbital e1 in the left allyl and the NBMO in the right allyl) and
destabilization (resulting from an increase in the energy caused by the interaction
between the unoccupied orbital e3 in the left allyl and the NBMO in the right allyl)
completely cancel, resulting in an NBMO level that is unchanged from the original.
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Therefore, as shown in the right-hand side of Fig. 2.1, molecule A, in which the
unstarred atom is linked with molecule B, must be restricted to an alternant HC that
satisfies the pairing theorem. This feature is the so-called 0–* linked non-disjoint
effect caused by the unstarred carbon atom of the alternant HC and a starred carbon
atom of an alternant or non-alternant HC. That is, a weak interaction between two
radicals through an indirect interaction between the NBMO in molecule B and the
non-NBMO orbitals in molecule A might lead to high spin stabilization. The main-
tenance of degeneracy is related to Hund’s rule, which states that the term with the
maximum multiplicity has the lowest energy for a given electron configuration.
Therefore, the non-disjoint linkages described here would apply to the design of high
spin organic polymers that could potentially show magnetic properties.

On the contrary, as described in Sect. 2.3.1, a disjoint linkage is useless from a
magnetic design point of view because no interactions between radicals can be
expected. Finally, we can conclude that only a non-disjoint linkage between an
unstarred carbon atom in an alternant HC and a starred carbon atom in an alternant
HC or a non-alternant HC can possibly generate a high-spin state in the resulting
super-molecule. This concept can be also applied to the polyradical systems seen in
one-dimensional polymers or two-dimensional sheets.

Disjoint type 
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Non-disjoint type 
linkage

a 
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-2b 2b 

a 

-a 

0 0 

0 

0 
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2α β−
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Fig. 2.3 Schematic illustrations of orbital interactions in disjoint and non-disjoint linkages
between two allyl radicals
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2.4 Atomic-Orbital-Based Proof for Disjoint
and Non-disjoint Heteroatom-Included Hydrocarbons

The above mentioned method of predicting NBMO degeneracy in super-molecules
supposes pure HC systems, but, for wider application, can be extended to systems
that include heteroatoms. Most high-spin organic systems possess heteroatoms, and,
therefore, any rule that can be applied only to pure HC systems is of little use for the
general design of ferromagnets. It is necessary to determine a rule that can also be
employed to design techniques that incorporate heteroatoms into HC compounds
while maintaining the original NBMO levels even after two molecules are linked in
a disjoint manner. To be widely applicable, the rule should be as flexible as possible
about the position of the heteroatoms. That is to say, a simple method of replacing
some carbon atoms in an HC with heteroatoms while reserving their NBMO levels
is necessary. By systematical searching at the Hückel level, we showed that there
are two possible linkage patterns in a super-molecule that can result in two NBMOs
(not necessarily e = a) in the dimer after the linkage is formed. The first suitable
linkage can occur when all the starred carbons are replaced by identical heteroatoms
(denoted as “Type-I” hereafter) and the other can occur when some or all of the
unstarred carbon atoms are replaced by the same or different heteroatoms (denoted
as “Type-II” hereafter). Therefore, we can divide the super-molecule into two
molecules, each of which has an NBMO and can then construct a mathematical
proof to understand why these systems make it possible to maintain the parent
NBMOs at the Hückel level. All of the isolated molecules capable of forming
degenerate NBMOs are first classified as Type-I or Type-II; an example of this is
shown in Fig. 2.4. Type-I provides an NBMO with k = xb; the remaining levels are
distributed symmetrically, satisfying the paring theorem around k = xb/2. On the
other hand, for Type-II molecules, the NBMO level maintains k = 0, but the paring
theorem is not satisfied because the heteroatoms that replace the inactive carbon
atoms destroy the orbital symmetry even though they do not affect the NBMO level.
Using these properties in HHC systems, we can discuss super-molecules that
maintain their NBMO levels after linkage formation. Some examples of
non-disjoint linkages considered for Type-I and Type-II molecules are depicted in
the same figure.

Mathematical proofs that Type-I and Type-II systems maintain the NBMOs of
their parent molecules are described below for both disjoint and non-disjoint
linkages using both AO-and MO-based secular equations.

To understand the electronic states of HHC systems at the Hückel level, we first
consider Type-I, in which all of the starred carbons are replaced by a unique
heteroatom, X. We suppose that the Coulomb term on the heteroatom is corrected
as x through resonance integral b as

aX ¼ aþ xb; ð2:31Þ
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and that the resonance integral between the carbon (C) and heteroatom (X) is
corrected as

bCX ¼ lb: ð2:32Þ

The adjusted diagonal term in the secular equation in the AO base is

aX � e ¼ �eþ xb ðfor a ¼ 0Þ; ð2:33Þ

If all of the starred carbon atoms are replaced with the same type of heteroatom
with a Coulomb integral of aX, following the method of Tyutyulkov and Polansky
[6], the secular equations show the following forms under the nearest-neighbor
approximation in the Hückel method:
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Fig. 2.4 Energy levels of benzyl radical (alternant HC) and related Type-I and Type-II HHCs.
Examples of possible non-disjoint combinations are depicted in the lower part of this figure
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ð�e + xbÞCr +
Pn

s¼hþ 1
brsCs = 0 ðr = 1; 2; . . .; hÞ

�eCr +
Ph
s¼1

brsCs = 0 ðr = h + 1; h + 2; . . .; nÞ

8>><
>>: ; ð2:34Þ

where h is the number of starred atoms. The secular determinant is given in each
submatrix of starred and unstarred atoms by

*-part   0-part

*-part ( )

( )

0-part T

x I

I

,

ð2:35Þ

where I is the unit matrix and b is the resonance integral between the starred and
unstarred atoms in neighboring molecules and has the form

b ¼

b1;hþ 1 b1;hþ 2 � � �
b2;hþ 1 b2;hþ 2

..

. . .
.

bh;n

0
BBB@

1
CCCA;

and bT represents the transposed matrix of b. By multiplying the first h columns
(the columns corresponding to the *-part) of Eq. (2.35) times 1/(−e + xb) and
multiplying the last n–h rows (the rows corresponding to the 0-part) times
(−e + xb), one obtains the following identity:

2( ) ( )

( )

h n

T

I

x

x I

.

ð2:36Þ

In general, D(e) = 0 has (2 h − n) degenerate solutions corresponding to the
NBMO level e = xb. For simplicity, if (2 h − n) = 1 (i.e., the molecule is an
odd-alternant molecule), then molecules of this type have one NBMO with
e = xb.
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2.4.1 Heteroatom-Included Hydrocarbon Type-I Disjoint
(HHC-AO-I-D)

We have defined the substitution in which all of the starred carbon atoms are
replaced by the same type of heteroatoms as Type-I. First, we suppose a disjoint
linkage, that is, a linkage between the unstarred atom of molecule A (the 0-position
of A: A(0)) and the unstarred atom of molecule B (the 0-position of B: B(0)). The
secular determinant is expressed as

1

1

2

2

A A 0 B B 0

00)(A

00A

B 0 0 ( )

B 0 0

[Type-I]

T

TT

Dis
n

x I

PI

x I

P I

,

ð2:37Þ

where xb in the diagonal blocks represents the Coulomb term of the starred het-
eroatoms, all of which replace the original starred carbons. P has only one non-zero
element, because only one new bond is assumed between molecules A and B. b1
and b2 are the resonance integrals between starred and unstarred atoms within
molecules A and B, respectively. After reducing the rank, Eq. (2.37) can simply be
written as

DDis
n ðeÞ½Type-I� ¼ ð�eþ xbÞ2DDis

n�2ðeÞ½Type-I�; ð2:38Þ

where

ð2:39Þ

giving two solutions with e = x b when DDis
n ðeÞ½Type-I� = 0.
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2.4.2 Heteroatom-Included Hydrocarbon Type-I
Non-disjoint (HHC-AO-I-N)

Next, non-disjoint linkages are discussed to show that two NBMOs are preserved in
the situation in which a linkage exists between the inactive atom (0) of molecule A
(A(0)) and the active atom (*) of molecule B (B(*)). The secular determinant in this
case is written as

1

1

2

A A 0 B B 0

00)(A

00A

)(0B

B 0 0 0

[Type-I]( )

T

T

Non dis
n

x I

I P

P x I

2
T I

.

ð2:40Þ

The multiplications to reduce the rank can be implemented in the same manner
as was used for Eq. (2.37) so that Eq. (2.40) becomes

DNon�dis
n ðeÞ½Type-I� ¼ ð�eþ xbÞ2DNon�dis

n�2 ðeÞ½Type-I�; ð2:41Þ

where
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−
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Δ
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ð2:42Þ

Then, DNon�dis
n ðeÞ½Type-I� = 0 provides two solutions with e = xb. However, the

difference between the physical meanings of Eqs. (2.38) and (2.41) for the disjoint
and non-disjoint linkages, respectively, is not apparent, apart from the fact that both
of them have the same factor of ð�eþ xbÞ2 in the final form. The magnitude of the
interaction between the NBMOs is important for producing a high-spin state, but
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this treatment based on AOs cannot provide such information. This problem can be
solved by treating the interaction between NBMOs with an MO-based expression of
the secular equation, by which the differences between Eqs. (2.38) and (2.41) will
be rationalized in Sect. 2.5 using polyene with odd-number carbon atoms as an
example.

2.4.3 Heteroatom-Included Hydrocarbon Type-II Disjoint
(HHC-AO-II-D)

Next, we explore another case that provides degenerate NBMOs after a linkage is
formed between HCs that include heteroatoms. This case is defined as Type-II, in
which arbitrary inactive atoms (0) of molecules A and B are replaced with arbitrary
heteroatoms. We again suppose a disjoint linkage first, that is, between A(0) and B
(0). In the same manner as for the case of the Type-I disjoint linkage, i.e.,
Eq. (2.37), the secular determinant can be expressed as

1

1 1
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ð2:43Þ

where

A1 ¼

�e
. .
.

�e + xbi 0

. .
.

0 �e + xbj
. .
.

�e

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

ð2:44Þ

for molecule A and
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B1 ¼

�e
. .
.

�eþ xbk
. .
.

�eþ xbl
. .
.

�e

0
BBBBBBBBBB@

1
CCCCCCCCCCA

ð2:45Þ

for molecule B, indicating that some or all of the inactive carbon atoms (0) are
replaced with arbitrary heteroatoms. The definitions of b1 and b2 are the same as
before. P in Eq. (2.43) shows that a connection between an inactive atom (0) of
molecule A (A(0)) and an inactive atom of molecule B (B(0)) exists in the
off-diagonal blocks. After reducing the matrix, Eq. (2.43) becomes

DDis
n ðeÞ½Type-II� ¼ ð�eÞ2DDis

n�2ðeÞ½Type-II�; ð2:46Þ

where
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ð2:47Þ

Therefore, the equation DDis
n ðeÞ½Type-II� = 0 has two solutions with e = 0. Two

degenerate NBMOs remain after the formation of a 0–0 linkage, as observed for the
all-HC disjoint molecules.

2.4.4 Heteroatom-Included Hydrocarbons Type-II
Non-disjoint (HHC-AO-II-N)

Next, the case in which there is a bond formed between an inactive atom (0) of
molecule A (A(0)) and an active atom (*) of molecule B (B(*)) is examined. The
secular determinant is written as
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where P has only one non-zero element. The same multiplications as before can be
performed on Eq. (2.48) to obtain

DNon�dis
n ðeÞ½Type-II� ¼ ð�eÞ2DNon�dis

n�2 ðeÞ½Type-II�; ð2:49Þ

where
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Equation (2.50) again results in two solutions with e = 0 when
DNon�dis
n ðeÞ½Type-II� = 0. Therefore, A(0)–B(*) bonding has no effect on the two

degenerate NBMOs, maintaining two degenerate NBMOs with e = 0; this feature is
similar to the case of pure HC systems.

This proof is based on the assumption that two HHC Type-II molecules are
combined, but it can be also generalized to mixed systems composed of a HHC
Type-II as molecule A (inactive site) and a pure HC (see Fig. 2.4) or another HHC
system as molecule B (active site) if molecule B has an NBMO with e = 0.

Finally, we can summarize the results for all of the cases (HCs and Type-I and -II
HHCs) with disjoint (0–0) and non-disjoint (0–*) linkages, as shown in Table 2.1, in
which the ranks of all of the determinants are two less than those of two whole
molecules.

It is evident that, for both 0–0 and 0–* linkages between two molecules, there
are always two degenerate solutions with e = 0 for HCs and Type-II HHCs and
with e = xb for Type-I HHCs. In the latter case, xb is defined as the Coulomb
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parameter and depends on the type of heteroatom placed at the starred positions. In
fact, the value of x does not affect ð�eÞ2 for Type-II, unlike in Type-I. Therefore,
the ability to maintain two NBMO levels with e = 0 also remains for mixed systems
consisting of HCs and Type-II HHCs because the factor ð�eÞ2 does not include xb.
We have also confirmed that the equations derived for HHC, if xb is set to zero, are
equivalent to those of HCs.

2.5 Molecular-Orbital-Based Proof for Disjoint
and Non-disjoint Heteroatom-Included Hydrocarbons

A general proof analogous to that for HC systems is not easy for HHC systems.
Here we use polyene with odd-number carbon atoms as a parent molecule because
the analytical expression of the MOs is known.

2.5.1 Heteroatom-Included Hydrocarbons Type-I Disjoint
(HHC-MO-I-D)

First, we examine the NBMOs of Type-I polyene (Fig. 2.5) in an MO base using
analytical solutions of

Cð0Þ
ir ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2

Nþ 1

r
sin

p � i � r
N þ 1

� �
; r ¼ 1; 2; . . .;N ð2:51Þ

Instead of diagonalizing the Hamiltonian matrix H in an AO base, we can
diagonalize H′, the matrix transformed in polyene’s MO base, as

X X X X X
1

2

3

4

5 N

N-1

(=odd)* * * * *

Fig. 2.5 Structure of Type-I
polyene

Table 2.1 Summary of determinants for HCs and Type-I and Type-II HHCs

Linkage System

HCs Type-I (Heteroatoms at
starred positions)

Type-II
(Heteroatoms at
unstarred positions)

Disjoint (0–0) ð�eÞ2DDis
n�2ðeÞ ð�eþ xbÞ2DDis

n�2ðeÞ ð�eÞ2DDis
n�2ðeÞ

Non-disjoint
(0–*)

ð�eÞ2DNon�dis
n�2 ðeÞ ð�eþ xbÞ2DNon�dis

n�2 ðeÞ ð�eÞ2DNon�dis
n�2 ðeÞ
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Cyð0ÞHCð0Þ ¼ H0: ð2:52Þ

The matrix elements are represented as

H0
i;j ¼

2
Nþ 1

X
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X
s

sin
p � i � r
Nþ 1

� �
sin

p � j � s
N þ 1

� �
� Hrs; ð2:53Þ

where Hrs denotes the Hückel matrix elements in the AO base of Type-I polyene in
which all of the starred atoms are replaced by heteroatoms with Coulomb integrals
of Eq. (2.31). The secular equation to be solved can be expressed as

,
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ð2:54Þ

where the diagonal terms are the sums of the orbital energies of simple polyene
itself and the contributions from heteroatoms replaced on starred (*) positions as

ei ¼ eiðHCÞþ eiðXÞ; ð2:55Þ

where

eiðHCÞ ¼ aþ 2b cos
p � i
Nþ 1

� �
; ð2:56Þ

eiðXÞ ¼ 2
Nþ 1
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XX
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Nþ 1

� �
þ 2ðl� 1Þb

XX
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� �
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� �( )

¼ 1
2
xbþðl� 1Þb cos

p � i
Nþ 1

� �
if i 6¼ ðNþ 1Þ=2

¼ xb if i ¼ ðNþ 1Þ=2
ð2:57Þ

Equation (2.57) comes from an intramolecular interaction that occurs by
replacing carbon with heteroatom X, which differs from an intermolecular inter-
action that has no effect on the diagonal elements in each molecule. It must be noted
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that the summation on X in Eq. (2.57) runs only over starred heteroatoms of the
same type [7]. The NBMO level that corresponds to i ¼ ðN þ 1Þ=2 is given by
eNBMO ¼ xb. The terms related to the NBMOs, H0

i;NBMO and H0
NBMO;j; in Eq. (2.53)

are

H0
i;NBMO ¼ 2

Nþ 1

X
r

X
s

sin
p � i � r
Nþ 1

� �
sin

p � s
2

� �
� Hrs

¼ 2lb
Nþ 1

XN
r¼1

sin
p � i � r
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� � Xðr�BÞ

s¼1

sin
p � s
2

� �
¼ 0 ð2:58Þ

and
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N þ 1

� �
¼ 0 ð2:59Þ

respectively. Therefore, eNBMO experiences no mixing with other orbitals, as can be
seen from Eq. (2.54). We can therefore solve the two-by-two simultaneous equa-
tions and obtain new orbital energies for the HHC system using

e0i ¼
xb
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ei � xb

2

� �2

þ ðxbÞ2
4

s
ð2:60Þ

and

e0NBMO ¼ xb ð2:61Þ

In a Type-I system, the pairing theorem holds around xb
2 (see Fig. 2.4), and, thus,

for orbital energies, has the relation

e0i �
xb
2

¼ � e0N þ 1�i �
xb
2

� �
; ð2:62Þ

and for coefficients

Cn�1þ 1;r ¼ �KiCi;r; r : starredð Þ ð2:63Þ

and
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Cn�1þ 1;r ¼ 1
Ki

Ci;r; r : unstarredð Þ; ð2:64Þ

where

Ki ¼ �
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xb� ei
�ei

s
or Ki ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eN�iþ 1

eN�iþ 1 � xb:

r
ð2:65Þ

Using these relations, the existence of NBMOs in combined super-molecules can
be examined in the form of MO-based secular equations.

Next, we consider a disjoint combination of two unstarred atoms of a Type-I
HHC. We define the zeroth-order MOs to be solved for Type-I HHCs (not for
polyene); the MO-based secular equation can be constructed using a method similar
to that described in Sect. 2.3 for HCs and can be expressed as
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The matrix elements have the same form as Eq. (2.18) because Eqs. (2.19)–
(2.22) are satisfied as well. That is, at least one coefficient, either the rth or the sth,
is zero because the coefficients under discussion are related to NA or NB even
though DHrs (=DHpq) is non-zero at the linkage position. On the other hand,
DHrs ¼ 0 whenever the NBMO-related coefficients are non-zero on a starred atom,
because the linkage occurs only between the pth and qth AOs. Therefore, disjoint
HHC Type-I systems exhibit properties identical to those of disjoint HCs because
the starred and unstarred positions in the HC systems are constant in HHC systems,
even though the values of the NBMO coefficients change. Therefore, a disjoint
combination between two Type-I HHC molecules also maintains the original
NBMOs, in a similar manner to Eq. (2.23), giving

DDis
n ðeÞ ¼ ð�eþ xbÞ2DDis

n�2ðeÞ: ð2:67Þ

This is consistent with Table 2.1, and the two NBMOs are isolated without any
interaction between the two parent molecules. As described in Sects. 2.2.1 and
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2.3.1; however, this kind of NBMO arrangement does not contribute to spin par-
allelization between the two radicals because no exchange interaction is generated
between the non-interacting NBMOs. In the next Sect. 2.5.2, we therefore consider
non-disjoint combinations of HHC Type-I molecules.

2.5.2 Heteroatom-Included Hydrocarbons Type-I
Non-disjoint (HHC-MO-I-N)

The secular equation based on MOs for Type-I can be written as in Sect. 2.3.2 in
the form,

,

(A)
1

(A)

(A)

(B)
1

(B)

(B)

0

0 0 0 0 0

0

0 0

0 0 0

0 0

[Type-I]( )

A

A

B

B

N

n

N

n

Non dis
n

NBMO(A)

NBMO(B)

NBMO(A) NBMO(B)

ð2:68Þ

where the matrix elements have the form

HðABÞ
i; j ¼

XnA
r¼1

XnB
s¼1

CðAÞ
ir CðBÞ

js HðABÞ
rs ¼ CðAÞ

ip CðBÞ
jq HðABÞ

pq :

It is evident that the NBMO in molecule A is isolated, while that in molecule B
interacts with other orbitals, as is the case for non-disjoint HCs. However, after the
derivation using the relations

HðABÞ
i;j ¼ kHðABÞ

n�iþ 1;j; HðABÞ
i;j ¼ kHðABÞ

i;n�jþ 1; k ¼ �1 ð2:69Þ

and

HðABÞ
nA�iþ 1;j ¼ CðAÞ

nA�iþ 1;pC
ðBÞ
j;q H

ðABÞ
pq ¼ 1

Ki
CðAÞ
i;p CðBÞ

j;q H
ðABÞ
p;q ¼ 1

Ki
HðABÞ

i; j ; ð2:70Þ

we can finally obtain
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OV

(A)

OV (A)

2 0
A0   0    0    0  

0 2
0     0   0    0    0  

A 0

0     0
0     0
0     0

[Type-I]( )
A

A

N

n

Non dis
n

Molecule B-B

-B ð2:71Þ

and

¼ ðxb� eÞ2 � 2 Polynomialf gþ Aovj j2� Molecule Bðn�1Þ�� ��h i
; ð2:72Þ

where

DnðeÞ ¼ ðxb� eÞ2ð2� xb
eA1
ÞDð1Þ

n�2 þðxb� eÞð�1ÞnA �K1ðxb� e1 � eÞf gDð2Þ
n�2:

ð2:73Þ

The rank of the second term on the right-hand side can be further reduced to

Dð2Þ
n�2n0A

ðeÞ ¼ �Kn0Aðxb� eAn0A � eÞðeB1 � eÞðeB2 � eÞ � � � ðxb� eÞ � � � ðeBnB � eÞ ð2:74Þ

until the second term vanishes, where another ðxb� eÞ can be extracted. Finally, we
can also extract ðxb� eÞ2 from the second term.

Therefore, the original NBMO levels of xb are retained even after a non-disjoint
combination is formed. This MO-based result is consistent with the AO-based proof
in Eq. (2.41).

2.5.3 Heteroatom-Included Hydrocarbons Type-II Disjoint
(HHC-MO-II-D)

We define the Type-II system for the polyene radical as shown in Fig. 2.6:
Heteroatoms (X, Y, etc.) are placed at unstarred atoms, that is, on even-numbered
atoms. The positions and types of heteroatoms are more flexible than in Type-I
HHCs under the condition that the NBMO in the parent molecule is retained. Any

X Y

1

2

3

4

5 N

N-1

* * * * * *
(N=odd)

Fig. 2.6 Structure of Type-II
polyene
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type of heteroatom can be placed at any of the unstarred positions of polyene, while
maintaining the NBMO level in the original pure HC polyene radical, as shown in
Fig. 2.4. The pairing theorem is not valid for Type-II HHCs, but the disjoint
connection can be proven in the same way as described in Sects. 2.3.1 and 2.5.1 by
MO basis. In fact, the electronic structure is very similar to that of a non-alternant
HC, and, therefore, a disjoint combination between a Type-II HHC and another
molecule should follow the rule that was previously described [2]. Consequently, a
0–0 combination between two Type-II HHCs or a Type-II HHC and an HC
(HHC) does not affect the original NBMO levels of k = 0.

2.5.4 Heteroatom-Included Hydrocarbons Type-II
Non-disjoint (HHC-MO-II-N)

For a non-disjoint combination of Type-II HHCs, the two NBMOs with k = 0 also
remain unchanged after the combination according to the 0–* rule in the framework
shown in Fig. 2.1. The electronic structure of molecule A must satisfy the pairing
theorem so that the stabilizing and destabilizing interactions between molecules A
and B, which occur through the NBMO of molecule B with k = 0, cancel, leaving
the two NBMOs unchanged. One of the two NBMOs is isolated, but the other
remains as a result of the interaction with molecule A. Therefore, a Type-II HHC
molecule can act as molecule B in Fig. 2.1, and this type of super-molecule can be
expected to exhibit a high-spin state rather than a low-spin state. The mathematical
proof for the two degenerate NBMOs remaining in this type of combination also
follows that described in Sect. 2.5.2.
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Chapter 3
Simple High-Spin Index Lij
for Ferromagnetic Organic Molecules

Abstract The assessment of the high-spin stability of a molecule using indices,
rules, etc. plays an important role in the design of ferromagnetic materials. In this
chapter, we propose a simple high-spin stability index Lij, which is related to the
exchange integral Kij, using computational and analytical approaches. The com-
putational approach requires only non-bonding molecular orbital coefficients and
subsequent unitary rotations to calculate the index Lmin

ij . On the other hand, the

analytical approach can predict the index Lmin
ij for larger systems without requiring

direct quantum chemistry calculations. Using a variety of examples, we examine
the reliability of the index by comparing the results with the high-spin stability
ΔE(L − H) obtained from ab initio calculations including electron correlation
effects. We also note that Lij provides us with an efficient strategy for designing
high-spin systems while considering the correlation effects.

3.1 Introduction

As mentioned in the previous chapter, many types of rules, indices, and values have
been proposed for predicting magnetic properties. However, it is worthwhile to
pursue a more useful method that exhibits both high efficiency and reliability in the
design of promising ferromagnetic materials. In this chapter, we introduce very
simple high-spin index Lij; we estimate the index using two different approaches,
i.e., computational and analytical approaches. The effectiveness of the index will be
discussed based on its application to many example systems.

© The Author(s) 2017
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3.2 High-Spin Stability Index Lij (Computational
Approach)

3.2.1 Lij for Diradical Systems

In the previous chapter, we proposed the simple “(0–*) linkage” rule to design
high-spin molecules, in which a (0–*) linkage between radical units generated
non-disjoint non-bonding molecular orbital (NBMO) degenerate systems [1].
Figure 3.1 shows the allyl radical (AR) dimer with a non-disjoint (0–*) linkage.
The model was realized by connecting the 0-site of AR(A) with a *-site of AR(B).
The “*” (star) sign represents an active carbon atom with a finite NBMO coefficient,
while the “0” (unstarred) sign represents an inactive carbon atom with no NBMO
coefficient. The non-disjoint (0–*) linkage generates NBMO mixings (overlaps)
between radical units, even when considering a unitary rotation, and the degenerate
NBMOs are maintained after causing the interaction. On the other hand, the (0–0)
linkage also produces two degenerate NBMOs (see Fig. 3.2), where the 0-site of
AR(A) connects with the 0-site of AR(B). However, the NBMO coefficients can be
localized onto each unit after the unitary rotation, and NBMO mixings cannot be
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Fig. 3.1 AR dimer model with non-disjoint (0–*) linkage: a NBMO coefficients of each AR
monomer, b NBMOs of AR dimer before unitary rotations, and c NBMOs of dimer after rotations
ðh ¼ tan�1

ffiffiffi
5

p Þ. Modified with permission from Ref. [1]. Copyright 1999 John Wiley & Sons, Inc.
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expected from such a disjoint (0–0) linkage. Based on the comparison with the
(0–0) linkage, the former non-disjoint (0–*) linkage has the potential to generate
exchange interactions between two radical electrons and holds the promise of
realizing a high-spin system.

In this study, we also proposed a simple index Lij for estimating the NBMO
mixing (overlaps) and predicting the high-spin stability of hydrocarbon systems [1];
this study was later extended to systems containing heteroatoms [2]. For the
diradical molecule, Lij is defined by the coefficients of two degenerate NBMOs,
wNBMO
i and wNBMO

j , as

Lij ¼
X
r

ðCriCrjÞ2; ð3:1Þ
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Fig. 3.2 AR dimer model with disjoint (0–0) linkage: a NBMO coefficients of each AR
monomer, b NBMOs of AR dimer before unitary rotations, and c NBMOs of AR dimer after
rotations ðh ¼ p = 4Þ. Modified with permission from Ref. [1]. Copyright 1999 John Wiley &
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where Cri represents the coefficient of the r-th atomic orbital (AO) in wNBMO
i within

the framework of the linear combination of atomic orbitals (LCAO) approximation.
Equation (3.1) consists of the product of the molecular orbital (MO) coefficients at
the same position (more properly, at the same AO) between wNBMO

i and wNBMO
j .

For example, Lij for the non-disjoint (0–*) AR dimer can be calculated using
(see Fig. 3.3)

Lij ¼ jC1;iC1;jj2 þ jC2;iC2;jj2 þ jC3;iC3;jj2 þ jC4;iC4;jj2 þ jC5;iC5;jj2 þ jC6;iC6;jj2: ð3:2Þ

The magnitude of Lij depends on whether the coefficients of the two NBMOs
exist on the same sets of atoms or not. The freedom of the unitary rotations should
be considered when estimating Lij. For example, for a non-disjoint (0–*) linkage,
the unitary rotation changes Lij from 0.1 (Fig. 3.1b) to 0.222… (Fig. 3.1c).
However, the NBMO coefficients cannot be confined to the different sets of atoms,
even by a unitary rotation, and always give Lij > 0. In contrast, for disjoint (0–0)
linkages, the NBMO coefficients can be confined to the different sets of atoms and
give Lij = 0.0 after the rotation (Fig. 3.2c); prior to the rotation, Lij = 0.25
(Fig. 3.2b).

To avoid the under-specification of Lij in the unitary rotations, the minimum
value of Lij, namely, Lmin

ij , can be determined as follows. The two NBMOs in a

diradical system, wNBMO
i and wNBMO

j , can be expanded within the LCAO approxi-
mation as

wNBMO
i ¼

X
r

Crivr; and wNBMO
j ¼

X
r

Crjvr: ð3:3Þ

The common (2 � 2) unitary rotation can be described as

wNBMO0
i

wNBMO0
j

 !
¼ sin h cos h

� cos h sin h

� �
wNBMO
i

wNBMO
j

� �
; ð3:4Þ
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Fig. 3.3 Schematic
illustration for calculating Lij
from coefficients of two
NBMOs, wNBMO

i and wNBMO
j .

Modified with permission
from Ref. [1]. Copyright 1999
John Wiley & Sons, Inc.
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where wNBMO0
i and wNBMO0

j are the NBMOs after the unitary rotation and are
expressed as

wNBMO0
i ¼

X
r

C
0
rivr; and wNBMO0

j ¼
X
r

C
0
rjvr; ð3:5Þ

respectively. From these equations, the transformed NBMOs can be given by

wNBMO0
i ¼ sin hwNBMO

i þ cos hwNBMO
j

¼ sin h
X
r

Crivr þ cos h
X
r

Crjvr

¼
X
r

ðsin hCri þ cos hCrjÞvr

¼
X
r

C0
rivr

ð3:6Þ

and

wNBMO0
j ¼ � cos hwNBMO

i þ sin hwNBMO
j

¼
X
r

ð� cos hCri þ sin hCrjÞvr

¼
X
r

C0
rjvr:

ð3:7Þ

Thus, the NBMO coefficients after the rotation are provided as

C0
ri ¼ sin hCri þ cos hCrj; and C0

rj ¼ � cos hCri þ sin hCrj: ð3:8Þ

After unitary rotations, L0ij hð Þ can be expanded by

L0ij hð Þ ¼
X
r

ðC0
riC

0
rjÞ2 ¼

X
r

ðsin hCri þ cos hCrjÞð� cos hCri þ sin hCrjÞ
� �2

¼ sin2 h cos2 h
X
r

C2
rj � C2

ri

� �2
� 2 sin h cos h cos 2h

X
r

C2
rj � C2

ri

� �
CriCrj þ cos2 2h

X
r

C2
riC

2
rj

¼ sin2 h cos2 haij � 2 sin h cos h cos 2hcij þ cos2 2hbij

¼ 1
4
aij þ cos2 2h � 1

4
aij þ bij

� �
� sin 2h cos 2hcij

¼ 1
8
ðaij þ 4bijÞ �

1
2
cij sin 4hþ

1
8
ðaij � 4bijÞ cos 4h

	 

;

ð3:9Þ
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where L0ij hð Þ is a function of the rotation angle h. In Eq. (3.9), aij, bij, and cij
are respectively defined as

aij ¼
X
r

C2
rj � C2

ri

� �2
; bij ¼

X
r

C2
riC

2
rj; and cij ¼

X
r

C2
rj � C2

ri

� �
CriCrj: ð3:10Þ

Equation (3.9) can then be rewritten using constants, A and u, as

L0ij hð Þ ¼ 1
8
ðaij þ 4bijÞ � A sin 4h cosuþA cos 4h sinuf g

¼ 1
8
ðaij þ 4bijÞ � A sinð4hþuÞ; ð3:11Þ

where

A cosu ¼ 1
2
cij; and A sinu ¼ 1

8
ðaij � 4bijÞ: ð3:12Þ

From the sum of the squares of Eq. (3.12), A can be derived as

A cosuð Þ2 þ A sinuð Þ2 ¼ A2 cos2 uþ sin2 u
� �

¼ A2 ¼ 1
2
cij

� �2

þ 1
8
ðaij � 4bijÞ

	 
2

¼ 1
4

c2ij þ
1
16

ðaij � 4bijÞ2
	 


;

A ¼ � 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ij þ

1
16

ðaij � 4bijÞ2
r

:

ð3:13Þ

On the other hand, from the ratio of Eq. (3.12), we can obtain u as

A sinu
A cosu

¼ tanu ¼ 1
8
ðaij � 4bijÞ

	 


1
2
cij

� �
¼ aij � 4bij

4cij
;

u ¼ tan�1 aij � 4bij
4cij

 !
:

ð3:14Þ

The first term of Eq. (3.11), ð1=8Þðaij þ 4bijÞ, is positive. Thus, L0ij hð Þ gives the
minimum value when the second term, �A sinð4hþuÞ, is at its smallest value.
The possible conditions for the minimum L0ij hð Þ are given by

4hþu ¼ p
2
; h ¼ 1

4
p
2
� u

� �
ðif ; A[ 0Þ

4hþu ¼ 3
2
p; h ¼ 1

4
3
2
p� u

� �
ðif ; A\0Þ:

ð3:15Þ
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Finally, the minimum L0ij hð Þð¼ L0ðminÞ
ij Þ can be obtained as

L0ðminÞ
ij ¼ 1

8
ðaij þ 4bijÞ �

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ij þ

1
16

ðaij � 4bijÞ2
r

: ð3:16Þ

Here, L0ðminÞ
ij corresponds to the smallest NBMO mixing within the unitary

rotations. For our convenience L0ðminÞ
ij is rewritten as simply Lmin

ij .

According to the above procedures, we obtained Lmin
ij ¼ 0:1 for the non-disjoint

(0–*) model (see Fig. 3.1b); here, the NBMOs before the unitary rotations acci-
dentally gave the minimum Lij for this model. In contrast, Lmin

ij ¼ 0:0 for the
disjoint (0–0) model (see Fig. 3.2c) can be obtained by unitary rotations. By
comparing the values of Lmin

ij between the models, we can uniquely judge that the
(0–*) model has NBMO mixings larger than those of the (0–0) model, leading to
the higher spin stability of the former model. It should be noted that the comparison

of Lij before unitary rotations ðLð0��Þ
ij ¼ 0:1\ Lð0�0Þ

ij ¼ 0:25Þ provided us with the

different conclusion from the Lmin
ij result.

3.2.2 Lij for Polyradical System

Although it is a simplified method, Lij can be generalized for polyradical systems
with more than two NBMOs by summing all of the combinations of NBMO
mixings in the system as

Lij ¼
X

i;jð[ iÞ
L�ij ¼

X
i;jð[ iÞ

X
r

ðCriCrjÞ2; ð3:17Þ

where L�ij is the “component NBMO mixing” between the ith and jth NBMOs.

Figure 3.4 shows the procedures for determining Lmin
ij for a polyradical system. The

(2 � 2) unitary rotation can be applied to determine the minimum value of each L�ij,
that is, Lmin�

ij (Fig. 3.4a). The NBMO coefficients can be changed by each rotation.
Thus, a series of unitary rotations for all of the NBMO combinations is
self-consistently repeated until all of the coefficients become invariant under rota-
tions (Fig. 3.4b). For example, Lmin

ij for a triradical system can be determined
self-consistently as
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ð3:18Þ

where C0ðh1Þ
r1 is the NBMO coefficient after a unitary rotation with angle h1. The

numbers corresponding to “cycle” and “step” in Eq. (3.18) are represented by the
large (solid line) and small (broken line) loops in Fig. 3.4, respectively. For a
polyradical system, Lmin

ij is given by the NBMO coefficients after self-consistency as
(Fig. 3.4c)

Lmin
ij ¼

X
i;jð[ iÞ

Lmin�
ij ¼

X
i;jð[ iÞ

X
r

ðC0ðminÞ
ri C0ðminÞ

rj Þ2: ð3:19Þ

3.2.3 Alternate Explanation of Lij

At the Hartree–Fock (HF) MO level, the total energies of the open-shell singlet
(S) (Fig. 3.5a) and triplet (T) (Fig. 3.5b) states of a biradical system with two
degenerate NBMOs, wNBMO

i and wNBMO
j , can be expressed as

EðSÞ
total ¼ E0 þHcore

j þ
Xn
k¼1

2Jkj � Kkj
� �� Hcore

i

�
Xn
k¼1

2Jik � Kikð Þ � Jij � Kij
� �þKij þX; ð3:20Þ

and
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EðTÞ
total ¼ E0 þHcore

j þ
Xn
k¼1

2Jkj � Kkj
� �� Hcore

i

�
Xn
k¼1

2Jik � Kikð Þ � Jij � Kij
� �� Kij þX; ð3:21Þ

min
ijL for polyradical system 
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Fig. 3.4 Procedure for minimizing Lij for polyradical systems based on (2 � 2) unitary rotation
and self-consistent loops
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respectively. In these equations, E0 and X represent the total electronic energy of
the closed-shell singlet state (Fig. 3.5c) and the total nucleus–nucleus repulsion
energy, respectively. Hcore

i , Jij, and Kij represent the MO-based molecular core,
Coulomb, and exchange integrals, respectively, which are given by

Hcore
i ¼

Z
wið1Þ � �h2

2m
D1 þVð1Þ

	 

wið1Þds1; ð3:22Þ

Jij ¼
ZZ

wið1Þwið1Þ
e2

r12
wjð2Þwjð2Þds1ds2; ð3:23Þ

and

Kij ¼
ZZ

wið1Þwjð1Þ
e2

r12
wið2Þwjð2Þds1ds2: ð3:24Þ

From Eqs. (3.20) and (3.21), the total energy difference between the open-shell
singlet and triplet states is given by

EðSÞ
total � EðTÞ

total ¼ 2Kij: ð3:25Þ

That is, the triplet state is more stable than the open-singlet state by 2Kij, where
Kij > 0. By focusing on its one-center and higher-order terms, Kij can be rewritten
using an AO-based description as

Kij ¼
X
r

X
s

X
t

X
u

CriCsjCtiCuj ðrs j tuÞ

¼
X
r

ðCriCrjÞ2ðrr j rrÞþ
X
r

X
s6¼r

X
t 6¼r

X
u 6¼r

CriCsjCtiCuj ðrs j tuÞ: ð3:26Þ

where the indices r, s, t, and u are the numbers of the AOs, and (rs|tu) is the
AO-based 2e-integral. If we assume that the one-center 2e-integral term in

(a)  

or 

(b)  (c)  

Fig. 3.5 Electron configurations: a open-singlet, b triplet, and c closed-singlet states for a
diradical molecule
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Eq. (3.26) mainly contributes to Kij and that all of the one-center 2e-integrals have
the same value, that is, (11|11) = (22|22) = (33|33) = ��� = const., Eq. (3.26) can be
rewritten by neglecting higher-order terms as

EðSÞ
total � EðTÞ

total ¼ 2Kij � 2
X
r

ðCriCrjÞ2ðrr j rrÞ /
X
r

ðCriCrjÞ2 ¼ Lij: ð3:27Þ

Equation (3.27) shows that Lij is directly related to the high-spin stability,

EðSÞ
total � EðTÞ

total, through Kij. Therefore, the tendency of a system to exhibit high-spin
stability can be predicted by Lij without performing heavy fourfold loop 2Kij or

direct EðSÞ
total � EðTÞ

total calculations. In particular, the latter method often faces serious
self-consistent field (SCF) convergence problems for the low-spin state calcula-
tions. Lij can be obtained from only the NBMO coefficients, and the NBMO
coefficients can be obtained using a wide range of quantum-chemistry (QC)-based
calculations, for example, the Hückel method, semi-empirical MO methods,
ab initio MO methods, and so on.

Within the framework of the HF method, the total energy of the singlet state is
variable and depends on the unitary rotation angle h, whereas the triplet state energy
does not depend on h, as shown in Fig. 3.6 (one can simply prove it using 2 � 2
unitary transformation). Consequently, the singlet–triplet energy difference and the
corresponding value of Lij vary with h, and h

min, which gives the lowest singlet state
energy, is expected to give the minimum Lmin

ij . Lmin
ij provides us with the minimum

possible NBMO mixings leading to high-spin stability.

3.2.4 Effects of Electron Correlation on High-Spin Stability

Consideration of electron correlation effects is essential when discussing high-spin
stability because such effects are the dominant factors that stabilize the low-spin
state compared with the high-spin state; they therefore contribute to the reduction of
the high-spin stability.

Figure 3.6 shows the singlet and triplet energies at both the HF and second-order
Møller–Plesset (MP2) levels for three different situations: (a) a disjoint model with
ET(HF) � ES(HF) at hmin, (b) a non-disjoint model with ET(HF) < ES(HF) at hmin,
and (c) a non-disjoint model with ET(HF) 	 ES(HF) at hmin. As shown by the
change from the HF level to the MP2 level, the singlet state is more stabilized by
correlation effects compared with the triplet state. In Fig. 3.6a (disjoint model), the
singlet and triplet states have the same HF energy at hmin due to zero Lmin

ij value as
well as zero exchange integral between NBMOs. The correlation effects largely
stabilize the singlet state, and a singlet ground state is expected as the result. In
Fig. 3.6b (non-disjoint model), high-spin stability occurs at the HF level due to a
finite Lmin

ij value as well as an existing exchange integral between NBMOs.
However, singlet–triplet energy inversion occurs as the result of correlation effects.
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In Fig. 3.6c (non-disjoint model), larger high-spin stability occurs at the HF level
compared with the case shown in Fig. 3.6b. A large preference for high-spin sta-
bility at the HF level can prevent singlet–triplet inversion, even after the inclusion
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θ min
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Fig. 3.6 Schematic illustration of h dependences of singlet and triplet energies for a disjoint
linkage, b non-disjoint linkage with ET(HF) < ES(HF), and c non-disjoint linkage with
ET(HF) 	 ES(HF). Modified with permission from Ref. [1]. Copyright 1999 John Wiley &
Sons, Inc.
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of correlation effects. Our purpose is to find systems such as those shown in
Fig. 3.6c that show high-spin stability even when electron correlation effects are
considered.

Of course, it is possible to confirm the occurrence of the inversion by performing
post-HF calculations; however, post-HF calculations have much higher computa-
tional costs than HF-level calculations, and it is not realistic to use such calculations
to identify high-spin systems from a large number of candidates.

3.2.5 Comparison Between Lij
min and Ab Initio MP2

Calculations

To confirm the reliability of Lmin
ij , the index Lmin

ij was compared with the direct
ab initio calculations at the MP2 level using eight models, as shown in Fig. 3.7.
Figure 3.7a–c show diradical models; the upper and bottom models correspond to
disjoint (0–0) and non-disjoint (0–*) linkage models, respectively. Figure 3.7d
illustrates triradical models; the upper and bottom models, respectively, correspond
to disjoint (0–0) and non-disjoint (0–*) linkages between part-A, which consists of
a non-disjoint (0–*) linkage dimer, and monomeric part-B. Each panel includes the
Lmin
ij value obtained using the Hückel method. ΔES−T(HF) and ΔES−T(MP2) are the

singlet–triplet energy differences (Esinglet − Etriplet) at the HF and MP2 levels,
respectively. Similarly, ΔED−Q(HF) and ΔED−Q(MP2) are the doublet–quartet
energy differences (Edoublet − Equartet) at the HF and MP2 levels, respectively.

In all of the models, ΔES−T(HF) and ΔED−Q(HF) are positive, which means these
models show high-spin stability at the HF level. The point here is the extent to
which the electron correlation effects reduce the high-spin stability. In the AR dimer
models (Fig. 3.7a), the absolute value of ΔES−T decreases with the change from HF
to MP2 for both the disjoint and non-disjoint linkages. Although ΔES−T for both
linkages remains positive, even at the MP2 level, the non-disjoint linkage is more
positive than the disjoint linkage, which suggests larger high-spin stability in the
former case. In the models consisting of benzyl and AR units (Fig. 3.7b), ΔES−T

decreases with the change from HF to MP2 for both the disjoint and non-disjoint
linkages. ΔES−T for the non-disjoint type remains positive, even at the MP2 level,
while ΔES−T for the disjoint type becomes negative at the MP2 level. Consequently,
only the non-disjoint type is expected to have a high-spin stability. In the model
consisting of two benzyl radical (BR) units (Fig. 3.7c), ΔES−T increases and
becomes negative for both the disjoint and non-disjoint linkages upon changing
from HF to MP2. However, ΔES−T(MP2) of the non-disjoint type is larger than that
of the disjoint type. In triradical models with a linkage between parts A and B
(Fig. 3.7d), ΔED−Q(MP2) for the non-disjoint type is more positive than that of the
disjoint type. Therefore, the non-disjoint type has a larger high-spin stability than
the disjoint type.
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It was found that, for all of the cases shown in Fig. 3.7, Lmin
ij for the non-disjoint

type was larger than that of the disjoint type. We can conclude that Lmin
ij can

accurately predict the tendency for high-spin stability when considering electron
correlation effects; therefore, Lmin

ij can be useful for the efficient design of organic
ferromagnetic materials.

We propose here a practical strategy using Lmin
ij to find high-spin systems effi-

ciently (see Fig. 3.8). First, systems with large values of Lmin
ij at the HF level are

identified from a large number of possible molecules as the first selection
(Fig. 3.8a). Next, post-HF calculations such as MP2 are applied to the selected
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Fig. 3.7 a–c Diradical models with disjoint (upper) and non-disjoint (bottom) linkages between
radical monomers. d Triradical models with disjoint (upper) and non-disjoint (bottom) linkages
between AR (0–*) dimer (part A) and monomer (part B). Each panel includes Lmin

ij , calculated
using Hückel method, and singlet–triplet(or doublet–quartet) energy difference, ΔES−T (or ΔED−Q)
estimated from ab initio MO calculations. Modified with permission from Ref. [1]. Copyright 1999
John Wiley & Sons, Inc.
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candidates to confirm the high-spin stability while considering electron correlation
effects as the second selection (Fig. 3.8b). This two-step selection process can make
it possible to identify ferromagnetic candidate materials efficiently from a large
number of possible systems.

1. MP level calculations for high- and low-spin states 
of the pre-selected systems

2. Estimate high-spin stability
3. Select systems with large high-spin stability at MP 

level 

1. HF level calculations for high-spin state of all the 
systems 

2. Calculate          from NBMO coefficients
3. Select systems with large 

Large number of possible systems 

(a) 1st selection

(b) 2nd selection 

Candidate for organic ferromagnetic systems 

min
ijL

( 2) ( 2)S TE MP E MP−

Predicted systems showing high-spin stability 
even at MP level 

min
ijL

Fig. 3.8 Proposed strategy for selecting organic ferromagnetic candidates using Lmin
ij ; a 1st

selection in which systems with large Lmin
ij are selected at the HF level, and b 2nd selection in

which the selected candidates are calculated at a post-HF level to confirm the high-spin stability
while considering electron correlation effects
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3.3 Analytical Approach to Lij

Lmin
ij is useful for predicting whether or not a system will exhibit ferromagnetism

because its calculation only requires the NBMO coefficients for the high-spin state.
For huge systems, however, it is often hard to obtain MO coefficients. Here, we
introduce an analytical prediction (AP) method that allows the efficient calculation
of Lmin

ij for a large system [3]. This analytical approach can be realized without
performing direct QC calculations by predicting the NBMO shapes corresponding
to Lmin

ij using only the “zero-sum rule” of the NBMO method.

3.3.1 Closed and Open Non-disjoint (0–*) Linkages

We now focus on the system based on a BR unit, which is often used in typical
organic ferromagnetic materials. For the BR dimer consisting of BR-1 and BR-2
(Fig. 3.9), two types of linkage models, that is, non-disjoint (0–*) (Fig. 3.9a) and
disjoint (0–0) (Fig. 3.9b) linkage models, can be defined. The (0–*) linkage can be
further divided into closed and open (0–*) models depending on their linkage
position, as shown in Fig. 3.9a. In the closed model, the radical center of BR-2,
denoted as “•”, links to the inactive carbon atom (“0”) at the meta position of BR-1.

0 0
0

0

BR-1

BR-2

(a) Non-disjoint (0-*) linkage 

(b) Disjoint (0-0) linkage 

BR-1

BR-1

BR-2

BR-2

0 0

Closed-type Open-type 

0 0

Fig. 3.9 Three different types of linkages between BR units: a (left) closed non-disjoint (0–*),
(right) open non-disjoint (0–*), and b disjoint (0–0) linkage models. Modified with permission
from Ref. [3]. Copyright 2006 American Chemical Society
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Here, the radical center corresponds to the active carbon (“*”) with the largest
NBMO coefficient in the radical unit. On the other hand, in the open model, the
active carbon at the ortho or para positions of BR-2 links to the inactive carbon at
the meta position of BR-1. In the following subsection, we explain the AP method
for calculating Lmin

ij for both the closed and open (0–*) models.

3.3.2 Closed (0–*) Linkage: Benzyl Radical Dimer
(Diradical Model)

Figure 3.10 illustrates the AP procedures for predicting the NBMO shapes of a BR
dimer model with a closed (0–*) linkage. The procedure can be summarized as
follows:

(i) First, the whole system is divided into separate BR units. According to the
conventional NBMO zero-sum rule, the NBMO coefficients are assigned
separately for each BR unit using different letters a, b, c, etc. within the area
of each unique unit.

(ii) Next, the assignment is continued to the area outside of the BR unit of
interest. When we are focused on BR-1, for example, the zero-sum assign-
ment is expanded to the BR-2 region. According to the rule, however, the
NBMO on BR-1 (NBMO1, assigned by a) cannot be expanded to the BR-2
region. In contrast, the rule allows for the expansion of the NBMO on BR-2
(NBMO2, assigned by b) to the region of BR-1. Consequently, NBMO1 is
localized only on the BR-1 unit, while NBMO2 can be delocalized onto both
the BR-1 and BR-2 units. For the sake of convenience, NBMO1, which is
delocalized onto one benzene ring, is defined as a single ring (SR)-type
NBMO, whereas NBMO2, which is delocalized onto two benzene rings, is
defined as a double ring (DR)-type NBMO.

(iii) The NBMO coefficients, a and b, can be obtained by normalization as
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Fig. 3.10 AP of NBMO shapes and Lij for closed (0–*) BR dimer. Modified with permission
from Ref. [3]. Copyright 2006 American Chemical Society
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NBMO1 ðSR typeÞ :
X
r

C2
NBMO1;r ¼ 2að Þ2 þ 2 �að Þ2 þ a2 ¼ 7a2 ¼ 1

NBMO2 ðDR typeÞ :
X
r

C2
NBMO2;r ¼ 2bð Þ2 þ 4 �bð Þ2 þ 2b2 ¼ 10b2 ¼ 1

a ¼ 1ffiffiffi
7

p � 0:37796; b ¼ 1ffiffiffiffiffi
10

p � 0:31623:

ð3:28Þ

(iv) Finally, Lij can be calculated from the NBMO coefficients as

Lij ¼
X
r

ðCriCrjÞ2 ¼ ðabÞ2 þðabÞ2 þðabÞ2 = 3(ab)2 ¼ 3
1ffiffiffi
7

p � 1ffiffiffiffiffi
10

p
� �2

¼ 3
70

� 0:04286 ¼ LAPð1;SR$2;DRÞ
ij ;

ð3:29Þ

where Lij is denoted as L
APð1;SR$2;DRÞ
ij , which means the analytically predicted

Lij for the mixing between NBMO1 (SR-type) and NBMO2 (DR-type).

It should be stressed that these procedures only include calculations that may be
undertaken mentally [(i) and (ii)] and through simple number work [(iii) and (iv)].

Figure 3.11 shows Lmin
ij and the corresponding NBMO shapes for the BR dimer

calculated using the simple Hückel MO (HMO) method and subsequent unitary
rotations. It was found that our AP results in Fig. 3.10 accurately predicted both
Lmin
ij and the NBMO shapes calculated using the HMO method. Lmin

ij ðHMOÞ was

slightly larger than LAPð1;SR$2;DRÞ
ij . This difference can be explained by the fact that

the AP approach is capable of predicting more ideal minimum NBMO mixings,
though the HMO treatment reaches the vicinity of the minimum point after the
unitary rotation. The AP approach is therefore a promising method of finding the
ideal minimum of Lij.

3.3.3 Closed (0–*) Linkage: Benzyl Radical Trimer
(Triradical Model)

Figure 3.12 shows three possible models of the closed (0–*) BR trimer, that is,
trimer-A, trimer-B, and trimer-C. Each model consists of three BR units, BR-1,
BR-2, and BR-3, and involves three NBMOs.

In the same manner as for the dimer model, we can predict Lmin
ij for the trimer

models without QC calculations. First, we focus on trimer-A, which exhibits a
linear form. After assigning the NBMO coefficients within each BR unit based on
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dimer calculated using simple
HMO method followed by
unitary rotation. Modified
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Chemical Society

the zero-sum rule, the assignment is extended to the whole molecule by the same
rule. We use the letters, a, b, and c for NBMO1, NBMO2, and NBMO3, respec-
tively. As a result, we can obtain the SR-type orbital NBMO1 and the DR-type
orbitals NBMO2 and NBMO3. By normalizing the coefficients, we can obtain

Trimer-A : a ¼ 1ffiffiffi
7

p ðfor SR typeÞ; b ¼ c ¼ 1ffiffiffiffiffi
10

p ðfor DR typeÞ: ð3:30Þ

Thus, LAPij can be estimated as

Trimer-A : LAPij ¼
X

i;jð[ iÞ
LAP�ij ¼ LAP�ð1;SR$2;DRÞ

ij

þ LAP�ð1;SR$3;DRÞ
ij þ LAP�ð1;SR$3;DRÞ

ij

¼ 3� ðabÞ2 þ 0þ 3� ðbcÞ2

¼ 3
1ffiffiffi
7

p � 1ffiffiffiffiffi
10

p
� �2

þ 3
1ffiffiffiffiffi
10

p � 1ffiffiffiffiffi
10

p
� �2

¼ 3
70

þ 3
100

� 0:07286:

ð3:31Þ

Similarly, for trimer-B, NBMO1, NBMO2, and NBMO3 correspond to SR-, DR-,
and DR-type, respectively. We can obtain the normalized coefficients and LAPij as

Trimer-B : a ¼ 1ffiffiffi
7

p ðfor SR typeÞ; b ¼ c ¼ 1ffiffiffiffiffi
10

p ðfor DR typeÞ

LAPij ¼
X

i;jð[ iÞ
LAP�ij ¼ LAP�ð1;SR$2;DRÞ

ij þ LAP�ð1;SR$3;DRÞ
ij þ LAP�ð2;DR$3;DRÞ

ij

¼ 3� ðabÞ2 þ 3� ðacÞ2 þ 3� ðbcÞ2 ¼ 3
70

þ 3
70

þ 3
100

� 0:11571:

ð3:32Þ
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For trimer-C, both NBMO1 and NBMO3 are SR-type. In contrast, NBMO2 is
delocalized onto three benzene rings; therefore, we call this orbital a triple ring
(TR)-type NBMO. The normalized coefficients and LAPij value can be obtained as

Trimer-C : a ¼ c ¼ 1ffiffiffi
7

p ðfor SR typeÞ;X
r

C2
NBMO2;r ¼ 2bð Þ2 þ 6 �bð Þ2 þ 3b2 ¼ 13b2 ¼ 1;

b ¼ 1ffiffiffiffiffi
13

p � 0:27735 ðTR typeÞ

LAPij ¼
X

i;jð[ iÞ
LAP�ij ¼ LAP�ð1;SR$2;TRÞ

ij þ LAP�ð1;SR$3;SRÞ
ij þ LAP�ð2;TR$3;SRÞ

ij

¼ 3� ðabÞ2 þ 0þ 3� ðbcÞ2 ¼ 3
1ffiffiffi
7

p � 1ffiffiffiffiffi
13

p
� �2

þ 3
1ffiffiffiffiffi
13

p � 1ffiffiffi
7

p
� �2

¼ 3
91

þ 3
91

� 0:06593: ð3:33Þ
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3.3.4 Closed (0–*) Linkage: Benzyl Radical Pentamer
(Pentaradical Model)

As an example of a more complicated case, we investigated a BR pentamer model
consisting of five BR units (BR-1 to BR-5) with five NBMOs. We selected one of
the pentamer isomers, as shown in Fig. 3.13 (pentamer-A), to show the LAPij esti-
mation. For pentamer-A, the letters a–e were used for NBMO1–NBMO5. NBMO1
and NBMO2 were assigned as SR-type, whereas NBMO3 was DR-type. NBMO4
and NBMO5 were found to be TR-type. Therefore, the normalized NBMO coef-
ficients are
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Fig. 3.13 AP of NBMO shapes with smallest overlaps for closed (0–*) BR pentamer
(pentamer-A). Modified with permission from Ref. [3]. Copyright 2006 American Chemical
Society
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Pentamer-A : a ¼ b ¼ 1ffiffiffi
7

p ðfor SR typeÞ; c ¼ 1ffiffiffiffiffi
10

p ðfor DR typeÞ;

d ¼ e ¼ 1ffiffiffiffiffi
13

p ðfor TR typeÞ:
ð3:34Þ

LAPij for pentamer-A can be calculated as

Pentamer-A : LAPij ¼
X

i;jð[ iÞ
LAP �
ij ¼ LAP �ð1;SR$3;DRÞ

ij þLAP �ð1;SR$4;TRÞ
ij þ LAP �ð2;SR$4;TRÞ

ij

þ LAP �ð3;DR$4;TRÞ
ij þLAP �ð3;DR$5;TRÞ

ij þ LAP �ð4;TR$5;TRÞ
ij

¼ 3� ðacÞ2 þ 3� ðadÞ2 þ 3� ðbdÞ2 þ 3� ðcdÞ2 þ 3� ðceÞ2 þ 3� ðdeÞ2

¼ 3
70

þ 3
91

þ 3
91

þ 3
130

þ 3
130

þ 3
169

� 0:17270: ð3:35Þ

In a closed (0–*) system, the NBMOs may be classified into only three types,
i.e., SR, DR, and TR, even when considering systems with more than three benzene
rings. In other words, there is no NBMO that is delocalized across more than three
benzene rings within the framework of a closed (0–*) system.

3.3.5 Closed (0–*) Linkage: Tetraradical Model Including
Methylene and Methylidyne Radical Units

Figure 3.14 shows a tetraradical model with a non-disjoint (0–*) linkage. The
model includes both the methylene (:CH2) and methylidyne (:CH�) radical units,
MR-1 and MR-2, respectively, in addition to two BR units, BR-1 and BR-2.

Basically, the NBMO shapes can be predicted in a similar manner to that
described in the previous subsections. First, the NBMO coefficients are assigned
within each radical unit. The letters a, b, c, and d were used for MR-1, BR-1, MR-2,
and BR-2 units, respectively. Although the conventional zero-sum rule was applied
for assigning the BR units, “2a” and “2c” were assigned exceptionally for MR-1
and MR-2, respectively. After that, the assignment of NBMO coefficients was
extended to the area of the other radical units according to the zero-sum rule. As a
result, NBMO1–NBMO4 were obtained; NBMO1, NBMO2, and NBMO4 were
assigned as SR-type, while NBMO3 was DR-type. Thus, we can obtain the nor-
malized NBMO coefficients and LAPij as
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a ¼ b ¼ d ¼ 1ffiffiffi
7

p ðfor SR typeÞ; c ¼ 1ffiffiffiffiffi
10

p ðfor DR typeÞ

LAPij ¼
X

i;jð[ iÞ
LAP�ij ¼ LAP�ð1;SR$2;SRÞ

ij þ LAP�ð1;SR$3;DRÞ
ij þ LAP�ð1;SR$4;SRÞ

ij

þ LAP�ð2;SR$3;DRÞ
ij þ LAP�ð2;SR$4;SRÞ

ij þ þ LAP�ð3;DR$4;SRÞ
ij

¼ 3� ðabÞ2 þ 3� ðacÞ2 þ 0þ 3� ðbcÞ2 þ 0þ 3� ðcdÞ2

¼ 3
49

þ 3
70

þ 3
70

þ 3
70

� 0:18980:

ð3:36Þ

As shown here, by adding the initial assignments of “2a” and “2c” for the MR
units to the AP procedures, LAPij can also be estimated for the system that includes
MR units.

3.3.6 General Procedures for the Analytical Prediction
of Lij for Closed (0–*) Linkage Models

It has been noted that there are three types of NBMO shapes for closed (0–*)
linkage models; that is, SR-, DR-, and TR-type NBMOs, which are delocalized
onto one, two, and three benzene rings, respectively. Based on the results discussed
in the previous subsections, these three types of NBMOs are sufficient to assign
NBMOs, even in very large closed (0–*) systems. From their combinations, six
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Fig. 3.14 AP of NBMO shapes with smallest overlaps for closed (0–*) tetraradical model that
includes methylene (:CH2) and methylidyne (:CH�) radical units (MR units). Modified with
permission from Ref. [3]. Copyright 2006 American Chemical Society
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possible types of NBMO mixings, and their corresponding LAPij values, can be
obtained as follows:

SR $ SR: LAP�ðSR$SRÞ
ij ¼ 3� ðaSRi aSRj Þ2 ¼ 3� 1ffiffiffi

7
p � 1ffiffiffi

7
p

� �2

¼ 3
49

� 0:06122;

SR $ DR: LAP�ðSR$DRÞ
ij ¼ 3� ðaSRi aDRj Þ2 ¼ 3� 1ffiffiffi

7
p � 1ffiffiffiffiffi

10
p

� �2

¼ 3
70

� 0:04286;

SR $ TR: LAP�ðSR$TRÞ
ij ¼ 3� ðaSRi aTRj Þ2 ¼ 3� 1ffiffiffi

7
p � 1ffiffiffiffiffi

13
p

� �2

¼ 3
91

� 0:03297;

DR $ DR: LAP�ðDR$DRÞ
ij ¼ 3� ðaDRi aDRj Þ2 ¼ 3� 1ffiffiffiffiffi

10
p � 1ffiffiffiffiffi

10
p

� �2

¼ 3
100

¼ 0:03;

DR $ TR: LAP�ðDR$TRÞ
ij ¼ 3� ðaDRi aTRj Þ2 ¼ 3� 1ffiffiffiffiffi

10
p � 1ffiffiffiffiffi

13
p

� �2

¼ 3
130

� 0:02308;

and

TR $ TR: LAP�ðTR$TRÞ
ij ¼ 3� ðaTRi aTRj Þ2 ¼ 3� 1ffiffiffiffiffi

13
p � 1ffiffiffiffiffi

13
p

� �2

¼ 3
169

� 0:01775:

ð3:37Þ

Here, axi (x = SR, DR, or TR) is the normalized coefficient of the i-th NBMO
having an x-type shape, that is, SR, DR, or TR. axi depends only on the NBMO
shape and was already determined in the previous subsections as

aSRi ¼ aSRj ¼ 1ffiffiffi
7

p ; aDRi ¼ aDRj ¼ 1ffiffiffiffiffi
10

p ; and aTRi ¼ aTRj ¼ 1ffiffiffiffiffi
13

p : ð3:38Þ

We define the number of possible mixings of NBMO components LAP�ðxi$xjÞ
ij in

the system as NAP�ðxi$xjÞ, where xi (= SR, DR, or TR) and xj (= SR, DR, or TR) are
the shapes of the i-th and j-th NBMOs, respectively. LAPij for the whole system can
be generally defined by

LAPij ¼ NAP�ðSR$SRÞLAP�ðSR$SRÞ
ij þNAP�ðSR$DRÞLAP�ðSR$DRÞ

ij

þNAP�ðSR$TRÞLAP�ðSR$TRÞ
ij þNAP�ðDR$DRÞLAP�ðDR$DRÞ

ij

þNAP�ðDR$TRÞLAP�ðDR$TRÞ
ij þNAP�ðTR$TRÞLAP�ðTR$TRÞ

ij : ð3:39Þ

Equation (3.39) is the general formulation for LAPij for closed (0–*) BR systems

with or without MR units. NAP�ðxi$xjÞ for each term can be counted by hand. Thus,
LAPij can be estimated from Eq. (3.39) using the LAP�ij values listed in Eq. (3.37).

For example, the BR pentamer model in Fig. 3.13 has one SR $ DR, two
SR $ TR, two DR $ TR, and one TR $ TR mixings. Thus, LAPij can immedi-
ately be calculated as

84 3 Simple High-Spin Index Lij for Ferromagnetic Organic Molecules



LAPij ¼ 0 � LAP�ðSR$SRÞ
ij þ 1 � LAP�ðSR�DRÞ

ij þ 2 � LAP�ðSR�TRÞ
ij þ 0 � LAP�ðDR�DRÞ

ij

þ 2 � LAP�ðDR�TRÞ
ij þ 1 � LAP�ðTR�TRÞ

ij

¼ 1 � 3
70

� �
þ 2 � 3

91

� �
þ 2 � 3

130

� �
þ 1 � 3

169

� �
� 0:17270:

ð3:40Þ

As another example, the tetraradical model containing MR units shown in
Fig. 3.14 has one SR $ SR and three SR $ DR mixings. LAPij is

LAPij ¼ 1 � LAP�ðSR$SRÞ
ij þ 3 � LAP�ðSR�DRÞ

ij þ 0 � LAP�ðSR�TRÞ
ij þ 0 � LAP�ðDR�DRÞ

ij

þ 0 � LAP�ðDR�TRÞ
ij þ 0 � LAP�ðTR�TRÞ

ij

¼ 1 � 3
49

� �
þ 3 � 3

70

� �
� 0:18980:

ð3:41Þ

3.3.7 Analytical Prediction of Lij for Quasi-One-
Dimensional Closed (0–*) Benzyl Radical Systems

In this subsection, discuss the formulation of LAPij as a function of NNBMO for various
quasi-one-dimensional closed (0–*) BR systems, which are shown in Figs. 3.15 and
3.17, where NNBMO defines the number of NBMOs in a model. In two-line (2L)
models, that is 2L-1, 2L-2, and 2L-3 in Fig. 3.15, the BR (or MR) units align in
two lines, whereas in three-line (3L) models, that is 3L-1, 3L-2, and 3L-3 in
Fig. 3.17, the units align in three lines.

Formulation of LAPij for Two-Line Models

First, we formulate LAPij for 2L models, i.e., 2L-1, 2L-2, and 2L-3, which are
shown in Fig. 3.15. The right-hand side of the figure shows the process of assigning
the NBMO shapes using SR, DR, or TR for each NBMO. According to the
assigned shape, we can systematically count the number of component NBMO
mixings in the system. Figure 3.16 shows an example component count for the
NBMO mixings in 2L-1. We can count the number corresponding to each
overlap-type (i.e., SR $ DR, DR $ DR, etc.) in the system at each NNBMO. By
using simple sequence treatments, the number of components with each type of
NBMO mixing can be obtained for an arbitrary system size (NNBMO = n).

Table 3.1 summarizes the number of components with each type of NBMO
mixing as a function of NNBMO for models 2L-x (x = 1, 2, and 3). Here, LAPij of 2L-1
for NNBMO = n can be formulated by Eq. (3.39) as
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Fig. 3.15 AP of NBMO shapes with smallest overlaps for 2L models of quasi-one dimensional
closed (0–*) BR systems. Each unit structure is shown in parentheses. Modified with permission
from Ref. [3]. Copyright 2006 American Chemical Society
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Model 2L-1:

LAPij ¼ 2LAP�ðSR$DRÞ
ij þ n

2
� 1

� �
LAP�ðDR$DRÞ
ij þðn� 2ÞLAP�ðDR$TRÞ

ij

þ n
2
� 2

� �
LAP�ðTR$TRÞ
ij

¼ 6
70

þ n
2
� 1

� � 3
100

þðn� 2Þ 3
130

þ n
2
� 2

� � 3
169

:

ð3:42Þ
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Fig. 3.16 Formulation of the number of components with each type of NBMO mixing for model
2L-1 used for predicting LAPij . Modified with permission from Ref. [3]. Copyright 2006 American
Chemical Society

Table 3.1 Number of components with each type of NBMO mixing at NNBMO = n for 2L and 3L
models

Model Number of components (NBMO mixing), LAP�ij Condition
of nSR $ SR SR $ DR SR $ TR DR $ DR DR $ TR TR $ TR

2L-1 0 2 0 (n/2) − 1 n − 2 (n/2) − 2 n = 4, 6, 8,
10, …

2L-2 0 2 0 (7/4)n − 4 0 0 n = 4, 8,
12, 16, …

2L-3 1 n − 1 0 (n/2) − 2 0 0 n = 2, 4, 6,
8, …

3L-1 0 2 0 n/3 (2/3)n (4/3)n − 7 n = 6, 9,
12, 15, …

3L-2 0 3 2(n/3 − 1) (n/3) − 1 2(n/3 − 1) (n/3) − 2 n = 6, 9,
12, 15, …

3L-3 0 2 0 n/2 (5/4)n − 3 (3/8)n − 2 n = 8, 16,
24, 32, …

Modified with permission from Ref. [3]. Copyright 2006 American Chemical Society
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Basically, for all of the models discussed here, LAPij increases with increasing

system size. Thus, when comparing LAPij among the different models, it is conve-

nient to use the average value of LAPij at the n limit ðn ! 1Þ, i.e., lim
n!1ðL

AP
ij =nÞ. The

average value for 2L-1 is

LAPij
n

¼ 6
70n

þ 1
2
� 1
n

� �
3

100
þ 1� 2

n

� �
3

130
þ 1

2
� 2
n

� �
3

169

	 

; ð3:43Þ

and its n limit can be obtained as a unique value:

lim
n!1

LAPij
n

¼ 0þ 1
2
� 0

� �
3

100
þ 1� 0ð Þ 3

130
þ 1

2
� 0

� �
3

169
� 0:04695: ð3:44Þ

Similarly, LAPij and lim
n!1 ðLAPij = nÞ can be obtained for 2L-2 and 2L-3 as

Model 2L-2:

LAPij ¼ 2LAP�ðSR$DRÞ
ij þ 7

4
n� 4

� �
LAP�ðDR$DRÞ
ij ¼ 6

70
þ 7

4
n� 4

� �
3

100

lim
n!1

LAPij
n

¼ lim
n!1

6
70n

þ 7
4
� 4
n

� �
3

100

	 

¼ 0þ 7

4
� 0

� �
3

100
¼ 0:0525;

ð3:45Þ

and

Model 2L-3:

LAPij ¼ LAP�ðSR$SRÞ
ij þðn� 1ÞLAP�ðSR$DRÞ

ij þ n
2
� 2

� �
LAP�ðDR$DRÞ
ij

¼ 3
49

þðn� 1Þ 3
70

þ n
2
� 2

� � 3
100

lim
n!1

LAPij
n

¼ lim
n!1

3
49n

þ 1� 1
n

� �
3
70

þ 1
2
� 2
n

� �
3

100

	 


¼ 0þ 1� 0ð Þ 3
70

þ 1
2
� 0

� �
3

100
� 0:05786;

ð3:46Þ

respectively. Therefore, lim
n!1 ðLAPij = nÞ predicts the order of high-spin stability as

2L-3(� 0.05786) > 2L-2 (= 0.0525) > 2L-1 (� 0.04695).
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Formulation of LAP
ij for Three-Line Models

We can formulate LAPij for 3L models, i.e., 3L-1, 3L-2, and 3L-3, which are
shown in Fig. 3.17, in the same way as for the 2L models. Table 3.1 also lists the
number of components with each type of NBMO mixing as a function of NNBMO for
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Fig. 3.17 AP of NBMO shapes with smallest overlaps for 3L models of quasi-one-dimensional
BR closed (0–*) systems. Modified with permission from Ref. [3]. Copyright 2006 American
Chemical Society
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models 3L-x (x = 1, 2, and 3). LAPij and lim
n!1 ðLAPij = nÞ can be estimated for 3L-1 to

3L-3 by

Model 3L-1:

LAPij ¼ 2LAP�ðSR$DRÞ
ij þ n

3

� �
LAP�ðDR$DRÞ
ij þ 2

3
n

� �
LAP�ðDR$TRÞ
ij

þ 4
3
n� 7

� �
LAP�ðTR$TRÞ
ij

¼ 6
70

þ n
100

þ 2n
130

þ 4n
3
� 7

� �
3

169

lim
n!1

LAPij
n

¼ lim
n!1

6
70n

þ 1
100

þ 2
130

þ 4
3
� 7
n

� �
3

169

	 


¼ 0þ 1
100

þ 2
130

þ 4
3
� 0

� �
3

169
� 0:04905;

ð3:47Þ

Model 3L-2:

LAPij ¼ 3LAP�ðSR$DRÞ
ij þ n

3
� 1

� �
2LAP�ðSR$TRÞ

ij þ LAP�ðDR$DRÞ
ij þ 2LAP�ðDR$TRÞ

ij

� �
þ n

3
� 2

� �
LAP�ðTR$TRÞ
ij

¼ 9
70

þ n
3
� 1

� � 6
91

þ 3
100

þ 6
130

� �
þ n

3
� 2

� � 3
169

lim
n!1

LAPij
N

¼ lim
n!1

9
70n

þ 1
3
� 1
n

� �
6
91

þ 3
100

þ 6
130

� �
þ 1

3
� 2
n

� �
3

169

	 


¼ 0þ 1
3
� 0

� �
6
91

þ 3
100

þ 6
130

� �
þ 1

3
� 0

� �
3

169
� 0:05328;

ð3:48Þ

and
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Model 3L-3:

LAPij ¼ 2LAP�ðSR$DRÞ
ij þ n

2

� �
LAP�ðDR$DRÞ
ij þ 5

4
n� 3

� �
LAP�ðDR$TRÞ
ij

þ 3
8
n� 2

� �
LAP�ðTR$TRÞ
ij

¼ 6
70

þ n
2

� � 3
100

þ 5
4
n� 3

� �
3

130
þ 3

8
n� 2

� �
3

169

lim
n!1

LAPij
n

¼ lim
n!1

6
70n

þ 1
2

� �
3

100
þ 5

4
� 3
n

� �
3

130
þ 3

8
� 2
n

� �
3

169

	 


¼ 0þ 1
2

� �
3

100
þ 5

4
� 0

� �
3

130
þ 3

8
� 0

� �
3

169
� 0:05050:

ð3:49Þ

3.3.8 Comparison Between LAP
ij and Direct Quantum

Chemistry Calculations for Quasi-One-Dimensional
Closed (0–*) Benzyl Radical Systems

To confirm the validity of our AP, LAPij for quasi-one-dimensional closed (0–*)
models was compared with the high-spin stability obtained using direct QC cal-
culations. Figure 3.18a shows the relationship between LAPij and the number of
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Fig. 3.18 Relationship between N and a LAPij ðNÞ, b ΔE(L–H) for 2L models. Modified with
permission from Ref. [3]. Copyright 2006 American Chemical Society
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radical centers N (= NNBMO) for models 2L-1 to 2L-3. The AP approach predicted
the order of high-spin stability to be 2L-3 > 2L-2 > 2L-1 regardless of
N. Reasonably, the order is consistent with the results from lim

n!1 ðLAPij = nÞ. For the
first step, LAPij was compared with that obtained using the HMO method

ðLmin
ij ðHMO)) (see Fig. 3.19a). For comparison, N = 8 and 16 were selected as the

numbers of radical centers. Although LAPij is smaller than Lmin
ij ðHMO), the order of

LAPij is similar to that of Lmin
ij ðHMO) at both N = 8 and 16, except for the inversion

of 2L-2 and 2L-3 at N = 8. This difference can be explained by the fact that unitary
rotations of Lmin

ij ðHMO) did not result in the identification of the ideal minimum Lij,

whereas LAPij corresponds to the minimum.
Next, the AP results were compared with the high-spin stability,

DELS�HS
Total ¼ ELS

Total � EHS
Total

� �
, estimated using ab initio calculations, where ELS

Total and
EHS
Total are the total energies of the lowest and highest spin states, respectively.

Figure 3.19b shows DELS�HS
Total for 2L-1 to 2L-3 for N = 8 at various levels of theory,

calculated using the Gaussian 03 program [4]. Here, DELS�HS
Total was obtained from

single-point calculations based on standard geometrical parameters:
C–C = 1.395 Å, C–H = 1.100 Å for a benzene ring; C–C = 1.54 Å,
C–H = 1.070 Å for CH or CH2 groups; 120° was adopted for all the bond angles;
dihedral angles were selected to maintain a planar structure. The split-valence basis
sets 3-21G, 6-31G, and 6-31G(d) were used. We selected the HF, second-order
Møller-Plesset perturbation theory (MP2) with frozen core (FC) approximation, and
DFT (B3LYP functional) levels of theory. The restricted open-shell HF (ROHF)
scheme was selected for calculating the open-shell systems. From Fig. 3.19b, it can
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be seen that the order of DELS�HS
Total was 2L-3 > 2L-2 > 2L-1 for all the computa-

tional conditions. Thus, we can conclude that LAPij accurately reproduced the order

of DELS�HS
Total estimated using ab initio calculations. In Fig. 3.19b, the MP2 and DFT

results show smaller values of DELS�HS
Total than the HF results as a result of correlation

effects that mainly stabilize the low-spin state compared with the high-spin state.
To confirm the suitability of LAPij for predicting high-spin stability for larger

values of N, we examined the relationship between DELS�HS
Total and N (= 8, 16, 24, and

32) for 2L-1 to 2L-3 at the ROB3LYP/3-21G level (see Fig. 3.18b). The order of
DELS�HS

Total was found to be 2L-3 > 2L-2 > 2L-1 for any N; the order was the same
predicted order as LAPij . Thus it was confirmed that LAPij reproduced the trends

calculated using DELS�HS
Total , even for large N.

Next, 3L systems are discussed. Both LAPij and N are compared for 3L-1 to 3L-3
(see Fig. 3.20a). The order of high-spin stability predicted by LAPij was
3L-2 > 3L-3 > 3L-1 for all of the N regions investigated. To confirm the validity
of LAPij for these models, ab initio calculations were performed to obtain DELS�HS

Total at
N = 24 using the ROHF/3-21G and ROB3LYP/3-21G levels of theory (see
Fig. 3.20c). At both levels, the order of DELS�HS

Total was found to be
3L-2 > 3L-3 > 3L-1. DELS�HS

Total at the HF level was smaller than that at the DFT
level because of correlation effects. For comparison, LAPij at N = 24 is plotted in

Fig. 3.20b. For the 3L systems, it can therefore be concluded that LAPij also repro-

duced the trend observed in DELS�HS
Total obtained using ab initio calculations.
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The magnitude and degree of NBMO mixings is directly related to the order of
LAPij ; therefore, candidate systems with large LAPij can be designed using the fol-
lowing strategies:

(1) The order of the magnitude of NBMO mixings is
LAP�ðSR$SRÞ
ij [ LAP�ðSR$DRÞ

ij [ LAP�ðSR$TRÞ
ij [ LAP�ðDR$DRÞ

ij [ LAP�ðDR$TRÞ
ij [ LAP�ðTR$TRÞ

ij ,
as shown in Eq. (3.37). Thus, a large ferromagnetic property can be expected
by including large-component NBMO mixings such as

LAP�ðSR$SRÞ
ij ; LAP�ðSR$DRÞ

ij , and LAP�ðSR$TRÞ
ij .

(2) Large NBMO mixings can be expected when each NBMO mixes with as
many adjacent NBMOs as possible. For example, we consider the trimer
models in Fig. 3.12. In trimer-A, NBMO1 mixes only with NBMO2. On the
other hand, in trimer-B, NBMO1 mixes with both NBMO2 and NBMO3.
Here, trimer-B has an advantage compared with trimer-A.

Strategy (1), in particular, was found to be important for achieving large LAPij
when we compared systems with similar sizes. For instance, model 2L-3 has the

largest LAPij of the 2L models because it contains many LAP�ðSR$DRÞ
ij components.

Similarly, in the 3L models, 3L-2 has the largest LAPij because this model has many

LAP�ðSR$TRÞ
ij components. In addition to these approaches, we were able to develop

more detailed strategies as follows:

(3) To enlarge LAPij , each phenyl ring should be linked with many radical centers
(denoted by a dot sign). In such cases, large NBMO mixings are expected over
the phenyl ring.

(4) To enlarge LAPij , each radical center should be connected with a small number
of phenyl rings. When a radical center connects with phenyl rings, the cor-
responding NBMO is delocalized over these rings. The delocalization of the
NBMO over many phenyl rings makes each NBMO coefficient small after the
normalization, and results in smaller values for LAPij . In contrast, the delocal-
ization over fewer rings keeps each NBMO coefficient large, and results in a
larger LAPij .

Points (1)–(4) can be useful guidelines when designing radical units and their
linkages to realize large-LAPij systems.

Here, every system is assumed to have a planar structure for simplicity.
However, this treatment does not prevent functional design because it is obvious
that a deviation from the planar structure weakens the ferromagnetism; the mag-
nitude of this weakening can be approximated by considering the orbital overlap
between two adjacent p-orbitals used to construct the p-conjugation. In addition, the
system is assumed to be isolated in a vacuum. However, for p-conjugated systems,
through-bond intramolecular exchange interactions should play a dominant role in
ferromagnetic interactions and through-space exchange interactions from the sur-
roundings could result in second-order effects in general.
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In the previous subsections, we presented the formulation of a relationship
between high-spin stability of a periodic system and N using an analytical approach.
On the other hand, for aperiodic random systems, LAPij can be estimated by counting
the number of NBMO mixings one by one instead of formulations.

3.3.9 Analytical Prediction of Lij for Open Non-disjoint
(0–*) Benzyl Radical Systems

Our analytical method can also be applied to open non-disjoint (0–*) models, as
shown in Fig. 3.9a [5]. Figure 3.21 shows the AP procedures for the open (0–*) BR
dimer (Fig. 3.21a) and trimer (Fig. 3.21b) models. The prediction method is similar
to that used for the closed (0–*) model except for the NBMO shape.

(i) The system is divided into each radical unit (BR1, BR2,…, etc.). NBMO
coefficients are assigned within each BR unit by the NBMO zero-sum rule.
Different letters, a, b, c, etc., are used for different BR units.

(ii) The NBMO coefficients for each unit are expanded to the region of the other
BR units by the zero-sum rule. As can be seen in Fig. 3.21, the NBMOs for
the open model are delocalized asymmetrically over more than one BR unit
(except for the SR-type NBMOs) and are elongated to the terminal. The
NBMOs delocalized asymmetrically over two, three, four,…, n benzene
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rings are named open-ring 2-(OR2-), OR3-, OR4-,…, ORn-type NBMOs,
respectively.

(iii) The NBMO coefficients for open systems are normalized as

NBMO1 ðSR typeÞ:
X
r

C2
NBMO1;r ¼ 2að Þ2þ 2 �að Þ2 þ a2 ¼ 7a2 ¼ 1

NBMO2 ðOR1 typeÞ:
X
r

C2
NBMO2;r ¼ 2bð Þ2þ 2 �bð Þ2 þ b2 þ 2 0:5bð Þ2 þ �0:5bð Þ2¼ 7:75b2 ¼ 1

NBMO3 ðOR2 typeÞ:
X
r

C2
NBMO3;r ¼ 2cð Þ2 þ 2 �cð Þ2 þ c2þ 2 0:5cð Þ2 þ �0:5cð Þ2

þ 2 0:25cð Þ2 þ �0:25cð Þ2¼ 7:9375c2 ¼ 1

a ¼ 1ffiffiffi
7

p � 0:37796; b ¼ 1ffiffiffiffiffiffiffiffiffi
7:75

p � 0:35921; c ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7:9375

p � 0:35494

ð3:50Þ

(iv) LAPij can be calculated for open non-disjoint (0–*) BR dimer and trimer
models as

Dimer model: LAPij ¼ LAPð1;SR$2;OR2Þ
ij ¼

X
r

ðCriCrjÞ2

¼ ð�0:5abÞ2 þð0:5abÞ2 þð0:5abÞ2

¼ 3 0:5� 1ffiffiffi
7

p � 1ffiffiffiffiffiffiffiffiffi
7:75

p
� �2

� 0:01382;

ð3:51Þ

and

(a) AP (b) HMO
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Fig. 3.22 NBMO shapes of
open (0–*) BR dimer
obtained using a AP and
b HMO + unitary rotation
methods
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Trimer model : LAPij ¼
X

i;jð[ iÞ
LAP �
ij ¼ LAPð1;SR$2;OR2Þ

ij

þ LAPð1;SR$3;OR3Þ
ij þLAPð2;OR2$3;OR3Þ

ij

¼ 3ð0:5abÞ2 þ 3ð0:25acÞ2 þ 3ð0:5bcÞ2þ 3ð0:125bcÞ2

¼ 3 0:5� 1ffiffiffi
7

p � 1ffiffiffiffiffiffiffiffiffi
7:75

p
� �2

þ 3 0:25� 1ffiffiffi
7

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7:9375

p
� �2

þ 3 0:5� 1ffiffiffiffiffiffiffiffiffi
7:75

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7:9375

p
� �2

þ 3 0:125� 1ffiffiffiffiffiffiffiffiffi
7:75

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7:9375

p
� �2

¼ . . .; ð3:52Þ

respectively.

For the dimer model, the NBMO shapes in the AP and HMO methods are
compared in Fig. 3.22. The AP approach accurately reproduces the NBMO shapes
obtained using the HMO + unitary rotation treatment. As a result, LAPij � 0:01382

agrees well with LminðHMOÞ
ij ¼ 0:01395.

We formulated LAPij for the open (0–*) model 1 (depicted in Fig. 3.23) as a
function of N. For reference, the formulation was also conducted for closed model 2
(depicted in Fig. 3.23). The formulation was achieved using the same procedure as
for the closed system, although its formulation is more complicated. LAPij ðNÞ for
these models is given by
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Model 1 : LAPij ðNÞ ¼ 3
XN
l¼1

XN
mð[ lÞ

Xl�1

i¼0

16k
 !,

3
Xl�1

k¼0

4k þ 4l
 !

3
Xm�1

k¼0

4k þ 4m
 !( )

;

ð3:53Þ

and

Model 2 : LAPij ðNÞ ¼
3

100
N � 3

175
: ð3:54Þ

The values of LAPij ðNÞ for these models are plotted in Fig. 3.23. LAPij for the open
model 1 is about half of that for the closed model 2. These results indicate that the
closed (0–*) linkage is more effective for constructing BR-based high-spin systems
than the corresponding open linkage.

3.4 (2 � 2) Unitary Rotation for Minimizing Lij and Its
Comparison with the Edmiston–Rüdenberg Method

In Sect. 3.2.1, we introduced the (2 � 2)-based unitary rotation for minimizing Lij
by localizing NBMOs [see Eq. (3.4)]. In this subsection, we compare the (2 � 2)
localization method with the Edmiston–Rüdenberg (ER) localization method [6] for
minimizing Lij. In the ER method, the unitary rotations shown in Eq. (3.55) are
performed by maximizing the self-repulsion energy (SRE), JSRE, in Eq. (3.56).
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for open model 3 at ROHF/STO-3G level. b Comparison of CPU times required for each method
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u0
j ¼

Xn
i¼1

uiUij ðj ¼ 1; 2; . . .; nÞ ð3:55Þ

JSRE u0ð Þ ¼
Xn
j¼1

Z
u0ð1Þj j2j

1
r12

� �
u0ð2Þj j2j dr1dr2 ð3:56Þ

For comparison, Lmin
ij for the open model 3 (depicted in Fig. 3.24a) was calcu-

lated at the ROHF/STO-3G level using both localization methods. Figure 3.24a
shows the relationship between Lmin

ij and N, where the highest spin-multiplicity was

selected for each N. The (2 � 2) method provided essentially the same Lmin
ij value

as the ER method. Furthermore, the methods gave quite similar NBMO shapes
corresponding to Lmin

ij . Figure 3.24b shows the CPU time required to obtain Lmin
ij for

both methods. For larger N, in particular, the (2 � 2) method required much less
CPU time than the ER method. Thus, the (2 � 2) method is useful for obtaining
Lmin
ij because of its small computational cost and excellent reliability.
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Chapter 4
Through-Space/Bond Interaction Analysis
of Ferromagnetic Interactions

Abstract In general, through-space (TS) and through-bond (TB) exchange inter-
actions play dominant roles in radical crystals and polymers, respectively. In spite
of their importance, the quantitative relationship between these interactions and
magnetic properties has not been thoroughly investigated. In this chapter, we
introduce one of the candidate methods for this purpose, called the TS/TB inter-
action analysis method. The TS/TB method makes it possible to investigate specific
intra- and/or inter-molecular orbital interaction(s) at the ab initio quantum chemistry
level of theory. An analysis using model benzyl radical molecules quantitatively
revealed that TB interactions between radicals are the dominant contributors to the
high-spin stability of the system. In addition, a detailed analysis showed that
electron correlation effects control the high-spin stability.

4.1 Introduction

In the previous chapter, we noted that the exchange interaction controls the fer-
romagnetic properties of a system and can be of either of two types: through space
(TS) or through bonds (TB) . Ferromagnetic systems should be realized by tightly
controlling the features of these exchange interactions between spin radicals by
adjusting their pathways, strengths, and so on. Two types of strategies, viz., TS and
TB approaches, are utilized for designing ferromagnetic systems. The TS and TB
approaches were developed to produce radical crystals and radical polymers,
respectively. In general, radical polymers that utilize intramolecular exchange
interactions through p-conjugation are expected to have much higher Curie tem-
peratures than radical crystals.

We also noted that quantum chemistry (QC) calculations may facilitate quan-
titative examination of the exchange interactions and enable greater understanding
of inter-radical interactions and ferromagnetic system design. However, conven-
tional QC calculations (except for natural bond orbital (NBO) analysis [1]) basically

© The Author(s) 2017
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provide information for the whole system and do not give specific information
about each individual orbital interaction in the system. To better understand the
relationship between inter-radical interactions and ferromagnetic properties, it is
necessary to analyze the specific orbital interaction(s) in the system beyond the
conventional methods.

In this chapter, we introduce a QC-based treatment, called the ab initio TS/TB
interaction analysis method [2], to understand the exchange interactions quantita-
tively from the viewpoint of intramolecular orbital interactions. Here, in particular,
we focus on radical polymers given by the TB approach for the design of new
high-performance materials.

4.2 Ab Initio Through-Space/Bond Interaction Analysis
Method

The ab initio TS/TB interaction analysis method was developed to analyze quan-
titatively specific orbital interactions in a molecule at the ab initio molecular orbital
(MO) level [2]. The effectiveness of the method has been confirmed by applying the
TS/TB method to the elucidation of various phenomena in organic systems,
including stereoelectronic effects [3, 4], exchange interactions [5], rotational bar-
riers [6, 7], p/r-conjugation effects [8, 9], and so on [10–12]. This chapter discusses
the application of the TS/TB method to elucidate the orbital interaction paths that
provide high-spin stability.

4.2.1 How to Analyze Orbital Interactions Using
the Through-Space/Bond Method

In the TS/TB method, we can eliminate the contribution of a specific orbital in-
teraction(s) to the system by using extremely large exponents in the basis functions
related to the interactions. By comparing the total energies before and after elim-
ination, we can estimate the contribution of the interaction in question to the total
energy.

As an example, we consider the elimination of the TS orbital interaction in
ethane that occurs between the 1s-type atomic orbital (AO) vr, belonging to
hydrogen atom HA, and the 1s-type AO vs, belonging to HB (see Fig. 4.1a). To
achieve the elimination, we artificially enlarge the absolute magnitude of the
exponent a of the Gaussian function ðexp ð�ar2ÞÞ in the basis functions related to
the interactions until the orbital overlap between vr and vs completely disappears;

that is, Srs ¼
R
vrð1Þvsð1Þds1 �!Enlarge a

0: This enlargement contracts the corre-
sponding AOs, and the AOs are localized on each atomic nucleus as a result. When
using such an extremely large a, all of the off-diagonal integral elements related to
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the interaction between vr and vs become zero because there is no overlap between
the AOs. That is, the r–s elements of the kinetic energy integral Trs, the nuclear–
electron attractive energy integral VA

rs A = HA; HB; HC; . . .f g, and the two-electron
integrals, (rs|rs), (rs|rr), etc., should be zero under such conditions. The completely
localized AOs into the atomic center make a point charge e− on each atomic
nucleus, and the negative charge automatically shields a related amount of nuclear
charge, +Ze. If we delete all the possible orbital interactions between atoms A and
B, the nuclear charges of these atoms are completely shielded by the negative
charges caused by the contracted AOs. Both the spatial interactions resulting from
AO overlaps and the electrostatic interactions between atoms A and B can be
deleted unintentionally. Strictly speaking, this situation can be realized by can-
celling the nucleus–nucleus repulsion energy between atoms A and B by the
VHB
rr ; VHA

ss , and (rr|ss) terms with the classical electrostatic energies caused by
classical point charges generated by the contracted AOs.

Next, we show an example for deleting TB conjugation effects in 1, 3-butadiene,
which is depicted in Fig. 4.1b. In this model, a series of p-type AOs perpendicular to
the molecular plane (vr * vu) are relevant to the conjugation effects. The simplest
way to eliminate the conjugation effects is to delete one of the orbital interactions
between two adjacent p-type AOs, for example, the interaction between vs and vt.

The advantage of this treatment is the fact that we can discuss the contributions
of the specific interactions using total energies. This method can be applied to
examine a variety of phenomena related to various types of intra- and/or inter-
molecular orbital interactions, such as stereoelectronic effects, electron conjugation,
rotational barriers, steric repulsion, and so on.
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Fig. 4.1 Elimination of orbital interactions using TS/TB analysis for a TS interaction between
1s-type AOs vr and vs in ethane, and b TB interaction arising from p-conjugation effects in 1,
3-butadiene (Modified with permission from Ref. [3]. Copyright 2005 Wiley Periodicals, Inc.)
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4.2.2 Procedures for the Through-Space/Bond Interaction
Analysis Method

The procedure for the ab initio AO-based TS/TB interaction analysis method can be
summarized as follows (see also Fig. 4.2):

1. The molecular structure and the information for deleting the orbital interactions
are prepared.

2. All of the AO integrals are calculated using two different basis sets, that is, a
normal basis set with a normal exponent (a) and an artificial basis set with an
extremely large exponent (a′). The normal and artificial AO integrals are sep-
arately saved to a disk as file-1 and file-2, respectively.

• Molecular structure
• Deletion information 

Integrals with 
normal AO basis

(Normal exponent) 

Total energy and electronic structures 
after deletions 

A
rs rs rsS , T , V , (rs|tu)

Integrals with 
artificial AO basis 
(Large exponent) 
(L) (L) A(L) (L)
rs rs rsS , T , V , (rs|tu)

Save to File 1 Save to File 2 

Deleting 
elements 

Remaining 
elements 

Integrals for TS/TB analysis
(After merging)

A
rs rs rsS , T , V , (rs|tu)′ ′ ′ ′

File merging 

Make Fock matrix 

HF-SCF 

Post HF treatment (CI / MP) based on 
A

rs rs rsS , T , V , (rs|tu)′ ′ ′ ′

Comparison with Full interaction state with no deletion 

Fig. 4.2 Procedures for
AO-based ab initio TS/TB
interaction analysis method
(Modified with permission
from Ref. [3]. Copyright 2005
Wiley Periodicals, Inc.)
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3. The integrals for the TS/TB method are obtained by merging file-1 and file-2. In
other words, the integral elements corresponding to the remaining interactions
are extracted from file-1 (normal exponent), and the elements corresponding to
the deleted interactions are extracted from file-2 (large exponent). We can
thereby obtain the integral sets for eliminating the specific orbital interactions.

4. The Fock matrix after deletion is constructed using the merged integrals.
Conventional Hartree–Fock self-consistent field (HF-SCF) calculations are
adopted to solve an eigenvalue problem, Frs � eSrsj j ¼ 0, based on the merged
integral sets. After reaching SCF convergence, we can obtain the total energy
after deleting the specific orbital interaction(s).

5. Electron correlation effects can be introduced by connecting the TS/TB method
to conventional configuration interaction (CI) or Møller–Plesset
(MP) perturbation treatments; because the deletion in the TS/TB method is
performed at the level of the AO integral element (not at the level of the Fock
matrix element), the deletion is automatically reflected in the post-HF calcula-
tions, which utilize AO integrals.

6. The total energy (or electronic structure) obtained after deleting the specific
orbital interactions is compared with that before the deletion (called the full
interaction state). The comparison gives us quantitative information about the
contribution of the specific orbital interaction(s) to the total energy/electronic
structure.

These procedures are incorporated into the program GAMESS [13]. The
ab initio calculations described in this chapter, other than those related to the TS/TB
method, were performed using the Gaussian03 program package [14].

A basis other than AOs can be adopted for the TS/TB method. For example, we
introduced the NBO-based TS/TB method [3, 4], which is illustrated in Fig. 4.3. In
this method, a basis conversion from AO to NBO is required for the integrals. The
transformation matrix U is obtained using the conventional NBO procedures [1].
The conversion is conducted using

SfNBOgrs ¼
X
l;m

Uy
rlSlmUms; ð4:1Þ

TfNBOg
rs ¼

X
l;m

Uy
rlTlmUms; ð4:2Þ

VAfNBOg
rs ¼

X
l;m

Uy
rlV

A
lmUms; and ð4:3Þ

rs j tuð ÞfNBOg¼
X
l;m;k;r

Uy
rlU

y
smUtkUur lm j krð Þ: ð4:4Þ

The conversion is applied to both the normal and artificial AO integrals. In the
NBO-based TS/TB method, a specific orbital interaction can be deleted based on
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chemically understandable NBO shapes. Following this step, the total energy and
electronic structures after deletion can be obtained using procedures similar to the
AO-based TS/TB method.

4.2.3 Features of the Through-Space/Bond Interaction
Analysis Method

Table 4.1 summarizes the features of the TS/TB interaction analysis method.
Table 4.1a–d concern features available in the TS/TB analysis method. In the
TS/TB method, the deletion of the orbital interactions is conducted at the level of
AO integrals prior to forming the Fock matrix. Thus, the interaction deletion is
naturally reflected in any post-HF treatment; for example, in the CI-level TS/TB

• Molecular structure
• Deletion information 

Integrals with 
normal AO basis

(Normal exponent) 
A

rs rs rsS , T , V , (rs|tu)

Integrals with 
artificial AO basis 
(Large exponent) 
(L) (L) A(L) (L)
rs rs rsS , T , V , (rs|tu)

Save to File 1 Save to File 2 

Deleting 
elements 

Remaining 
elements 

Integrals for TS/TB analysis
(After merging)

{ } { } A{NBO} { }
rs rs rsS , T , V , (rs|tu)NBO NBO NBO′ ′ ′ ′

File merging 

Make Fock matrix 

Make AO-NBO 
transformation 

matrix, U

(Same as AO-based treatment) 

Integrals with normal NBO basis 
(Normal exponent) 

{NBO} {NBO} A{NBO} {NBO}
rs rs rsS , T , V , (rs|tu)

Integrals with artificial NBO basis 
(Large exponent) 

(L){NBO} (L){NBO} A(L){NBO} (L){NBO}
rs rs rsS , T , V , (rs|tu)

AO to NBO conversion AO to NBO conversion 

Fig. 4.3 Procedures for NBO-based ab initio TS/TB interaction analysis method (Modified with
permission from Ref. [3]. Copyright 2005 Wiley Periodicals, Inc.)
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method, the deletion of the interactions is automatically introduced not only in the
ground state electron configuration, but also in various excited electron configu-
rations. Therefore, the TS/TB method is capable of analyzing orbital interactions
while considering electron correlation effects in both the ground and excited states.
For the same reason (i.e., orbital deletions at the integral level), the TS/TB method
can be connected with the finite field (FF) method (TS/TB + FF method), polar-
izable continuum model (PCM) calculations (TS/TB + PCM method), and so on.

Table 4.1e–h list the details of the interaction deletions. Table 4.1e concerns the
treatment of the two-electron integrals during the deletions. The element of the
Fock matrix can be described by AO-based integrals as

Frs ¼ Hcore
rs þ

X
t;u

Ptu rs j tuð ÞCoulomb�
1
2

ru j tsð ÞExchange
� �

: ð4:5Þ

Then, the orbital interaction between AOs v1 and v2 is deleted. In the TS/TB
analysis method, all the 2e-integral elements corresponding to the interaction are
deleted by using the large exponent. That is, the 2e-integral elements in the element
F12 are deleted; at the same time, the 2e-integral elements corresponding to the
deletion of v1 $ v2 in the other Fock matrix elements ðFr 6¼1;s 6¼2Þ, for example,
rs j 12ð ÞCoulomb in Fr 6¼1;s 6¼2 and ru j 12ð ÞExchange in Frð6¼1Þ;2, are also automatically
deleted as a result of the zero value caused by the large exponent.

Table 4.1 Features of ab initio TS/TB analysis method (Modified with permission from Ref. [3].
Copyright 2005 Wiley Periodicals, Inc.)

TS/TB analysis method

(a) Cutoff Integral element level

(b) Available methods HF, CI, MP, etc. (any post-HF treatment)

(c) Available electron
configurations

∙ Ground state
∙ Excited state

(d) Connection to other
methods

∙ Finite field method
∙ PCM method, etc.

(e) Deletion of two
electron integrals

(rs|12)Coulomb ! 0 (cutoff)
(r*|12)Exchange ! 0 (cutoff), etc.

(f) Basis type for deletion AO, NHO, NBO bases, etc. (any basis type)

(g) Wavefunction ∙ SCF
∙ Desired number of SCF cycles

(h) Nucleus–nucleus
repulsion

Automatically shielded by electron point charges (deletion of
electrostatic interactions)

(i) Types of analyses ∙ Orbital interactions
∙ Electron transfer
∙ Conjugation
∙ Stereoelectronic effects
∙ Steric repulsion
∙ Rotational barriers, etc.
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Any basis, such as AO, natural hybrid orbital (NHO), natural bond orbital
(NBO), etc., can be used for the TS/TB method (Table 4.1f). Generally speaking,
the AO-based TS/TB method has the advantage of deleting a pinpoint site, such as
the deletion of an orbital interaction between pZ (atom A) and pZ (atom B), for
instance. On the other hand, the NBO-based TS/TB method has an advantage in
that it allows the deletions based on chemically understandable NBO descriptions
such as p and r* orbitals, and so on. In addition, even if we use a larger basis set,
the NBO-based TS/TB method can retain the simple definition of the interaction
deletion.

Table 4.1g shows the treatment of the wavefunction. The TS/TB method gives
an SCF wavefunction that satisfies the SCF under the deletion of the specific
interactions. Of course, we can obtain the results after a desired number of SCF
cycles according to our purpose.

Table 4.1h shows the treatment of the nucleus–nucleus repulsion energy. In the
TS/TB method, an appropriate amount of electron point charges is generated on the
corresponding atomic nucleus by using a large exponent. The electron point charges
automatically shield the nuclear point charges. As the result, electrostatic interac-
tions are deleted in addition to the electron delocalization effects. We can select
another deletion mode in which the only electron delocalization effects are deleted.
Such a high degree of freedom in the TS/TB method promises wide potential
applications to electrostatic-interaction-related phenomena such as steric repulsion,
rotational barriers, etc., in addition to the analysis of electron delocalization
(Table 4.1i).

4.3 Analysis of Inter-radical Interactions Using
the Through-Space/Bond Method

4.3.1 Through-Space/Bond Analysis of a Non-disjoint
(0−*) Benzyl Radical Dimer

To examine the relationship between high-spin stability and the inter-radical
interaction path, the TS/TB method was used to analyze the benzyl radical (BR)
dimer 1, as shown in Fig. 4.4a [5]. The BR dimer 1 has a non-disjoint (0−*)-type
linkage between two BR units, BR-1 and BR-2, and is expected to have NBMO
mixings leading to exchange interaction between the radicals. We can assume two
types of interaction pathways between the radicals: interactions through space
(Fig. 4.4b) and through bond (Fig. 4.4c). A key question is which interaction
pathway mainly contributes to the exchange interactions and causes high-spin
stability? Here, the high-spin stability, DELS�HS

total , is defined as the total energy
difference between the lowest spin state and the highest spin state; that is,
DELS�HS

total ¼ ELS
total � EHS

total. Positive or negative values of DELS�HS
total mean that the

high-spin or low-spin state is more stable, respectively. For model 1, we explicitly
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define the high-spin stability by the energy difference between the singlet ðES
totalÞ

and triplet ðET
totalÞ states; that is, DES�T

total ¼ ES
total � ET

total.
First, the electronic structure of 1 was calculated by including all of the

intramolecular orbital interactions without any interaction deletions. We call this
condition the “full interaction (FULL)” state. The restricted open-shell
second-order MP (ROMP2) method was used to calculate the triplet state. The
singlet state was treated as closed shell and calculated using the restricted MP2
(RMP2) method for the first step. Here, a frozen core (FC) approximation was
adopted for the MP2 treatments. The full interaction calculation (MP2(FC)/6-311G)
was performed based on the ROHF/6-311G optimized geometries; the split-valence
triple-zeta basis set 6-311G was used to describe the p-conjugation adequately. The

(d)  (e)  

Cut off
TS interactions 

Cut off
TB interactions 

Extremely large exponent Extremely large exponent 

pz pz pz pz

(b)  
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Interactions
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0
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Fig. 4.4 a BR dimer model 1 with a non-disjoint (0−*) linkage. Atoms are assigned letters a−n,
as shown in parentheses. Illustrations of b TS and c TB interaction paths between radicals in 1.
Schematic illustrations for deletion of inter-radical interactions d through space and e through
bond by TS/TB analysis method (Modified with permission from Ref. [5]. Copyright 2006
American Chemical Society)

4.3 Analysis of Inter-Radical Interactions Using the Through-Space/Bond Method 109



geometrical optimizations for singlet and triplet states were conducted separately
while maintaining the planar structures.

For our convenience, we have rewritten Etotal as EMP2. We can divide the R(O)
MP2 total energy EMP2ð¼EtotalÞ into the HF energy ðEHFÞ and the MP2 perturbation
energy ðEcorrðMP2ÞÞ terms. Thus, the high-spin stability ðDES�T

MP2ð¼DES�T
total ÞÞ can be

rewritten as

DES�T
MP2 ¼ ES

HF þES
corrðMP2Þ

� �
� ET

HF þET
corrðMP2Þ

� �
¼ ES

HF � ET
HF

� �þ ES
corrðMP2Þ � ET

corrðMP2Þ
� �

¼ DES�T
HF þDES�T

corrðMP2Þ;

ð4:6Þ

where DES�T
HF is the contribution of the HF energy to the high-spin stability, while

DES�T
corrðMP2Þ shows the contribution of the second-order perturbation energy, cor-

responding to the electron correlation effects, to the high-spin stability.
The energy diagram for the FULL state of 1 is shown in Fig. 4.5a. The triplet

state is more stable than the singlet state by 0.022 a.u. (hartree); that is,
DES�T

MP2 ¼ 0:022 a:u. Although the triplet state is more stable than the singlet state
by 0.099 a.u. at the HF level, the relative energy of the triplet state is reduced after
considering electron correlation effects using the MP2 treatment; that is, the singlet–
triplet gap is reduced from DES�T

HF ¼ 0:099 a:u: to DES�T
MP2 ¼ 0:022 a:u:

ðDES�T
corrðMP2Þ ¼ �0:077 a:u:Þ. The reduction in the relative stability of the high-spin

state is attributable to preferential stabilization of the singlet state ðESinglet
corrðMP2Þ ¼

�1:335 a:u:Þ over the triplet state ðETriplet
corrðMP2Þ ¼ �1:258 a:u:Þ by the correlation

effects. Consequently, the high-spin state of 1 is still preferred, even when the
correlation effects are considered ðDES�T

MP2 ¼ 0:022 a:u:Þ.
Next, we discuss the deletion of the TS interaction pathway between the radical

centers at sites g (BR-1) and n (BR-2) using the TS/TB method (see Fig. 4.4b).
We eliminated all possible combinations of the orbital interactions
pZ ðp0Z ; p00Z ; p000Z Þ ½at site-g]� pZðp0Z ; p00Z ; p000Z Þ ½at site-n], where the z-axis is perpen-
dicular to the molecular plane of 1, (see Fig. 4.4d) and pZ consists of three orbitals,
p0Z ; p

00
Z , and p000Z , with different exponents when treated with triple-zeta basis func-

tions. The results obtained after deleting the TS interaction (i.e., the delete-TS state)
are shown in Fig. 4.5b. The deletion changed the diagram very slightly from the
FULL state, and we obtained a small change in the stability of the high-spin state
from DES�T

MP2(FULL) = 0.022 a.u. to DES�T
MP2(delete-TS) = 0.024 a.u. The small

change means that the TS interaction between the radicals does not substantially
contribute to the high-spin stability. For the triplet state of 1, the distance between
the radical centers in the optimized structure was found to be 4.98 Å, which is
expected to be too far to allow for effective orbital overlap using pZ orbitals.

Finally, we consider the TB interaction pathway between radical centers (see
Fig. 4.4c). We deleted the interaction by cutting off a part of the TB interaction
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path, that is, the pZðsite-eÞ � pZðsite-gÞ and pZðsite-mÞ � pZðsite-nÞ orbital inter-
actions (see Fig. 4.4e). The deletion was expected to suppress the inter-radical p
conjugation that occurs through C–C bonds. The results obtained after deleting the
TB interaction (i.e., the delete-TB state) are shown in Fig. 4.5c. Eliminating the TB
pathway strongly decreased the stability of the high-spin state from
DES�T

MP2(FULL) = 0.022 a.u. to DES�T
MP2(delete-TB) = 0.003 a.u. It should be noted

that the small value of DES�T
MP2(delete-TB) resulted from the cancelation of the

increase in DES�T
HF (0.099 a.u. (FULL) ! 0.200 a.u. (delete-TB)) and the decrease

in DES�T
corrðMP2Þ(-0.077 a.u. (FULL) ! -0.198 a.u. (delete-TB)).

The contribution of the TB interaction to the FULL state (= FULL-delete-TB) is
summarized in Table 4.2a. The contributions are *0.020 a.u. and *88% of the
high-spin stability. Furthermore, this contribution resulted from the cancelation of
the unfavorable high-spin DES�T

HF ðTBÞ ð¼ �0:101 a:u:Þ and preferred high-spin
DES�T

HF ðTBÞ ð¼ 0:120 a:u:Þ energy differences. The HF term DES�T
HF ðTBÞ mainly

comes from the large stabilization of the singlet state ES
HFðTBÞ ð¼ �0:071 a:u:Þ. On

the other hand, the second-order energy term DES�T
corrðMP2ÞðTBÞ predominantly arises

from the large destabilization of the singlet state ES
corrðMP2ÞðTBÞ by 0.135 a.u.

Therefore, it can be concluded that the most important term in the TB contribution
to the high-spin stability is the destabilization of the second-order energy term for
the singlet state ES

corrðMP2ÞðTBÞ.
The destabilization of ES

corrðMP2ÞðTBÞ is the main reason for the positive value of

DES�T
MP2(FULL). To obtain further details, we examined the MP2 energy term

ES
corrðMP2ÞðFULLÞ for the singlet state of 1. In particular, we focused on the most

important component between the highest occupied (HOMO) and lowest unoccu-
pied molecular orbitals (LUMO) (HOMO–LUMO component), written as

ES;HOMO�LUMO
corrðMP2Þ ðFULLÞ ¼ � ia j ia½ �j j2

2 ea � eið Þ ; ð4:7Þ

where ei and ea are the orbital energies of HOMO ð/iÞ and LUMOð/aÞ, respec-
tively. ia j ia½ � is the MO-based two-electron integral, which can be expressed as

ia j ia½ � ¼
Z

/�
i ð1Þ/að1Þ

1
r12

/�
i ð2Þ/að2Þds1ds2: ð4:8Þ

Table 4.2b lists the values of ES;HOMO�LUMO
corrðMP2Þ , its numerator, and denominator for

the “FULL” and “delete-TB” states. The “TB contribution” (=FULL − delete-TB)
shows the difference between the FULL and delete-TB states. Deletion of the TB
interaction considerably reduced ES;HOMO�LUMO

corrðMP2Þ from −0.015 a.u. (FULL) to

−0.098 a.u. (delete-TB). From a different standpoint, the TB interaction increases
ES;HOMO�LUMO
corrðMP2Þ by 0.083 a.u. In addition, 61% of the singlet state destabilization
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ðES
corrðMP2ÞðTBÞ ¼ 0:135 a:u:Þ comes from the HOMO–LUMO component

ES;HOMO�LUMO
corrðMP2Þ ðTBÞ ð¼0:083 a:u:Þ. Thus, the TB interaction prevents the stabi-

lization of ES;HOMO�LUMO
corrðMP2Þ . For this reason, the TB contribution results in the relative

stabilization of the high-spin triplet state of 1.
The reduction in ES;HOMO�LUMO

corrðMP2Þ stabilization by the TB interaction (−0.098 a.u.

(delete-TB) ! −0.015 a.u. (FULL)) can be explained by the following two effects:

1. The TB interaction increases the numerator of Eq. (4.7) by 0.018 a.u.2 and
reduces the absolute value of the numerator in the FULL state (−0.022 a.u.2

(delete-TB) ! −0.004 a.u.2 (FULL)). Figure 4.6 shows the HOMO and LUMO
shapes of the singlet state of 1 in the FULL (upper) and delete-TB (bottom)
states. Both the HOMO and LUMO coefficients are delocalized over the whole
molecule in the FULL state. However, the coefficients are localized onto the
radical centers after deleting the TB interaction. The change in HOMO and
LUMO shapes means that the TB interaction through the p-network pathway
contributes to the delocalization of the HOMO and LUMO. The orbital shape
change is directly related to the change of the numerator in Eq. (4.7),
� ia j ia½ �j j2.

2. The TB interaction increases the denominator of Eq. (4.7) by 0.048 a.u. (0.224
a.u. (delete-TB) ! 0.272 a.u. (FULL)). This change accelerates the decrease in
the absolute value of the HOMO–LUMO component. The deletion of the TB
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interaction reduces the HOMO–LUMO orbital energy gap egap, as shown in
Fig. 4.6 (0.136 a.u. (FULL) ! 0.112 a.u. (delete-TB)). That is, the TB inter-
action increases the HOMO–LUMO energy gap. Here, the egap change relates to
the change in the denominator of Eq. (4.7), 2 ea � eið Þ.
Figure 4.7 shows two NBMOs corresponding to Lmin

ij after unitary rotations for
the triplet state of 1 in the FULL (upper) and delete-TB (bottom) states. In the
FULL state, active carbon sites, denoted as “*”, have coefficients with finite values
in both NBMO1 and NBMO2. The FULL results show that NBMO1 in BR-1 was
completely localized on its own unit and was not delocalized over the BR-2 unit. In
contrast, NBMO2 in BR-2 was slightly delocalized over the BR-1 unit. This feature
highlights the fact that the 0−* linkage between BR-1 and BR-2 produces
non-disjoint NBMO mixings.

The deletion of the TB interaction had several consequences. Firstly, the NBMO
coefficient at the radical center position increased slightly (see the p0Z and p00Z
coefficients), while the NBMO coefficients at the other active carbon sites
decreased. In other words, the deletion suppressed the 0–* property of the alternant
hydrocarbon. At the same time, the delocalization of the NBMO coefficients into
the adjacent BR units was eliminated after deletion and each was localized into each
own unit. The localization reduced the NBMO mixing and increased the disjoint
property. The decrease of Lmin

ij (77.0 � 10−6 (FULL) ! 1.8 � 10−6 (delete-TB))
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supports the reduced NBMO mixing. It can be concluded that the TB interaction
contributes to (1) the delocalization of NBMOs into adjacent unit(s) and (2) the
increase in NBMO mixing leading to the non-disjoint (0−*) property.

In this subsection, the effects of the TB interactions between radicals were
described using two different approaches. One was a direct discussion using the
total energy. The other was an indirect but understandable discussion using NBMO
shapes and the corresponding Lmin

ij values. The former energetic treatments firmly

supported the reliability of Lmin
ij for predicting the magnetic properties of a system.

4.3.2 Spacer Size and Number of Radicals: Effects
on High-Spin Stability

To gain a deeper understanding of the relationship between inter-radical TB
interactions and high-spin stability, we further examined the following issues:

1. The effect of inter-radical spacer size on the high-spin stability.
2. The effect of the number of radicals on the high-spin stability.

We prepared models 2–4 as shown in Fig. 4.8a and 4.10a. Single point calcu-
lations at the ROMP2(FC)/6-311G level were performed for models 2–4 based on
their ROHF/6-311G optimized geometries while maintaining their planar structures.
The TB interaction was assumed to occur through the shortest TB pathway between
radicals, shown as a bold line in the figures. Based on this assumption, 3 has an all-
trans TB pathway, while 2 and 4 have mixed cis–trans TB pathways.

Figure 4.8b shows the relationship between the high-spin stability, DES�T
total , and

spacer size n for models 2 and 3. DES�T
total in model 2 drastically decreases with

increasing n compared with that of model 3. At n = 0 and 1, DES�T
total in model 2 is

positive, meaning that the high-spin state is stable. When n � 2, however, DES�T
total

becomes negative, indicating that the low-spin state is more stable. Figure 4.8c
shows the components of DES�T

total , i.e., DE
S�T
HF and DES�T

MP2ðcorrÞ. In model 2, the

positive DES�T
HF and negative DES�T

MP2ðcorrÞ effectively cancel each other in DES�T
total .

The negative DES�T
MP2ðcorrÞ arises because DES�T

MP2ðcorrÞ mainly stabilizes the singlet

state. The cancelation results in a smaller absolute magnitude of DES�T
total . DE

S�T
HF

gradually increases with n and tends to converge to a constant value. In contrast,
DES�T

MP2ðcorrÞ drastically decreases with n. The decrease in DE
S�T
total can be explained by

considering the DES�T
MP2ðcorrÞ term, which can be further divided into singlet

ðES
MP2ðcorrÞÞ and triplet ðET

MP2ðcorrÞÞ energies, as shown in Fig. 4.8d. The behavior of

DES�T
MP2ðcorrÞ can be explained by the fact that ES

MP2ðcorrÞ stabilizes more quickly than

ET
MP2ðcorrÞ does with an increase in n.
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In contrast to DES�T
total of model 2, DES�T

total of model 3 gradually decreases with
n and remains positive even at n = 4 (see Fig. 4.8b). This result implies that the all-
trans TB pathway in model 3 is more effective for long-range exchange interactions
between radicals than that in model 2. This behavior can be explained by the fact
that DES�T

HF remains constant, whereas DES�T
MP2ðcorrÞ gradually decreases with n (see

Fig. 4.8c). The small DES�T
MP2ðcorrÞ change in model 3 is quite different from the large

DES�T
MP2ðcorrÞ change in model 2. From Fig. 4.8d, it is evident that the small change in

DES�T
MP2ðcorrÞ for model 3 comes from the stabilization in ES

MP2ðcorrÞ with n, which

occurs at almost the same speed as for ET
MP2ðcorrÞ.

The results show that the high-spin stability of these systems is controlled by the
electron correlation term DES�T

MP2ðcorrÞ rather than the HF term DES�T
HF . Moreover, in

the correlation term, the energy difference DES�T
MP2ðcorrÞ is more important than the
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energy of the spin states, ES
MP2ðcorrÞ and ET

MP2ðcorrÞ. The difference between the

behaviors of the correlation terms of models 2 and 3 can be qualitatively explained
by the difference between their HOMO–LUMO energy gaps, which corresponds to
the denominator of Eq. (4.7). Figure 4.9a, b show the relationships between n and
the HOMO–LUMO gaps for models 2 and 3, respectively. For the triplet state, the
energy difference between the highest NBMO and LUMO was used instead of
the HOMO–LUMO gap. The energy gap of model 2 rapidly decreases with n in the
singlet state, while the gap gradually decreases in the triplet state. By considering
the large decrease in the HOMO–LUMO gap, it is expected that the absolute value
of the HOMO–LUMO component [Eq. (4.7)] drastically increases with n in the
singlet state. The large negative ES

MP2ðcorrÞ relative to the ET
MP2ðcorrÞ term results in

the large negative DES�T
MP2ðcorrÞ. In addition, the HOMO–LUMO gap converges to a

constant value with increasing n. In contrast, DES�T
MP2ðcorrÞ continuously decreases

with increasing n. The behavior of the DES�T
MP2ðcorrÞ implies that the numerator of the

HOMO–LUMO component is more important than the corresponding denominator
in the range of larger n. On the other hand, the singlet and triplet states of model 3
show very similar behaviors. The similarity is expected to be the reason for the
similar values and behaviors of ES

MP2ðcorrÞ and ET
MP2ðcorrÞ. The similar energy terms

for the singlet and triplet states result in the small absolute value of DES�T
MP2ðcorrÞ.

Figure 4.10 shows the relationship between the high-spin stability of 4 and the
number of radical units m, excluding the terminal two BRs (Fig. 4.10a), and the
corresponding components (Fig. 4.10b). m = 0, 2, 4, and 6 were selected. The total
numbers of radicals present in the whole system corresponded to (m + 2), i.e., 2, 4,
6, and 8 for m = 0, 2, 4, and 6, respectively. The low-spin (L) and high-spin
(H) states of model 4 were the singlet and highest spin states, respectively. For
example, for m = 2, the total number of radicals was (m + 2) = 4, and the L and H
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states were the singlet and quintet states, respectively. In this case, DEL�H
total increases

with m. This behavior can be explained by the following two effects: the increment
of DEL�H

HF in proportion to m and the convergence of DEL�H
MP2ðcorrÞ to a constant value

with increasing m. Figure 4.10c shows the details of DEL�H
MP2ðcorrÞ for model 4. In the

correlation term, the magnitude of the energetic stabilization of EL
MP2ðcorrÞ is larger

than that of EH
MP2ðcorrÞ. However, the correlation energy terms of both spin states

decrease in a similar manner with m. This similar decrease resulted in the constant
DEL�H

MP2ðcorrÞ. It can be considered that each radical unit in model 4 is connected to

the adjacent unit while maintaining the short-range TB path. In such a system,
high-spin stability can be expected because the stability increases linearly with the
number of radicals.

In this subsection, we have shown that electron correlation effects mainly control
the high-spin stability of a system. The design of the correlation term directly leads
to the design of ferromagnetism. The relationship between the correlation effects
and ferromagnetic properties discussed here is a fundamental but essential factor in
the effective design of ferromagnetic materials.
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Chapter 5
O(N) Ab Initio Open-Shell MMELG-PCM
Method and Its Application to Radical
Polymers

Abstract We developed the minimized mixing elongation—polarizable continuum
model (MMELG-PCM) method, which implements the elongation method in
conjunction with the minimized mixing molecular orbital localization process for
non-bonding molecular orbitals under the polarizable continuum model. Besides the
highest spin state, the MMELG-PCM method can treat the lowest or even inter-
mediate spin state of open-shell systems, which is either difficult or impossible to
implement correctly with the conventional method. The MMELG-PCM method can
also be combined with the Lmin method, which was described in Chap. 3. The
MMELG-PCM-Lmin method can predict the high-spin stability of conjugated
organic radicals with solvent effects and thus would be useful for designing organic
ferromagnets.

5.1 Introduction

Organic radical molecules possess unpaired electron(s), and, as a result of their high
reactivities, prefer to combine with other radicals, achieving stability by forming
dimers instead of existing as radicals. However, it is now known that stable organic
radical molecules maybe synthesized by controlling the time spent at ambient
conditions. Stable organic radicals have been extended to their related radical
polymers, which can exhibit many useful functions, including conduction, mag-
netism, photosensitivity, non-linear optics, and charge storage. In particular,
p-conjugated high-spin radical alignment has been used in attempts to synthesize
organic-based ferromagnetic materials; noteworthy compounds have been prepared
by Nishide [1–4], Rajca [5–8], and many other experimentalists in the polymer
synthesis field. In addition, molecular magnets based on organic radicals have been
investigated as new magnetic materials, and the syntheses of polyradical molecular
stacking systems have been significantly developed.

The functional properties of materials are based on their microscopic electronic
states, and thus quantum chemistry (QC) that precisely reflects the electronic
properties of an individual atom or molecule must be effective. However, the
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computational time required increases as the number of the bases functions is
increased: at the Hartree–Fock (HF) level, time requirements scale at N3–4 and
become N5–7 at post-HF levels. Therefore, the application of full post-HF-level
methods to cohesion systems and materials remains difficult, even if the most
advanced supercomputers, which are not widely available for use, are employed. As
was described in Sect. 1.7.1, the DMRG method is expected to become a powerful
ab initio QC tool rapidly for the investigation of magnetic properties.

The elongation (ELG) method, an efficient treatment developed in our laboratory
since the early 1990s, has also been applied to large systems (for example, [9–21]).
It can be supposed that this method, which was developed for large closed-shell
systems, especially biological systems, will also be applicable to open-shell sys-
tems. Using this method, one can mimic experimental polymerization/copolymer-
ization procedures computationally and determine electronic states efficiently and
precisely, including for radical polymerization processes. The ELG method
addresses local parts directly (but includes the electronic states of whole systems),
and it therefore shows several advantages when we deal with large-scale complex
systems, which the conventional (CONV) method cannot handle.

One advantage of the ELG method is its fast computational time on a single
computer core because the concept is sequential and local. In other words, paral-
lelization scalability is not linear with respect to the number of cores at the end of
the complete ELG, although parallelization efficiency at each SCF step is the same
as in CONV calculations. That is, single core calculations are very fast due to the
sequential concept that underpins the ELG method; thus, this method does not
appear to scale well when applied to multi-core calculations. Therefore, the ELG
method can be implemented efficiently even on small laboratory-based cluster
systems with less than 100 cores, which have become the most preferable parallel
size in conventional ab initio QC calculations, because the ELG method is as well
parallelized at each ELG step as the CONV method when comparing the same level
of theory.

The second advantage is a smoothly converged self-consistent field (SCF)
procedure, which results from the small SCF space in the regional localized
molecular orbitals (RLMOs) used in the calculations [11]. We already found data
that show that the ELG-SCF converges within 20–30 cycles even for complicated
systems that include metals, for which conventional SCF methods cannot converge,
even after 500 SCF cycles. The fast ELG convergence is because the dimension of
the diagonalization in the ELG method maintains a constant size for the whole
system from the starting cluster calculation to the end of the ELG, while that used in
the CONV method increases with system size; in the latter case, the eigenvalues
become too dense, leading to difficulties in SCF convergence.

The third advantage is smoothly converging geometry optimization resulting
from the use of a small number of optimized parameters. The process may be
undertaken without the loss of necessary optimization in the geometrical parameters
because we can remove unnecessary parameters that are already optimized. The
optimization routine used by the ELG method can even reach more stable structure
that cannot be found using CONV direct optimization methods.
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The fourth advantage is that post-HF calculations can be very efficiently
implemented based on RLMOs; for example, the second-order local Møller–Plesset
(LMP2) or local configuration interaction (LCI) methods can use RLMOs as the
basis wavefunctions [15].

The fifth advantage is that the ELG method can perform efficient search of the
most preferable energy, sequence, function in large systems, and so on (not only the
structure optimization), because the electronic states that have already been
obtained can be frozen against any new interaction with the attacking monomer if
the effect of the interaction is negligible within the frozen region. The orbital freeze
in unnecessary part makes it possible to calculate the necessary part as a partial SCF
only in the local space while including all of the effects of the frozen part. In
contrast, it is necessary to repeat the calculations for the whole system when using
CONV direct methods, even for very slight perturbations. Therefore, to find the
most likely spin states, for example, we can search the preferred spin states at each
ELG step, and then the system that has been elongated to the desired length must
eventually reach the most stable spin state.

Only one disadvantage appears when we use a high-performance computer with
one million cores for a single molecular system, because the ELG process is
sequential. This disadvantage in scalability can be overcome by simultaneously
performing the many independent calculations required for a lot of samplings,
because ELG performance across a few cores is very fast as mentioned above,
which allows many jobs to be submitted with different conditions using other cores
in parallel.

The most important advantage of the ELG method is that no approximations are
incorporated, which makes the approach different from other O(N) fragmentation
methods. The only step required is to remove some orbitals (frozen orbitals) that are
unnecessary in the SCF; however, the frozen orbital removing is not an approxi-
mation but simply a manipulation to reduce the dimension diagonalized in the
eigenvalue problem to avoid unnecessary calculations. The removal of the frozen
orbitals is well-controlled to keep the energy difference between the conventional
and ELG methods to less than some threshold (we normally set it to be 10−8

hartrees per atom in energy errors). Recently, the ELG method was extended from
one-dimensional systems to three-dimensional systems [16, 20, 21].

In this chapter, we describe the application of the ELG method to high-spin
systems toward the theoretical design of organic magnetism. Post-HF techniques
must be used to deal with magnetic properties because the existing open-shell large
active space requires configuration interactions. To facilitate a qualitative prediction
of magnetism, the ELG procedure was developed to be applicable to large
open-shell systems possessing the highest spin states as the first step (a treatment
for intermediate spin states based on RLMOs is in progress), where a fast local-
ization method, called the minimized mixing molecular orbital (MMMO) local-
ization method, was implemented for existing systems containing many
non-bonding molecular orbitals (NBMOs) to evaluate the high spin stability.
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We named this approach the minimized mixing NBMO (MMNBMO) method. By
combining the MMNBMO and ELG methods, a classical index to show high spin
stability, described in Chap. 3, was introduced to examine the possibility of mag-
netism in large organic systems at the ab initio level of theory.

5.2 Method

5.2.1 Elongation Method for Closed-Shell Systems

Using the ELG method, the electronic structure of a polymer is theoretically syn-
thesized step-by-step via a sequential interaction between an oligomer and an
attacking fragment, as occurs in a real polymerization reaction. For this purpose, the
electronic states of an appropriately sized small oligomer are calculated (starting
cluster), and RLMOs are defined at the oligomer terminus that experiences an
interaction with the monomer. For this purpose, some of the canonical molecular
orbitals (CMOs) in the starting cluster are regionally localized into region B (active
RLMOs) near to the attacking monomer and the others are localized into region A
(frozen RLMOs) far from the monomer.

Next, we proceed to ELG of the chain during which the oligomer (starting
cluster) interacts with the attacking monomer. The HF SCF calculations are per-
formed on the system in which the approaching monomer interacts with one end of
cluster part B. The interaction in our treatment means to diagonalize only the
RLMO-based Fock matrix of the interactive region until the SCF calculation
converges within this small space.

In the subsequent ELG process, the achievement of linear scaling is attributed to
the efficient treatment of only the necessary interaction between the active RLMOs
of the cluster and the attacking monomer, while discarding the unnecessary frozen
RLMOs; this leads to O(N) computations for large systems. The working space for
the new interaction is then limited by the RLMOs assigned to the B region together
with the CMOs of the attacking monomer. The solution yields a set of CMOs in the
reduced space of B + C, which can be localized again into a new frozen region
(A + B) and a new active region (C). The whole ELG procedure is repeated until
the desired length is reached. As the system enlarges, the size of the interaction
region is unchanged from that of the starting cluster, and the CPU time required for
the ELG-SCF is more or less constant throughout the ELG process. Consequently,
SCF convergence is much smoother than that of the CONV direct method due to
the limited number of eigenstates (orbital energies in the SCF).

Figure 5.1a shows an illustration that represents the concept of ELG by repeated
localization and interaction along the polymer chain, while the Fig. 5.1b shows the
schematic orbital shapes of the frozen and active RLMOs during the ELG process.
It is evident that the active RLMOs are always concentrated in the area of inter-
action with the attacking monomer, as are the active atomic orbitals (AOs).
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The dotted line between the white and gray zones in the growing units indicates the
boundary between the frozen and active AOs. The frozen AOs are removed from
the two-electron (2e) integral calculations when constructing the Fock matrix,
except for the necessary strong Coulomb interaction integrals that must have some
effect on the Fock matrix in the active region. Hereafter, the CPU time required to
calculate the 2e-integrals—which makes up around 90% of the time required for a
conventional HF calculation—will be much reduced. A detailed explanation of this
method and its application to biological systems like DNA or proteins are described
in our review (for example, [16]).

5.2.2 Open-Shell Elongation Method with Polarizable
Continuum Model

The ELG method for closed-shell systems has been extended to include open-shell
systems [12]. In this section, a brief outline of the open-shell ELG method is
provided. To initiate the ELG method, the eigenvalue problem of the starting cluster
A + B is solved using a CONV method with a high-spin state if the purpose of the
calculation is to determine highest-spin states of the final system. Here, we suppose
that each unit has one unpaired electron in a high-spin system, as shown in Fig. 5.2,
and then the system is elongated. In this example, a triplet state is used in the
interaction region, although any multiple states calculations are feasible. For sim-
plicity, in the case in which two units are used as a starting cluster, the CMOs of the
A + B starting cluster are localized into two different sets using an RLMO method.
One set is localized in region A, and the other is localized in region B, each of

Fig. 5.1 a Schematic illustration of ELG method and b corresponding RLMOs. (Modified with
permission from Ref. [16]. Copyright 2012 Royal Society of Chemistry)
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which has one electron. In the next step, region A is frozen and only region B is
active toward a new attacking monomer M, which also has one electron.

The eigenvalue problem of B + M to be solved is

FRLMOðBþMÞðxÞ
RLMOðBþMÞ CnewðxÞ

RLMOðBþMÞ ¼ SRLMOðBþMÞðxÞ
RLMOðBþMÞ CnewðxÞ

RLMOðBþMÞe
newðxÞ; ð5:1Þ

where

FRLMOðBþMÞðxÞ
RLMOðBþMÞ ¼ CRLMOðBþMÞðxÞy

Active AO FActive AOðxÞ
Active AO CRLMOðBþMÞðxÞ

Active AO ; ð5:2Þ

for each spin (x), a spin orbital, or b spin orbital. The new coefficients obtained are
based on RLMO (B + M) and are transformed back to the original AOs in their

basis using AO-based RLMOs, CRLMOðBþMÞðxÞ
ActiveAO , using the relation

CnewðxÞ
Active AO ¼ CRLMOðBþMÞðxÞ

Active AO CnewðxÞ
RLMOðBþMÞ: ð5:3Þ

It is necessary to solve Eq. (5.1) for each spin state using the unrestricted HF

(UHF) method. The new CMOs obtained, CnewðxÞ
Active AO, are again localized onto parts B

and C. In each ELG step, a new M is added, and the eigenvalue problem is treated
at the desired multiplicity by solving the Fock matrix with a constant dimension of
active RLMOs. This process is repeated until the system has been elongated to the
desired length.

Open-shell systems have recently been found to contribute to spin batteries,
spin-donor conduction, and photonic devices, in addition to ferromagnets, and
solvent effects sometimes provide important enhancements of spin transport as well

Fig. 5.2 Schematic
illustration of open-shell ELG
method. (Reproduced with
permission from Ref. [27].
Copyright 2016 Walter de
Gruyter GmbH)
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as functional properties. To be applicable to a solute in solution, we introduced the
polarizable continuum model (PCM) method [22] for a simple treatment of solvent
effects in the open-shell ELG method. The PCM allows one to treat solvents such as
liquid crystals, which have intrinsic dielectric anisotropy. In the ELG method, the
Fock matrix for x(a or b) spin in the working space with the PCM can be described
for (A + B) ← M at the first ELG step as follows:

FðxÞ
lm PCMð Þ ¼ FðxÞ

lm ðA jBþM)þ l
Z

r sð Þ
r � sj jd

2s

����
����m

� �
; ð5:4Þ

where FðxÞ
lm ðA jBþM) is a matrix element of the solute Fock matrix with x spin,

the second term in the right-hand side is the matrix element of the electrostatic
potential, and rðsÞ is the surface charge distribution. The size of part A (i.e., the
frozen region) will become larger and larger as the size of the whole system
increases, and the size of B + M (i.e., the active part) used in the SCF remains
constant. The ELG calculations under PCM are implemented only as the second
term is added to the one-electron Hamiltonian, reflecting the solvent effects on the
electronic states in the SCF part at each ELG step.

5.2.3 Minimized Mixing Molecular Orbital Localization
and Minimized Mixing Elongation Methods

To formulate a reasonable index that should show the possibility of high spin
stability, we introduce a special localization treatment, the MMMO localization
method, by which we can localize the NBMOs to provide the minimum on-site
overlap between two degenerate NBMOs, followed by the process described in
Sect. 3.2. This manipulation must provide regionally localized orbitals similar to
those prepared using the RLMO procedure of the ELG method, but differs in the
conditions used to make the localization. The localized NBMOs thus obtained can
be used in the Lmin method described in Sect. 3.2. In applying the open-shell ELG
method, the MMMO localization procedure is applied to the open-shell part, i.e.,
the singly occupied molecular orbitals (SOMOs), while the RLMO localization in
the ELG method is applied to the other orbitals, either fully occupied or fully
unoccupied.

We suppose that a system has plenty of units A;B; . . .ð Þ, each of which has an
unpaired electron with an up-spin. The flow chart of MMELG method is shown in
Fig. 5.3 where an index to show the mixing between two NBMOs

Lmin ¼
X
j[ i

Lmin
ij ¼

X
j[ i

X
r

C0
riC

0
rj

� �2
ð5:5Þ
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is defined to perform the MMMO localization. The details of the process have been
described elsewhere [23]. The treatments described above are also available at the
density functional theory (DFT) level of theory.

5.3 Applications and Comparison with the
Conventional Method

5.3.1 Application of the Open-Shell Elongation Method

To investigate the accuracy of the open-shell ELG method for high-spin systems at
both the HF and DFT levels of theory, test calculations on the polyglycine radical in
Fig. 5.4 (Model 1) were performed at the ROHF/6-31G(d), ROB3LYP/6-31G(d)
(restricted open-shell Becke’s three-parameter, Lee–Yang–Parr exchange-
correlation functional), UHF/6-31G(d), and UB3LYP/6-31G(d) (unrestricted
B3LYP) levels. The starting cluster size was set to 10 units (Nst = 10), in which the
number of units in region A was set to two, that in region B was set to eight, and
that in M was set to two. Therefore, the number of unpaired electrons present in the
whole system at each step Nse increases with ELG as Nse = 10, 12, …, 38, 40.
Figure 5.4 shows that the energy differences between the CONV and ELG

Fig. 5.3 Flow chart for
MMELG method
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calculations DE/atom are almost zero (�10−10 a.u. per atom) and increase
asymptotically with the number of atoms for both restricted and unrestricted
open-shell treatments.

Calculations were also undertaken using the polyethylene (Model 2) radical with
the 6-31G(d) basis set (Fig. 5.4, right-hand side). The differences (errors) between the
CONV and ELG calculations must become flat at large numbers of atoms for all the
panels (a)–(d), which is easily attained when the one unit is small. In the case of
Model 2, panels (a) and (b) show the results obtained when the starting cluster size
was set to nine units (Nst = 9), in which the number of region A was set to one, that of
region Bwas set to eight, and that of the monomer was set to one (Nse = 9, 10,…, 48).
Panels (c) and (d) in Model 2 show the results obtained when the starting cluster size
was set to 10 units (Nst = 9), in which the number of units in region A was set to one,
that in region B was set to nine, and that in M was set to one (Nse = 10, 11, …, 48).
The results show that the unrestricted treatments yielded total energy differences one
order of magnitude smaller than the restricted treatments, even when a longer starting
cluster was used. In both cases, DE/atom was almost negligible.

5.3.2 Application of the Minimized Mixing
Elongation Method

To confirm the validity of the MMMO localization method and the Lmin values
obtained as described in Chap. 3 for predicting ferromagnetism, the two methods

N
H

O
NH2H3C

O
N

N
Model 1 Model 2 

(a) (b)

(c) (d)

(a) (b)

(c) (d)

Fig. 5.4 DE/atom (a.u.) for polyglycine radical (Model 1) and polyethylene radical (Model 2)
calculated at restricted and unrestricted HF and DFT levels with 6-31G(d) basis set
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were combined with the GAMESS program package [24]. The Lmin(MMMO) was
defined by localizing the coefficients of the canonical NBMOs generated using the
CONV method. As a reference, Lmin(ER) was also calculated directly using the
coefficients of the localized NBMOs (LNBMOs) generated using the Edmiston–
Rüdenberg (ER) localization method [25]. In the ER localization method, where the
unitary transformation U in /m ¼

P
l ulUlm (fulg is the basis) is defined to give

the maximum for the 2e integrals, D /ð Þ ¼ P
m /2

m /2
m

��� �
, and then the coefficients of

the LNBMOs are generated for calculating Lmin(ER) [see Chap. 3].
The validity and efficiency of our Lmin(MMMO) method was examined by

comparing the results with Lmin(ER). Figure 5.5a shows that Lmin(ER) and
Lmin(MMMO) are the same for the model depicted in the graph with Nse = 4, 6, 8,
10, and 12 at the level used for testing (ROHF/STO-3G). It was confirmed that the
MMMO localization method works correctly for cases including two NBMOs in a
unit. A small basis set was used because the ER localization needs a long CPU time
to converge at large system sizes; thus, the MMMO CPU time cannot be distin-
guished from the zero axis line in Fig. 5.5b. It can be seen that the CPU times for
Lmin(ER) increase dramatically, while the CPU times for Lmin(MMMO) are kept
constantly small. Also, though we don’t show the graph here, the memory
requirements for the ER localization method increase dramatically with increasing
Nse. These disadvantages, which are inherent in the ER method, render the ER
method impractical for calculations on large systems. The increases in CPU time
and memory requirements arise because the ER localization method requires heavy
2e integrals calculations, while the MMMO localization method only needs
localization procedure. Therefore, the MMMO localization method can be applied
quite efficiently to large open-shell systems during the ELG process. Figure 5.5c
shows that K increases with Lmin(MMMO) for the model at the ROM06-HF/6-31G
level. The exchange integral Kij corresponds to the energy difference between the

Fig. 5.5 a Lmin calculated with coefficients of canonical NBMOs and localized NBMOs by ER
localization at ROHF/STO-3G level for the model depicted in the graph, b CPU times used to
compute Lmin(MMMO) and Lmin(ER) at ROHF/STO-3G level, c relationship between
Lmin(MMMO) and K for Nse = 4, 6, 8, 10, and 12 (shown in parentheses on each point) at
ROM06-HF/6-31G level. (Modified with permission from Ref. [23]. Copyright 2015 John Wiley
& Sons, Inc.)
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triplet and open-shell singlet states, corresponding to ΔE(L-H) in Chap. 3. For
simplicity, however, the closed-shell singlet state can also be used in the discussion
of Lmin in this approach because the CI treatment used to determine the open-shell
singlet state in the ELG method is under construction, and the relationship between
K and Lmin was shown in our previous paper [23].

5.3.3 Application of the Minimized Mixing
Elongation-Polarizable Continuum Model Method

Figure 5.6 shows the MMELG-PCM method applied to a model of Rajca’s com-
pound [8]. The tert-butylbenzene substituents present in the experimental system
were replaced by hydrogen atoms for simplicity to yield model R. One monomer
unit of model R, as shown in Fig. 5.6, was optimized at the UB3LYP/6-31G(d)
level. One optimized unit of model R was then used as the repeating unit to
construct the whole system.

The values of ΔE(L-H) and its increments as functions of N are plotted in
Fig. 5.7a, b, respectively. The figure shows results calculated using both the
MMELG-PCM and CONV methods at the ROHF/6-31G level. It can be seen that,

N

Model R

Fig. 5.6 MMELG-PCM method as applied to model of Rajca’s high-spin organic polymer.
(Modified with permission from Ref. [26]. Copyright 2016 Elsevier B.V.)
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in the case of ELG calculations, ΔE(L − H) increases linearly with N, while for the
CONV calculations, ΔE(L − H) does not linearly depend on N. As model R is a
periodic system except for terminal effects, ΔE(N) − ΔE(N − 1) should change
smoothly with almost identical values. In Fig. 5.7b, ΔE(N) corresponds to
ΔE(L − H) with N units and ΔE(N − 1) corresponds to ΔE(L − H) with (N − 1)
units. It is evident that the values of [ΔE(N) − ΔE(N − 1)] calculated using the
MMELG method are almost constant, while those calculated using CONV deviate
sharply. Since the lowest spin state is an open-shell singlet in which half of all of
the unpaired electrons have up-spins and the remainder have down-spins, the
system represents a difficult case for a single-reference method. In one CMO, there
are two unpaired electrons arising from two atoms, and the coefficients should be
focused on these two atoms. However, in the CONV method, the CMOs are
delocalized. With increasing system size, more and more unpaired electrons
become involved, which increases the order of complexity of the SCF calculations.
In contrast, in the MMELG method, the coefficients of each CMO in each ELG step
are localized on the two atoms containing the two unpaired electrons. Since the
MMELG method treats a system of constant size during the SCF calculations, the
number of unpaired electrons involved remains constant, which reduces the com-
plexity of the SCF calculations. The lowest spin state of the open-shell systems has
a multi-reference nature since there are many electronic configurations. The number
of electronic configurations possible in the CONV method is proportional to 2n and
thus increases rapidly; in contrast, the number of possible configurations in the
MMELG method remains constant during the SCF calculations, even for huge
open-shell systems. Therefore, the MMELG method can be useful for calculating
the multi-configurational spin state of an open-shell system and can even obtain
better results than the CONV method due to its smooth convergence that results
from the efficient ELG-SCF method.

Figure 5.7c shows the relationship between the values of ΔE(L-H) and Lmin for
model R that were calculated using the MMELG-PCM-Lmin method at the
ROHF/6-31G level. It is evident that the high spin stability of conjugated organic

Fig. 5.7 a ΔE(L-H) and b ΔE(L-H) per unit for model R calculated using MMELG-PCM and
CONV methods at ROHF/6-31G level. c Relationship between Lmin and ΔE(L-H) calculated for
model R using MMELG-PCM-Lmin method at ROHF/6-31G level. (Modified with permission
from Ref. [26]. Copyright 2016 Elsevier B.V.)
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radicals, such as model R, in a solvent can be predicted by the simple Lmin values
calculated using the MMELG-PCM-Lmin method. The MMELG method suggests
that the electronic states for open-shell systems thus obtained can be a reliable
starting point to proceed further to more precise calculations at post-HF levels of
theory.

5.3.4 Application of the Minimized Mixing Elongation
Method to a Dendrimer Model

To investigate the accuracy of the unrestricted ELG method for high-spin systems,
we performed test calculations at the UHF/6-31G(d) and UB3LYP/6-31G(d) levels
of theory on the two-dimensional dendrimer model shown in Fig. 5.8. For sim-
plicity, only one ELG step is shown. In the first step, the eigenvalue problem is
solved for the (A + B) part and in the second step, the frozen part is defined as A,
third step, M is attacked one by one in three directions at a time. The parameters in
the calculations were Nst = 5 (the number of starting cluster units), NB = 4 (the
number of units of region B), NM = 1 (the number of monomer units), and
Nse = 30, 36, …, 78 (the number of unpaired electrons of the system at each ELG
step). Figure 5.9 shows that DE/atom is very small (�10−9 a.u.) in the ELG process
under all three theoretical conditions. Such a small difference suggests that the
unrestricted ELG method is highly accurate and efficient and is therefore also
suitable for dendrimer radical systems, which are known to exhibit large
Non-Linear Optical (NLO) properties, at the HF and DFT levels and also under
PCM conditions. More details on the methodology and its applications are
described in the articles [26–28].

A B

B

B

M

M

M

Fig. 5.8 Simple model for
open-shell dendrimer. A, B,
and M denote frozen region,
active region, and monomer,
respectively. (Modified with
permission from Ref. [27].
Copyright 2016 Walter de
Gruyter GmbH)
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Chapter 6
Conclusions and Future Prospects

There are many functional materials of interest that are too huge to be studied by
means of quantum chemistry approach. Magnetism is one of these areas, and there
is significant interest in the development of functional materials based on novel
ferro- or ferrimagnets with high Curie temperatures and the improving the quality
and synthetic costs of existing magnets. For the last three decades there have been
intense efforts aimed at the discovery of intriguing alternatives to conventional
magnets, and thus organic ferromagnets have been a target for their many advan-
tages in a wide range of applications.

Magnetism is based on the interaction between electron spins and can only be
properly described by taking into account electron–electron interactions. In many
cases though, the systems that display magnetism are huge. Therefore, a direct
treatment of total systems that accounts for exact electron–electron interaction is
almost impossible; thus, to avoid heavy computations, a simple treatment to
evaluate even the qualitative possibility of magnetism was desired. One way to gain
an insight into whether a conjugated organic system possesses a stable high-spin
state would be to understand the concept of a “disjoint or non-disjoint” system,
which is easily inferred from the molecular structure. Therefore, as the first step in
the development of a method that makes it possible to predict the magnetic property
of a material, we elucidated the “disjoint or non-disjoint” concept using matrix
algebra from a mathematical point of view and then constituted several analytical
methods to gain an insight into the multiplicity of the system. The reason that even
organic compounds can display magnetic properties, however, is still not definitive
from a microscopic point of view, and thus not only Hund’s rule but also a theo-
retical investigation that can elucidate the spin multiplicity is required. For this
purpose, we have introduced the TS/TB method to analyze the relationship between
the orbital interactions and the effect of the inter-radical exchange interaction on the
total energy of a system with various multiplicities, which leads to the systematic
elucidation of high-spin stability.

In contrast, highly accurate ab initio methods for open-shell systems have been
developing in the field of quantum chemistry to better understand the magnitudes of
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exchange integrals, which are very important values in the discussion of molecular
spin states. However, the systems for which one can examine the effectiveness of
these integrals are still limited to a few molecules (units) unless the periodic
boundary condition is imposed. In fact, the magnetic properties of materials are
mostly discussed using the Ising model, for which highly accurate computations for
the entire system are not needed, although the results obtained strongly depend on
the parameters used in the calculations. To overcome the problem that direct
ab initio calculations are intractable for large systems, we developed the ELG
method at both the HF and post-HF levels. This method is applicable for use in the
open-shell electronic state calculations of large random systems for which a peri-
odic boundary condition is not applied. In that regard, more efficient localization
treatment of MOs into a specific region where a radical exists should be effective
when one focuses on the magnetic properties that come from the presence of
degenerate NBMOs. In order to realize cheaper computations, therefore, the
MMMO localization scheme is applied to the open-shell part while the ELG
method is performed; this approach was also proposed and its application to the
prediction of high-spin stability have proved successful for quasi-1D systems at the
HF level. The extension to three-dimensional systems is already feasible for
closed-shell systems (3D-ELG method) and is under construction for open-shell
systems. Geometry optimization using the elongation method is also possible for
pseudo-one-dimensional systems and represents a much more efficient style than
the use of conventional optimization methods based on canonical MOs; this method
is still under construction in our laboratory for three-dimensional systems.

Recently, more sophisticated and highly accurate approaches for open-shell
systems have been developed in quantum chemistry with a view towards the the-
oretical investigation of functional materials like spin-electronics devices, battery
materials, optical spin manipulation, and so on. Theoretical approaches both in
quantum chemistry and solid state physics, in connection with computer science
using parallel supercomputers, will become more and more important because a
deeper understanding of the mechanism of spin-related phenomena from a theo-
retical point of view would help experimental design of novel magnetic materials in
the future.
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