Scattering of Electromagnetic Waves: Theories and Applications
Leung Tsang, Jin Au Kong, Kung-Hau Ding
Copyright © 2000 John Wiley & Sons, Inc.
ISBNs: 0-471-38799-1 (Hardback); 0-471-22428-6 (Electronic)

SCATTERING OF
ELECTROMAGNETIC WAVES



WILEY SERIES IN REMOTE SENSING
-

Jin Au Kong, Editor

Asrar ® THEORY AND APPLICATIONS OF OPTICAL REMOTE SENSING
Crane ® ELECTROMAGNETIC WAVE PROPAGATION THROUGH RAIN
Curlander and McDonough ® SYNTHETIC APERTURE RADAR: SYSTEMS
AND SIGNAL PROCESSING

Elachi ¢ INTRODUCTION TO THE PHYSICS AND TECHNIQUES OF
REMOTE SENSING

Haykin, Lewis, Raney, and Rossiter ® REMOTE SENSING OF SEA ICE
AND ICEBERGS

Haykin and Steinhardt ® ADAPTIVE RADAR DETECTION AND
ESTIMATION

Hord ® REMOTE SENSING: METHODS AND APPLICATIONS

Janssen ® ATMOSPHERIC REMOTE SENSING BY MICROWAVE
RADIOMETRY

Maffett ® TOPICS FOR A STATISTICAL DESCRIPTION OF RADAR CROSS
SECTIONS

Steinberg and Subbaram ® MICROWAVE IMAGING TECHNIQUES
Szekielda ® SATELLITE MONITORING OF THE EARTH

Tsang, Kong, and Shin ® THEORY OF MICROWAVE REMOTE SENSING
Tsang, Kong, and Ding ® SCATTERING OF ELECTROMAGNETIC WAVES:
THEORIES AND APPLICATIONS

Tsang, Kong, Ding, and Ao ® SCATTERING OF ELECTROMAGNETIC
WAVES: NUMERICAL SIMULATIONS

Tsang and Kong ® SCATTERING OF ELECTROMAGNETIC WAVES:
ADVANCED TOPICS



Scattering of Electromagnetic Waves: Theories and Applications
Leung Tsang, Jin Au Kong, Kung-Hau Ding
Copyright © 2000 John Wiley & Sons, Inc.
ISBNs: 0-471-38799-1 (Hardback); 0-471-22428-6 (Electronic)

SCATTERING OF
ELECTROMAGNETIC
WAVES

Theories and Applications

Leung Tsang
Jin Au Kong
Kung-Hau Ding

A Wiley-Interscience Publication
JOHN WILEY & SONS, INC.
New York e Chichester ¢ Weinheim e Brisbane ¢ Singapore ¢ Toronto



This text is printed on acid-free paper. @
Copyright © 2000 by John Wiley & Sons, Inc.
All rights reserved. Published simultaneously in Canada.

No part of this publication may be reproduced, stored in a retrieval system or transmitted in any
form or by any means, electronic, mechanical, photocopying, recording, scanning or otherwise,
except as permitted under Section 107 or 108 of the 1976 United States Copyright Act, without
either the prior written permission of the Publisher. or authorization through payment of the
appropriate per-copy fee to the Copyright Clearance Center. 222 Rosewood Drive, Danvers, MA
01923, (978) 750-8400, fax (978) 750-4744. Requests to the Publisher for permission should be
addressed to the Permissions Department, John Wiley & Sons, Inc., 605 Third Avenue, New York,
NY 10158-0012. (212) 850-6011, fax (212) 850-6008, E-Mail: PERMREQ @ WILEY.COM.

For ordering and customer service, call 1-800-CALL-WILEY.

Library of Congress Cataloging in Publication Data is available.

Tsang, Leung.
Scattering of electromagnetic waves: Theories and Applications
ISBN 0-471-38799-7 (cloth: alk. paper)

Printed in the United States of America.

10987654321



Scattering of Electromagnetic Waves: Theories and Applications
Leung Tsang, Jin Au Kong, Kung-Hau Ding
Copyright © 2000 John Wiley & Sons, Inc.
ISBNs: 0-471-38799-1 (Hardback); 0-471-22428-6 (Electronic)

CONTENTS
PREFACE. . ... o e e e xi
CHAPTER 1
INTRODUCTION TO ELECTROMAGNETIC SCATTERING
BY A SINGLE PARTICLE ........... it iiiiiiaene.. 1
1 Basic Scattering Parameters 2
1.1  Scattering Amplitudes and Cross Sections 2
1.2 Scattering Amplitude Matrix 6
2 Rayleigh Scattering 9
2.1  Rayleigh Scattering by a Small Particle 9
2.2 Rayleigh Scattering by a Sphere 10
2.3  Rayleigh Scattering by an Ellipsoid 12
2.4  Scattering Dyads 14
3 Integral Representations of Scattering and
Born Approximation 16
3.1  Integral Expression for Scattering Amplitude 16
3.2  Born Approximation 18
4 Plane Waves, Cylindrical Waves, and
Spherical Waves 21
4.1  Cartesian Coordinates: Plane Waves 21
4.2  Cylindrical Waves 22
4.3  Spherical Waves 24
5 Acoustic Scattering 30
6 Scattering by Spheres, Cylinders, and Disks 32
6.1  Mie Scattering 32
6.2  Scattering by a Finite Length Cylinder Using the Infinite
Cylinder Approximation 41

6.3  Scattering by a Disk Based on the Infinite Disk Approximation 46
References and Additional Readings 52



vi

CONTENTS

CHAPTER 2
BASIC THEORY OF ELECTROMAGNETIC SCATTERING 53

1
1.1
1.2
1.3
14
2
3

5.1
5.2

5.3

7.1
7.2
8.1
8.2

8.3

Dyadic Green’s Function

Green’s Functions

Plane Wave Representation

Cylindrical Waves

Spherical Waves

Huygens’ Principle and Extinction Theorem

Active Remote Sensing and Bistatic Scattering
Coeflicients

Optical Theorem
Reciprocity and Symmetry
Reciprocity

Reciprocal Relations for Bistatic Scattering Coefficients and

Scattering Amplitudes

Symmetry Relations for Dyadic Green’s Function
Eulerian Angles of Rotation

T-Matrix

T-Matrix and Relation to Scattering Amplitudes
Unitarity and Symmetry

Extended Boundary Condition

Extended Boundary Condition Technique
Spheres

8.2.1 Scattering and Absorption for Arbitrary Excitation
8.2.2 Mie Scattering of Coated Sphere

Spheroids

References and Additional Readings

54
54
55
57
59
60

66
68
73
73

75
79
81
83
83
88
91
91
97
100
102
104

106



CONTENTS

CHAPTER 3

FUNDAMENTALS OF RANDOM SCATTERING

..........

1 Radar Equation for Conglomeration of Scatterers

2 Stokes Parameters and Phase Matrices

2.1  Elliptical Polarization, Stokes Parameters, Partial
Polarization

2.2 Stokes Matrix

2.3 Scattering per Unit Volume and Phase Matrix

2.4  Rayleigh Phase Matrix

2.5  Phase Matrix of Random Media

3 Fluctuating Fields

3.1  Coherent and Incoherent Fields

3.2 Probability Distribution of Scattered Fields and Polarimetric
Description

4 Specific Intensity

5 Passive Remote Sensing

5.1  Planck’s Radiation Law and Brightness Temperature

5.2  Kirchhoff’s Law

5.3  Fluctuation Dissipation Theorem

5.4  Emissivity of Four Stokes Parameters

6 Correlation Function of Fields
References and Additional Readings

CHAPTER 4

CHARACTERISTICS OF DISCRETE SCATTERERS AND
ROUGH SURFACES . ... i i

1

2
3
4

Ice

Snow
Vegetation
Atmosphere

vii

116
123
124
127
129
131
131

132
140
145

145

149

152

155
161

165

167

168
170
171
172



viii

CONTENTS

5 Correlation Function and Pair Distribution
Function

5.1 Correlation Function

5.2  Pair Distribution Function

6 Gaussian Rough Surface and Spectral Density

7 Soil and Rocky Surfaces

8 Ocean Surface
References and Additional Readings

CHAPTER 5

SCATTERING AND EMISSION BY LAYERED MEDIA ..

1 Incoherent Approach of Radiative Transfer
2 Wave Approach
2.1  Reflection and Transmission
2.2 Dyadic Green’s Function for Stratified Medium
2.3  Brightness Temperatures for a Stratified Medium with
Temperature Distribution
3 Comparison Between Incoherent Approach and
Coherent Approach
4 Applications to Passive Remote Sensing of Soil
References and Additional Readings
CHAPTER 6
SINGLE SCATTERING AND APPLICATIONS............
1 Single Scattering and Particle Position Correlation
2 Applications of Single Scattering
2.1  Synthetic Aperture Radar
2.2  Interferometric SAR
2.3 Active Remote Sensing of Half-Space Random Media

References and Additional Readings

173
174
176

179

184

185

195

. 199

200
203
203
207

212

217
220

229

231

232
237
237
248
252

258



CONTENTS

CHAPTER 7

RADIATIVE TRANSFER THEORY

........................

1 Scalar Radiative Transfer Theory
2 Vector Radiative Transfer Theory
2.1  Phase Matrix of Independent Scattering
2.2  Extinction Matrix
2.3  Emission Vector
2.4  Boundary Conditions
References and Additional Readings
CHAPTER 8
SOLUTION TECHNIQUES OF RADIATIVE
TRANSFER THEORY ......... ... i
1 Iterative Method
1.1  Iterative Procedure
1.2  Integral Equation for Scattering Problems
1.3  Active Remote Sensing of a Half-Space of Spherical Particles
1.4  Active Remote Sensing of a Layer of Nonspherical Particles
1.4.1 Numerical Illustrations with Finite Dielectric Cylinders
1.5  Second-Order Scattering from Isotropic Point Scatterers
2 Discrete Ordinate-Eigenanalysis Method
2.1  Radiative Transfer Solution for Laminar Structures
2.2 Numerical Procedure of Discrete Ordinate Method: Normal
Incidence
2.3 Active Remote Sensing: Oblique Incidence
2.4  Discrete Ordinate Method for Passive Remote Sensing
2.5  Passive Remote Sensing of a Three-Dimensional Random
Medium
2.6  Passive Remote Sensing of a Layer of Mie Scatterers

Overlying a Dielectric Half-Space

ix

260
269
269
272
275
283

286

287

288
288
293
298
303
310
322

324
324

328
337
343

349

352



x CONTENTS
3 Invariant Imbedding 362
3.1 One-Dimensional Problem 363
3.2  Passive Remote Sensing of a Three-Dimensional Scattering

Medium with Inhomogeneous Profiles 370
3.3  Passive Remote Sensing of a Three-Dimensional Random

Medium 373
3.4  Thermal Emission of Layers of Spherical Scatterers in the

Presence of Inhomogeneous Absorption and Temperature

Profiles 374
4 Diffusion Approximation 380

References and Additional Readings 386

CHAPTER 9

ONE-DIMENSIONAL RANDOM ROUGH SURFACE

SCATTERING . ... e et 389
1 Introduction 390
2 Statistics of Random Rough Surface 392
2.1  Statistics, Correlation Function and Spectral Density 392
2.2  Characteristic Functions 396
3 Small Perturbation Method 397
3.1  Dirichlet Problem for One-Dimensional Surface 397
3.2  Neumann Problem for One-Dimensional Surface 403
4 Kirchhoff Approach 407
4.1  Dirichlet Problem for One-Dimensional Surface 408
4.2  Neumann Problem for One-Dimensional Surface 415

References and Additional Readings 417

IN D E X . .o e 419



PREFACE

Electromagnetic wave scattering is an active, interdisciplinary area of
research with myriad practical applications in fields ranging from atomic
physics to medical imaging to geoscience and remote sensing. In particular,
the subject of wave scattering by random discrete scatterers and rough sur-
faces presents great theoretical challenges due to the large degrees of freedom
in these systems and the need to include multiple scattering effects accu-
rately. In the past three decades, considerable theoretical progress has been
made in elucidating and understanding the scattering processes involved in
such problems. Diagrammatic techniques and effective medium theories re-
main essential for analytical studies; however, rapid advances in computer
technology have opened new doors for researchers with the full power of
Monte Carlo simulations in the numerical analysis of random media scatter-
ing. Numerical simulations allow us to solve the Maxwell equations exactly
without the limitations of analytical approximations, whose regimes of va-
lidity are often difficult to assess. Thus it is our aim to present in these three
volumes a balanced picture of both theoretical and numerical methods that
are commonly used for tackling electromagnetic wave scattering problems.
While our book places an emphasis on remote sensing applications, the ma-
terials covered here should be useful for students and researchers from a
variety of backgrounds as in, for example, composite materials, photonic de-
vices, optical thin films, lasers, optical tomography, and X-ray lithography.
Introductory chapters and sections are also added so that the materials can
be readily understood by graduate students. We hope that our book would
help stimulate new ideas and innovative approaches to electromagnetic wave
scattering in the years to come.

The increasingly important role of numerical simulations in solving elec-
tromagnetic wave scattering problems has motivated us to host a companion
web site that contains computer codes on topics relevant to the book. These
computer codes are written in the MATLAB programming language and
are available for download from our web site at www.emwave.com. They are
provided to serve two main purposes. The first is to supply our readers a
hands-on laboratory for performing numerical experiments, through which
the concepts in the book can be more dynamically relayed. The second is
to give new researchers a set of basic tools with which they could quickly
build on projects of their own. The fluid nature of the web site would also
allow us to regularly update the contents and keep pace with new research
developments.

— xi —
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The present volume covers the basic principles and applications of elec-
tromagnetic wave scattering and lays the groundwork for the study of more
advanced topics in Volumes II and III. We start in Chapter 1 with exact
and approximate solutions of wave scattering by a single particle of simple
shape. Such problems can be solved exactly by expanding the fields in terms
of scalar or vector waves in separable coordinates, depending on the geometry
of the scatterer. When the size of the scatterer is small, Rayleigh scatter-
ing represents a simple and valid approximation. When scattering is weak,
the Born approximation can be applied to the volume integral equation for
the internal field. Approximate solutions are also useful when the scatterer
lacks perfect symmetry as in the case of a finite cylinder. In Chapter 2, we
discuss basic scattering theory. We introduce the Green’s function for the
wave equation and its various coordinate representations. From the vector
Green’s theorem, we derive the Hugyens’ Principle and the extinction the-
orem, which are especially useful for formulating surface integral equations
in scattering problems. The reciprocity principle leads to useful symmetry
relations in the scattering amplitudes and the Green’s function, while energy
conservation leads to the optical theorem. The T-matrix formulation with
the extended boundary condition technique is a popular method that can
be used to calculate scattering from an arbitrarily shaped object. We give
explicit results for dielectric spheres and spheroids.

In Chapter 3, we begin the study of electromagnetic scattering by a ran-
dom collection of scatterers. The concepts of fluctuating fields and ensemble
averaging are of central importance in random media scattering. These and
related ideas are explored in this chapter. The specific intensity is often used
to describe energy transport through a random medium. The fully polari-
metric description of the specific intensity is provided by the Stokes vector.
As an application to passive remote sensing, we derive the emissivity of
the four Stokes parameters using the fluctuation dissipation theorem. Basic
radiative transfer (RT) theory elements including the extinction coefficient
and scattering phase matrix are also introduced. In contrast to conventional
RT theory, the phase functions are defined in terms of bistatic scattering
cross sections. This allows for the development of the dense medium radia-
tive transfer theory (DMRT) to be discussed in Volumes II and III. Many
natural media, e.g., snow, vegetation, and ocean surfaces, can be effectively
modeled in terms of simple random media. Chapter 4 is devoted to the sta-
tistical characterizations of such random discrete media and rough surfaces.
Useful characterizations include the pair distribution function for volume
scatterers and the power spectrum for rough surfaces.
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In Chapter 5, we consider scattering and emission by plane-parallel lay-
ered media, which provide simple but very useful models for geophysical
remote sensing. We solve this problem in two different ways: the coherent
or wave approach, which is exact, versus the incoherent or radiative transfer
approach. This gives us some insights into the approximations involved in
RT theory. In Chapter 6, we discuss the single scattering approximation,
where each particle is assumed to scatter independently. However, we take
into account of the phase coherence in the addition of scattered fields. We
demonstrate the existence of an interesting correlation effect in random me-
dia scattering known as the memory effect. As will be shown in Volumes II
and III, this effect persists even when multiple scattering is included. Appli-
cations of single scattering to synthetic aperture radar (SAR) and random
media scattering are also discussed.

In Chapters 7 and 8, we take a closer look at the radiative transfer
equation and its solutions. The iterative method is useful when scattering is
weak and provides physical correspondence with different orders of multiple
scattering. When scattering is strong, the discrete ordinate eigenanalysis
approach can be used to obtain numerically exact solutions. For scattering
media with inhomogeneous profiles, the method of invariant imbedding can
be applied. Diffusion approximation is useful when, upon multiple scatter-
ing, the intensities have been diffused almost uniformly in all directions. We
illustrate these solution techniques with extensive examples from active and
passive microwave remote sensing.

In Chapter 9, we discuss wave scattering by random rough surfaces. De-
spite much theoretical and numerical efforts, the two “classical” analytical
approximations of small perturbation method and Kirchhoff approach are
still the simplest and most widely used analytical methods for solving rough
surface problems. Here they are illustrated using one-dimensional rough sur-
faces with Dirichlet and Neumann boundary conditions. Two-dimensional

rough surface scattering problems are discussed extensively in Volumes II
and III.
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2 1 ELECTROMAGNETIC SCATTERING BY SINGLE PARTICLE

A major topic in this book is the study of propagation and scattering
of waves by randomly distributed particles. We first consider scattering by a
single particle. This chapter and the next discuss and derive the scattering
characteristics of a single particle. Both exact and solutions are studied.
Scattering by a single particle is an important subject in electromagnetics
and optics. There exist several excellent textbooks on this subject [van de
Hulst, 1957; Kerker, 1969; Bohren and Huffman, 1983]. We will treat those

topics that are pertinent to later chapters of multiple scattering by random
discrete scatterers.

1 Basic Scattering Parameters

1.1 Scattering Amplitudes and Cross Sections

Consider an electromagnetic plane wave impinging upon a particle which
has permittivity €,(7) that is different from the background permittivity €
(Fig. 1.1.1). The finite support of €,(7) — € is denoted as V.

The incident wave isAin direction IAci and has electric field in direction é&;
that is perpendicular to k;. The electric field of the incident wave is

E; = & E,elthT (1.1.1)
where

T =2z +yj+ 22 (1.1.2)
is the position vector, and

k= wy/fi = -2; (1.1.3)

is the wavenumber. In (1.1.3), w is the angular frequency, p is the permeabil-
ity, and X is the wavelength. In (1.1.1), E, is the amplitude of the electric
field. The time harmonic dependence exp(—iwt) has been suppressed.

In the far field, the scattered field is that of a spherical wave with de-
pendence €*" /r, where r is the distance from the particle. In general, the
particle scatters waves in all directions. Let E; be the far field scattered field
in direction of ks. Since Maxwell’s equations are linear, we write

ikr

E, =é, f(fcs,fc,-)Eoe (1.1.4)

where &, is perpendicular to ks. The proportlonahty f ( l}z) is called the
scattering amplitude from direction k; into direction k.
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i

=
[

E;
ki

Figure 1.1.1 Scattering of a plane electromagnetic wave E;(7) by a particle occupying
volume V and having permittivity €,(7). The scattered field is E (7).

The magnetic field associated with the incident wave is

H = 11% x E; (1.1.5)

where n = / /¢ is the wave 1mpedance. The Poynting vector denoting power
flow per unit area is
S.= tRe(Eix 1)) = ol
2 t 2n
Similarly, for the scattered wave, the magnetic field is

k; (1.1.6)

H, = %ks x E, (1.1.7)
and Poynting’s vector is
Ss=-Re(Es;xH,) = IES[?}% 1.1.8
—e( xH,) = 7 F (1.1.8)
Using (1.1.4) in (1.1.8) gives
< _ ks, ki) | Eo |2
= 1.1.9
Ss = r2 2n ( )

Consider a differential solid angle d€2; in the scattered direction I%s
(Fig. 1.1.2). In the spherical coordinate system

dQ, = sin 0, db, do, (1.1.10)

At a distance r, the surface area subtended by the differential solid angle
dQ, is

dA = r?dQ, = r?sin 0, df, do, (1.1.11)
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A*
rsin 0,dg, ,ks
\
rdf,
~dA = r2dQ,
Bs
&/ r
> Y
A
®s

Figure 1.1.2 Differential solid angle dQs = sinf; dfs d¢s in spherical coordinates 7, 05,
and ¢s.
Then the differential scattered power dP; through dA is

dP, = [S,| dA = |S,| rdQ, (1.1.12)
Putting (1.1.9) in (1.1.12) gives

i poelBel”
dPs = |f(ks, ki) —Zn—dﬂs (1.1.13)
Using the Poynting vector of the incident wave, from (1.1.6), we have
% — 1f ks, k)2 d2 (1.1.14)

The dimension of equation (1.1.14) is area. It is convenient to define a dif-
ferential scattering cross section o4(ks, k;) by

dP;

i oq(ks, ki) dQs (1.1.15)
Comparing (1.1.14) and (1.1.15) gives

oq(ks, ki) = | f (ks, k)2 (1.1.16)
Integrating (1.1.14) over scattered angle gives

|I_;s| = /dQs|f(ics,ici)|2 (1.1.17)
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Thus the scattered power is

P, = 0|5 (1.1.18)
where o, is the scattering cross section which is
05 = / dQs|f (ks, ki) = / dQ0q(ks, k;) (1.1.19)

Scattering Cross Section and Geometric Cross Section

The geometric cross section o4 of a particle is its area projected onto a plane
that is perpendicular to the direction of incident wave k;. Thus the power
“intercepted” by the particle, P, from a geometric optics standpoint, is the

product of the geometric cross section and the magnitude of the incident
Poynting vector:

P, =|Silog (1.1.20)
We can compare g4 to g5 and P, to Ps. Let D be the size of the object
(the maximum distance between two points inside the object). When the size

of the object D is much less than the wavelength, the results of Rayleigh
scattering theory indicate that

Os D?4
— =0\ — 1.1.21
2 o(Z) 1 a1
where O denotes the order of magnitude. Thus
P D?
P - O(F) <1 (1.1.22)

in Rayleigh scattering. This shows that when the particle is small compared
with the wavelength, the power scattered by the particle is much less than
the product of geometric cross section and incident Poynting vector. In the
short wavelength limit, D > A. Then

g

- =0(1) (1.1.23)

Og
which is known as the geometric optics limit. It is important to remember
that the scattering cross section o5 also depends on the contrast between €,
and e. In the case of weak scatterers when ¢, > ¢, we have

2
g~ |2 - 1| (1.1.24)
€

where “J denotes proportional to. Equation (1.1.24) is the result of the
Born approximation.
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Absorption Cross Section

The particle can also absorb energy from the incoming electromagnetic wave.

Let
ep(T) = €,(T) + i€, (T) (1.1.25)
From Ohm'’s law, the power absorbed is
1 —
P, = §w/ dr eZ(F)|E‘im(F)|2 (1.1.26)
v

where FE;n:(T) denotes internal field which is the electric field inside the
particle, dF¥ = dz dy dz, and the integration in (1.1.26) is over the three-
dimensional volume of the particle. The absorption cross section oy, is defined
by

P,
Og = = (1.1.27
T )
The total cross section of the particle is
0y =04+ 0 (1.1.28)
and the albedo of the particle is
g
o= — 1.1.29
=2 (1.1.20)

Thus 0 < @ < 1. The albedo is a measure of the fraction of scattering cross
section in the total cross section.

1.2 Scattering Amplitude Matrix

We next generalize the concept of scattering amplitudes to include polariza-
tion effects. For the incident wave, the electric field F; is perpendicular to
the direction of propagation k;. There are two linearly independent vectors
that are perpendicular to k;. Let us call them a; and b;. Then

E; = (aiEm- + 13,-E,,,~) ek T (1.1.30)

where k; = klAcz The directions of IAci, a;, and b; are such that they are
orthonormal unit vectors following the right-hand rule.

Similarly for the scattered wave, let ks, s, and bs form an orthonormal
system. Then

ikr

E, = (&sEas n BSE;,S) € (1.1.31)

T
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—>
.

5
Y

QS

Figure 1.1.3 Geometry for defining the orthonormal unit system based on scattering plane.
The scattering plane contains k and ks. The angle between k and ks is ©.

The scattered field components, E,; and Ej, are linearly related to F,;
and Ey;. The relation can be conveniently represented by a 2 x 2 scattering
amplitude matrix

Eas aa(ks, ko ks,
Faalleos ) op(, o) (1132
Es foalks ki) fon(ks, k) Ebz
Orthonormal Unit Systems for Polarization Description

There are two common choices of the orthonormal unit systems (di,l;i, l;,)
and (s, bs, ks) that describe scattering by a particle.

A. System Based on Scattering Plane

Let the angle between k; and k, be © (Fig. 1.1. 3) The plane containing the

incident direction &; and the scattered direction ks is known as the scattering
plane. Let

4 =1; =1, = a, (1.1.33)
be the unit vectors that are perpendicular to this plane and let
_f, = e xhi (1.1.34)
Then by orthonormality,
bi=2=k; x1 (1.1.35)
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~

by =2, = ky x 1, (1.1.36)

In this 1-2 system, the scattering amplitude matrix obeys the relation
Eis| (fu fizf|Bu
Eys | | fa faf | B
The advantage of this system is that the scattering amplitudes can take
simple forms for particles with symmetry. The disadvantage for this system
is that the directions of 1; and 2; depend on the scattered direction. For
gxample let E; = ze***. The incident wave is propagating in the direction
ki = z and with 2 polarlzatlon If ks = 4, then 1; = 2 and 2; = § and
the incident wave is 1; polanzed However, if ks = %, then 1; = = —¢ and
2 = % and the incident wave is 2, polarized. The i 1nconveglencq is that E;
is Z polarized and propagation in # direction, and yet it is 1; or 2; polarized
depending on whether the scattered direction ks is ¢ or Z.
Some useful relations for this orthonormal system are

(1.1.37)

kg - ki = cos© (1.1.38)
92 =ky ki =cos® (1.1.39)
ks - 25 = ks kg x 13 = kg x ki - 1; = ks x K (1.1.40)

B. Vertical and Horizontal Polarization

In many problems there is a preferred direction, for example the vertical
direction that is labeled Z. In geophysical probing and earth remote sensing
problems, that will be the vertical axis which is perpendicular to the sur-
face of the earth. Then we can have vertical polarization 9; and horizontal
polarization h; that form an orthonormal system with &;. We choose

b=y = 2R (1.1.41)
|2’ X k,l
that is perpendicular to both 2 and k;. Then
a; = b = hi x ki (1.1.42)

Other names for vertical polarization are TM polarization, parallel polar-
ization, and p polarization. Other names for horizontal polarization are TE
polarization, perpendicular polarization, and s polarization. If k; is charac-
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T

Figure 1.1.4 k; and k, in spherical coordinates.

terized by the angles 6; and ¢; in spherical coordinates (Fig. 1.1.4), then
I}i = sin §; cos ¢; & + sin 0; sin ¢;§ + cos 6;2
¥; = cos §; cos ¢; T + cos 0; sin ;) — sin 0,2 (1.1.43)

~

h; = —sin ¢; + cos ¢;y

Similarly, if ks is described by the angles 65 and ¢, then (Fig. 1.1.4)
123 = sin O cos @5 + sin b sin ¢si + cos 52
Vg = c0s 05 cos ¢sT + cos O sin ¢pg§ — sin G2 (1.1.44)

fzs = —sin ¢sT + cos @5y

2 Rayleigh Scattering

2.1 Rayleigh Scattering by a Small Particle

In Rayleigh scattering, the particle size D is much less than wavelength .
In such a case an oscillatory dipole with moment p is induced inside the
particle. The field radiated by the dipole is the scattered field.
The far field radiated by a dipole p in the direction ks is
k2 eikr

E, = ke x (ks % P) (1.2.1)

4mer
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Let the electric field inside the particle be denoted by E;,;, where the sub-
script int denotes internal. The polarization per unit volume inside the par-
ticle is

Pint = (ep - 6)Eint (122)

In Rayleigh scattering, the internal field is a constant vector inside the par-
ticle. The dipole moment of the particle is

p= VoPint (123)

where v, is the volume of the particle. Using (1.2.2) and (1.2.3) in (1.2.1)
gives
_ k2eikr

Es=—- - (€p — €) Vo kg X (ks X Eint>
k2eikr . o (124)
= Amer (ep - 6) Vo [as(as . Eint) + bs(bs : Eint)]

Using (1.2.4), the scattering amplitude matrix can be determined by relating
the internal field F;,: to the incident field E;.

In Rayleigh scattering, the power absorbed by the particle is, from
(1.1.26),

P, = %weZvo|Emt|2 (1.2.5)

2.2 Rayleigh Scattering by a Sphere

Consider a sphere of radius a < A centered at the origin. Then the internal
field inside the particle is
—_ e —

Epy=———F; 1.2.6
t €p + 2¢ ( )

The internal field E;y; is parallel to the incident field FE;. Then using (1.2.6)
in (1.2.4) and v, = 4ma3/3,

ikr _ oA
E, = er i, [as(as "B + by(bs - E,-)] (1.2.7)
where
_ 2,3 "€ 1.2.8
fo ka€p+26 (1.2.8)
From (1.2.7)

) (1.2.9q)
Ebs = fo(l;s Ez) (129b)
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We can calculate the scattering amplitude matrix using the scattering
plane orthonormal system.
First let Ey; = 1 and Ey = 0, thus E; = 1;. Then Ei; = fi1 and
= fo1. From (1.2.9a)-(1.2.9b), we obtain E;, = fo(ls - 1) = f, and
fo(2 1) = 0. Hence f11 = f, and fo; = 0. Next, let Ej; = 0 and
E2, = 1 so that E = 2 Then F1; = fi2 and EQS = f99. From (1 2. 9a)—
(1.2.96), E1s = fo(ls-2;) = 0 and Ep, = fo(25 - 2;)) = fcos©. Therefore
fi2 = 0 and foo = f,cos©. Thus the scattering amplitude matrix assumes
following simple form in the scattering plane system of coordinates:

fu fio fo 0
fa fa| |0 focos® (1.2.10)

Next, we use the orthonormal unit vectors of vertical and horizontal
polarization,

Evs . fvv fvh Evi
Ens | = | fao fon | | Bni (1.2.11)
To get f,, and f;w, we let E,; = 1 and Ej; = 0 so that E; = ;. Then
from (1.2.9a)—(1.2.9b), Eys = fo(ds - 9;) and Eps = fo(hs - 9;). Thus,
fov = fo(¥s - 0;) = fo [cos 65 cos 0; cos(ps — ¢;) + sinbssin ;] (1.2.12a)
Fro = folhs - i) = —f, cos 0; sin(¢s — ¢;) (1.2.12b)
To get f,n and fhh, we let Ey; = 0 and Ep; =1 s0 that E; = h;. Then
from (1.2.9a)-(1.2.9b), Eys = fo(¥s - hi) and Epg = fo(hs - hi) Thus,
fvh = focos0ssin(¢s — ¢i) (1.2.13a)
frn = focos(¢s — &) (1.2.13b)

To calculate the scattering cross section, suppose that the incident wave
is horizontally polarized. The scattered power is determined by integration
over all scattered angles of the sum of the scattered vertical and horizontal
polarizations:

T 2
0, = / 6, sin 6, / des (| fuonl* + | frnl®)
0 0

Z 1L / " 46, sin6, / " b, [c05? 0, sin?(s — ) + co(ge — 61)]

87r €p — € |2
4a6l l

2 __
T \ful? = .

(1.2.14)
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If we compare the scattering cross section to the geometric cross section
o4 = ma? of a sphere, we obtain

ﬁ_03_§ 4‘6,3—6‘2
o, " ma? 5 (ka) o2 (1.2.15)

Since ka < 1, the scattering cross section is much less than the geo-
metric cross section. It also follows from (1.2.15) that os/oy = O(D*/A%),
in agreement with (1.1.21).

Absorption Cross Section

The power absorbed by a small particle is

1 —
P, = EwezvolEintP (1.2.16)
The absorption cross section is
0o = 1P_“ > (1.2.17)
27 [ il
For the case of a sphere, putting (1.2.6) and (1.2.16) in (1.2.17) gives
e 4mad| 3e |2
= k-2
00 = k2T 26] (1.2.18)

If we take the ratio of scattering cross section to absorption cross section,
we find
os  2(ka)d 2

€p — €

- (1.2.19)

”
Oa S
€

Thus the relative magnitude of o to o, depends on the relative values of
(ka) and €, /e.
2.3 Rayleigh Scattering by an Ellipsoid

Let a,b,and c be the half axes length of the ellipsoid respectively in Zp, s,
and 2, directions where a, b, and c are all much less than _/\ Then the internal
electric field E;,; induced by the incident electric field E; is

p— n fi“b'—E‘_l ~ @b._E-’l, ~ Eb._E’L
o ed i A . 1.2.20
Eint xb(1+UdAa>+yb(1+UdAb>+zb(1+'vdAc> ( )

where

vg = 2 (6—” - ) (1.2.21)
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* ds
A, = 1 N
/0 (S + a2) [(3 + 02)(3 + b2)(3 + cz)]; (1 2 22)
e /oo ° (1.2.23)
b 0 (s+b?) [(s+a2)(3+b2)(s+c2)]% 2.

4 :/‘X’ ds
T (s [(s+ad)(s+B)(s+ )

The integral of the sum of A,, Ay, and A, can be performed analytically
to give

(1.2.24)

2
Aa + Ab + Ac = 5,7)2 (1225)

For spheroids, a = b and the integrals in A,, Ay, and A, can be integrated
analytically. The axis 2, is the axis of symmetry, and

1/ 2
Aa == Ab = 5 (;2—; - Ac) (1226)
For prolate spheroids, ¢ > a = b and
1 1-—e
where
a\ 2
e=1/1- (E) (1.2.28)
is the eccentricity.
For oblate spheroids, ¢ < a and
2 |
where
aN 2
= -] - .2.30
f=y() -1 (1.2.30)

For a thin disk, we can treat it as a special case of the oblate spheroid
by letting a > ¢ in (1.2.29)—-(1.2.30). Then,

f:%»l (1.2.31)

A= = = (1.2.32)
A, = Ay = (1.2.33)
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Substituting (1.2.32)—(1.2.33) in (1.2.20) gives

= . . = P o o €
Eint = 2o(Z - £i) + 96(06 - Ei) + 26(2 - Ei)z— (1.2.34)

P
The interpretation of (1.2.34) is that the tangential component of the inci-
dent electric field penetrates into the thin disk while the normal component

of the incident electric field is changed by a factor of €/€, when it penetrates
into the thin disk.

2.4 Scattering Dyads

In view of equation (1.2.20), it is convenient to define the scattering dyad

= Kkuy(e, — € T3 il %5
7 _ vl —¢) ([ &b o3 22 (1.2.35)
4me 14+vg4s  1+v34p 1+ v4Ac
From (1.2.4) and (1.2.20), we have
. kZeik'r . . _
E, = Tmer Vo (€p — €) (asas -+ bsbs) - Eint
kZGikr o A
= mvo (ep —€) (asas + bsbs)
TpTp UbUb Zb2p =
. - F; 1.2.36
(1+UdAa+1+UdAb+1+'UdAc) ( )
Hence
_ ikr o —
E, = (asas + bsbs) .F-E (1.2.37)
Since
Evs _ f'uv fvh Em'
Ens | | fro fun| | Eni (1.2.38)
it follows from (1.2.37) and (1.2.38) that
fvv = {)s f ' "A)i (1.2.39a)
fvh = Dg - ? ' i:"'i (1239b)
fhv = ils : f - D (12396)
fun=hs F by (1.2.39d)

The bistatic scattering cross sections are defined by
o'vv(lzrs, ’::z) = 47T‘f‘vv|2 (12400,)
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U’uh(l;s, ];1) = 47r|fvhl2
O'hv(];sa ];:1) = 47r|fhv|2

o7 2
Ohh(ks, ki) = 4m| frn|
In the backscattering direction (monostatic radar)

ks = —k;
so that

he = —h;
and

Vs = 05

15

(1.2.405)
(1.2.40c¢)
(1.2.404)

(1.2.41)
(1.2.42)

(1.2.43)

Note that there is no negative sign in (1.2.43) while there are negative signs

in (1.2.41) and (1.2.42).

Example 1:

3
For spheres, vd = & (e

Ag = A = A = (%) so that
1 3

14+ v44, € +2

This gives
F = fo(Zpp + P + 262) = fol

In backscattering direction

fou =D - fol -85 = fo
foh =10+ fol “hi =0
fhv—};fs'foi'@i:o
Fun = b fol -hi =—Ff,

Thus

1) where €, = €,/€ is the relative permittivity.

(1.2.44)

(1.2.45)

(1.2.46a)
(1.2.46b)
(1.2.46¢)
(1.2.46d)

(1.2.47)

(1.2.48)

(1.2.49)
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Thus a characteristic of backscattering from a sphere is that o,, = on, and
there is no cross-polarization.

If the incident wave is right-hand circularly polarized, then F; = o; +iﬁi
so that E,; = 1 and Ej; = 4. Substituting into (1.2.47) gives E,s = f,

and Eps = —if, so that E, = fo(ts — zhs) The scattered wave is left-hand
circularly polarized.

Example 2:

For the case of thin disks

A; = %andAa = Ay =0
a’c
then
= o a o~ 202
F=f (mbxb + Ol + — ) (1.2.50)
T
where
k2v,(€p — €)
fo= —2 22— (1.2.51)
Let IAci = %, and ky = —1, for backscattering. Also let ¥; = 2, = ¥s, il,i = Up,

and hs = —{y. Then f,, = fol and fuh = —fo; fro = fon = 0. I & > ¢,
then o,, < opy. Thus the polarization dependence of the backscattering
cross section contains information on the shape of the object.

3 Integral Representations of Scattering and Born Approx-
imation

3.1 Integral Expression for Scattering Amplitude

In this section, we derive the integral expression for the exact scattering
amplitude.

Recall from equation (1.2.4) that the far-field scattered field from a small
particle is

k2eikr

E, =

— o ve(ep —€) ks x (ks x Eint) (1.3.1)

Consider a scatterer of arbitrary size, shape, and inhomogeneous permit-
tivity €,(7), as shown in Fig. 1.3.1. Let dv’ be a differential volume around
point 7, which has permittivity €,(7’). Then the differential contribution to
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Figure 1.3.1 Scatterer of finite size and arbitrary shape. The permittivity of the scatterer is
€p(7'), and 7 is a point within the particle. The observation direction is ks and the distance
between the point 7 and the observation point P is R = |[F — 7/|.

the far-field scattered field dE from dv’ is
2 eikR

— ks [k x (ep() = €) Ein (T )] &' (1.3.2)

where R = |F — 7| is the distance between 7 and observation point 7. If the
observation point is far away, then

dE, = —

~

R~ r—7 ks (1.3.3)
We approximate the phase term in (1.3.2) by
eikR ~ eikr—ik?’-l}, (1.34)
and the amplitude by
1 1
B (1.3.5)

Making the far-field approximation on the scattered field and integrating
over the volume of the scatterer gives
k2 ikr

Es = ks X [k X // dz'dy'd2' (e, (T )——e)—E—mt(F')e_iki“"'F’ (1.3.6)

4mer

The expression in (1.3.6) is the exact far-field scattering amplitude for
particles of arbitrary size and shape and inhomogeneous permittivity. How-
ever, the internal field E;,;(7') is an unknown quantity. To calculate rigor-
ously E;n:(7'), one has to solve Maxwell’s equations. For example, Eini(7)
is dependent on the coherent wave interaction among different parts of the
particle.
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Instead of using the internal electric field, one can use the surface tan-
gential electric and magnetic field. Given tangential electric and magnetic
fields, the far-field radiation field is

eikr

E() = dnr [(f’sf’s + ilsi'vs) : // dS’ iwpn x F(?')e_iz"‘?

+ (izsvs — Dghg / dS'ikn x E(7)e —ike 7

(1.3.7)

The derivation for Eq. (1.3.7) can be found in Section 2 of Chapter 2.

3.2 Born Approximation

Born approximation consists of approximating the internal field by the inci-
dent field

Fint(F/) ~ —E—,(Fl) (1.3.8)

This is applicable if
&(T) ~ e (1.3.9)
The particle is known as tenuous when its permittivity is close to that of
the background medium. Note that Born approximation does not make a
small particle assumption. It assumes a small dielectric contrast between

the particle and the background medium. Let the incident wave be a plane
wave so that

Ei(7) = g;eitk™ (1.3.10)
Substituting (1.3.8) and (1.3. 10) in (1.3.6) gives
nl k ikr ikk; 7 —ikk, 7
E,= Trer kg x (ks x &) /// da’ dy’ d2’ (e,(T')—¢€)e (1.3.11)

In (1.3.11), we have extended the integration limits over all space because
outside the particle ¢,(7') = € and the integrand is zero. Let

kki = ki,  kke= ks,  Ea=ki—ks (1.3.12)
Then
. k2eikr . . .
Es=—- - ks x (ks % &)v,S(ks, k;) (1.3.13)
where

??‘)

// dz’' dy' d2’ (;(7') — 1)eizd"_“l (1.3.14)
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Figure 1.3.2 Relationship between Ed, ki, ks, and ©.

and v, is the volume of the particle. The vector kq is the difference between
the incident and scattered wavevectors (Fig. 1.3.2). Let

Ed = kg + kdy@ + kg2 (1.3.15)
Then

?:->

/ / dr’ dy' d2' (e, (F') — 1)ee=Fikav'+ika:2" (7 3 16)

Equation (1.3.16) takes the form of a three-dimensional Fourier trans-
form. Thus if S(lAcs,lAci) is measured for “many” kg, k4y, and kq,, then
(') — 1 can be retrieved by taking the three-dimensional inverse Fourier
transform of S (1}3, I%,-). This idea has been used in tomography for the map-
ping of an inhomogeneous particle.

However, in order to reconstruct €,(7') — 1 by taking the inverse Fourier
transform of S(ks, ki), we need, as from (1.3.16), S(ks, k;) for all values of
Kiz, kay, k4., that is from —oo to co. However, since kg = kk; — kl%s, we
have max ‘Edl = 2k. Thus we can know S only within the spherical volume
of k-space of radius 2k. The reconstructed €.(7) — 1 will be limited to a
low-pass version, i.e., to spatial frequencies < 2k.

If © is the angle between k; and ks, then

kq = |ka| = 2ksin% (1.3.17)

The maximum k, is at © = 180°, backscattering, when kg = 2k = 47” and
the minimum is at © = 0°, forward scattering, when kq = 0.

The polarization of the scattered field is kg % (k % &;) and depends only
on scattered direction and incident polarization é;. Thus the polarization
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dependence contained in Born approximations is “uninteresting” because it
does not depend on the properties of the particle.

Example:
For a sphere of radius a and homogeneous permittivity €,, we have

A A~

S(ks,

dz’ dy' d eiFa ™

sphere

To perform the integration, we choose kq to be along the 2’ axis without
loss of generality, so that kg = kg2'. Then exp(iky - 7) = exp(ikqr’ cosd’).
Performing the integration in spherical coordinates gives

PN e—1 ¢ ' 2 4 ! .ol 2m 1 _ikqr’ cos ¢’
S(ks, ki) = /0 dr' r / do sin @ / d¢ e
0 0

_ 3(er — 1)

(sin kqa — kqa cos kqa) (1.3.18)

S(l%s,lzzi) has a maximum at © = 0 that is ky = 0. The maximum is equal
to (e, —1). It then oscillates with a decreasing envelope with increasing kqa.
The angular spread of scattering A© is such that

A(kga) = A (2kasin %) =7

The angular spread indicates that the Born approximation predicts a strong
forward scattering with most of the scattered power within angular spread
AO. For large ka, we have

A
~ — .3.19
AO© % (1.3.19)

If we use the scattering plane coordinate system to represent the scattering
amplitude matrix and note that ks x (ks x 15) = =1, and ks x (ks x 2;) =
—2,cos ©, then using (1.3.13) we obtain

fu fi2 kv, . . (1 0
(f21 f22>=$r~8(k3’ki)(0 cos@) (1.3.20)

For the case of a sphere, we have

fir fie 15B1(©) 0
(le f22) - ( 0 %332(@)) (1.3.21)
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where
3 ~ ~
Sp1(©) = _i(k;’) S(ks, ki) (1.3.220)
3 ~ -~
Spa(0) = ——i(kg) S(ks, k;) cos © (1.3.22b)

and S(k,, k;) is given by (1.3.18).

4 Plane Waves, Cylindrical Waves, and Spherical Waves

The scalar wave equation is

(V2 + k) y(F) =0 (1.4.1)
The vector electromagnetic wave equation is
VxVxE-KEF) =0 (1.4.2)

In this section, we discuss the solutions of these two equations in the three
common coordinate systems: Cartesian coordinates, cylindrical coordinates,
and spherical coordinates.

4.1 Cartesian Coordinates: Plane Waves

The scalar plane wave solution is

P(F) = AettT (1.4.3)
where
k = &k, + gk, + 2k, (1.4.4)
is the propagation vector. Substitution of (1.4.3) in (1.4.1) gives
k2 + K2+ k2 =k (1.4.5)
For vector electromagnetic waves, let
E = Ege*™ (1.4.6)
Substitution of equation (1.4.6) in (1.4.2) gives
~k x (kxEo) —k*Eo =0 (1.4.7)
Dot multiplying (1.4.7) with k gives
k-Ey=0 (1.4.8)
From (1.4.7) and (1.4.8), we have
(k-k)Eo— k*Eg =0 (1.4.9)

which yields Eq. (1.4.5).
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4.2 Cylindrical Waves

In cylindrical coordinates, the scalar wave equation is

10 0 1 62 2 ) ~
(p appap 02 8¢2 + 5 +k )w(r) =0 (1.4.10)

Let
k? = k2 + k2 (1.4.11)
The solution in cylindrical coordinates (p, ¢, z) that is regular at the origin
is
Rgpn(kp, k2, 7) = Jy(k,pp)eth=2+ind (1.4.12)
with n as an integer, that is, n = 0, £1, +£2, £3, ... . In (1.4.12), J,, is the

Bessel function of order n and Rg stands for regular. The outgoing cylindrical
wave is

Yn(kp, k2, T) = HV (kpp)eit-=+in? (1.4.13)

where H,(ll) is the Hankel function of the first kind.
The behavior of the functions as k,p — 0 is

Jo(kpp) = 1 (1.4.14a)
HY (k,p) ~ ln( kop) + 1 (1.4.14b)
and forn >0
1 (kyp\"
Tn(kop) = — (%’0) (1.4.15q)
tn=1)/ 2\" 1 (kp\"
Hy(kpp) ~ E— (@> + - (% (1.4.15b)
In the limit of k,p — oo
2 nwom
Tnlhop) = 4| 5 cos(k,,p -2 Z) (1.4.16a)
2 . nw
H,(ll)(kpp) ~0\ p exp [z (kpp -5~ Z)] (1.4.16b)
P
For negative indices
J_n(kop) = (=1)"Jn(kpp) (1.4.17a)

HY) (kop) = (~1)"HY (k,p) (1.4.170)
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The vector cylindrical wave functions are L,,, M,, and N,,, where [Stratton,
1941]

RgLn(kp, k2,7) = VRgn(ky, k2, T) (1.4.18)
RgM (kp, k2, F) = V X [2Rgtn (kp, ks, )] (1.4.19)

RgN,(kp, k2, 7) = %V x RgM p(kp, k,7)

= —1]5V x V x [2Rgyn(ky, k2, 7)) (1.4.20)

When there is no Rg sign, then the Bessel function is to be replaced by
the Hankel function of the first kind. Note that RgM, and RgN, satisfy
the vector wave equation of (1.4.2), while RgL, is curl free and can only
contribute to the field in the source region. It is also convenient to separate
the p dependence from the exponential z and ¢ dependence. We write

RgM ,(ky, k., ) = Rgiiin(k,, k., p)er=>T19 (1.4.21)
RgN,(ky, ks, T) = Rgiin(kp, ks, p)e™=>1¢ (1.4.22)
with '
Rgiip (kp, k., p) = ﬁ%wpp) — ko J 1 (Kop) (1.4.23)
_ o ikok, . nk, K2
Rgnn(kyp, k2, p) = p k Jn(kop) — ¢k—pJn(kpp) + Z—k‘Jn(ka) (1.4.24)

We next seek to find the transformation between plane waves and cylin-
drical waves. Let

ke = k, cos ¢, (1.4.25)
ky = ko sin ¢y (1.4.26)
We have the mathematical identity
oo
eik,z—{—ikyy — eikppcos(¢—¢k) - Z Jn(kpp)ein(¢—¢k)+in7r/2

n=—oo

(1.4.27)

Hence

o0
it tibtibes = S Ry (ky, by, Fleminoe el (1.4.28)
n=-—o00

Using k, = kcos b, k, = ksinfy, and (1.4.19),

)
V x (Eeik,:r+ikyy+ik,z) — Z Rg—Mn(kp, kZ,F)e—in¢k+in7r/2

n=-—00
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= ik x 2T = ik, h(Or, dp)e* T (1.4.29)

where h is the horizontal polarization vector. Hence, we have expressed the
vector electromagnetic plane wave in terms of vector cylindrical waves:

BB, )™ = — Z RgM,(kp, ks, 7)i"e ™" (1.4.30)

n=—0oo

Taking a curl of both sides next gives

T < b ikT ik > N =\ N —in
ik X h(O, di)e kT — = nzz_oo RgNn(kp, k;,T)i"e P (1.4.31)
Then
(Ok, pr)e*T = —— Z RgN . (k,, k., F)i"e~n?x (1.4.32)
p n=-—00

where © is the vertical polarization vector. Thus for a general vector plane
wave, the transformation to vector cylindrical waves is

Ei(r) = (8:Bui + hin ) ™7

zne—zmbl

['LEthgM (kzpa kiz, T ) Em'RgJ_V-n (kipa kiz, F)]
(1.4.33)

4.3 Spherical Waves

In spherical coordinates, the scalar wave equation is

10 o 1 o o 1 (9 )
[ 29r ( 87') + 2 sin 6 90 (Smoaa) + 2sin20 3¢2 +k ]¢(r)
(1.4.34)
It has the outgoing wave solution

Yumn (k7,0,$) = A (kr) PT(cos 8)e™? (1.4.35)

withn =0,1,2,...,,m =0,%1,...,%+n. In (1.4.35) hﬁf) is a spherical Hankel
function of the first kind and P* is the associated Legendre function. We
also define regular wave functions by

Rgmn(kr, 0, ¢) = ju(kr) P (cos 6)e"™? (1.4.36)
where Rg stands for regular and j, is the spherical Bessel function. The
prefix regular is used to denote the fact that hg,l) is replaced by j, which is
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finite at r = 0. The associated Legendre function is defined as [Abramowitz
and Stegun, 1965]

mey_ (D™ gym/2z d™
P o) = 5 (1=a®) ™ o
for m =0, £1,..., £n; that is expression (1.4.37) holds for both positive and

negative values of m. The relation between positive and negative values of
m is

(2 -1)" (1.4.37)

(n —m)!
(n +m)!
The first few orders of associated Legendre functions are as follows:
For n =0,

Pr™(z) = (—1)™ P™(z) (1.4.38)

Py(cosf) =1 (1.4.39)
Forn =1,
P Y(cos8) = %sinO (1.4.40a)
PY(cos ) = cosf (1.4.400)
Pl(cosf) = —siné (1.4.40c)
For n = 2,
P;%(cos) = -;— sin? @ (1.4.41a)
P;t(cosh) = %cosOsinO (1.4.41b)
P)(cosf) = %(3 cos?6 — 1) (1.4.41¢)
P} (cosf) = —3cosfsinb (1.4.414)
P2(cosf) = 3sin?0 (1.4.41e)
The first few orders of spherical Bessel functions are
jo(kr) = S“; :" (1.4.42a)
coskr sinkr
ji(kr) = T + W (1.4.42b)
3coskr 3 1] .
Jo(kr) = — or)? [(k‘r)3 - E] sin kr (1.4.42¢)



26 1 ELECTROMAGNETIC SCATTERING BY SINGLE PARTICLE

For spherical Hankel functions, we have

(1) zkr
h§Y (kr) = — 4.
(kr) = g (1.4.43a)
. ikr
D (kr) = — 2)E 4.
1 (kr) (1+ =)= (1.4.43b)
ikr -
Wy = & [, 3 3
hy ' (kr) = - [z . (kr)2] (1.4.43¢)

Since we only use spherical Hankel functions of the first kind, we shall sup-
press the superscript (1). For small argument kr — 0,

Jn(kr) = 7= 51 o 1)(kr)” (1.4.44a)
- 1 3:5...(2n—1) (kr)™
hn(kr) =~ (kr)n+1 T35 @t ) (1.4.44b)

In taking the limit of complex functions, sometimes it is important to
keep the leading term in the real part and the leading term in the imaginary
part. Thus we have the small argument approximation in (1.4.44b), although
the real part is much less than the imaginary part in (1.4.44b). For large
argument kr — oo, we have

eikr
o (k1) =~ - il (1.4.44c)

The spherical harmonic is defined as
Y™(0, ¢) = P™(cos )e™? (1.4.45)

with orthogonality relation

o 27
/d0sin9/ dp Y™ (80, 9)Y,.™ (6,4) = (-1)™
0 0

The completeness relation is

* & 20 +1
S (C)EY TN Y6, 6) = 8(6 — ¢)3(cos b — cost)

1=0 m=—1

4

mm"s'nn’ .4.46
o1’ (1.4.46)

(1.4.47)
The expansion of plane waves in spherical waves is given by

T = ZZ )™ 21 + 1)jy(kr)Y;™ (6, )Y, ™ Bk, ) (1.4.48)

=0 m=-1

where (0, ¢x) denote the angular variables describing the direction of k.



84.3 Spherical Waves 27

The vector spherical harmonics are the three vector functions Vﬁ:,)l(g,

¢), a = 1,2, and 3. They are defined by [Morse and Feshbach, 1953]

V0 (8,8) = Pran(d, 6) = #Y,7(6, 9) (n=0,1,2,...) (1.4.49)
V2 (0,4) = Bun(0,6) =tV [Y™(0,4)]  (n=1,2,3,...)
[ d% (cosf) + ¢—Pm(cos 0)]

X Cmn(0, ¢) (1.4.50)
V) (0, 8) = Crun(8, ¢) = V x [rym(a ] (n=1,2,3,...)
[O—Pm(cosé) d9 Py (COSO)] (1.4.51)

Note that for P,,,, n starts with 0; while for By, and Cp,,, n starts at 1.
The orthogonality relation for vector spherical harmonics is

27
/ d8 sin 6 / dp 7 0,6) - V), (0, 6) = ugbmmOnm zamn  (1.4.52)

where

m 4
Zlmn = ("‘1) o+ 1 (1453)
29mn = 23mn = (_l)mw (1454)

2n+1

The three regular vector spherical waves RgLmn, RgM mn, and RgN ., are
defined as

RgLn(kr,8,8) = 222V [Rgtinn(kr 0, 6)]

- j:l(kr)ﬁmn(e,qb)-l-jng:r) Boun (0, ¢>)] (1.4.55)

Rgﬁmn(k"'a 0» ¢) = 'Ymnv X [FRg¢mn(kT, 0, ¢)]
= 7mnjn(k7')—c_mn(0a (b) (1.4.56)

RN (kr, 6, ) = %v x RgM yun (kT 0, 6)

n(n + 1)jn(kr)—= [krjn(kr)]
= Tmn {—k;—Pmn(e,Qs) S T—

Bon 0, ¢)} (1.4.57)
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In (1.4.55) through (1.4.57)

mn = (2n4:(i)f T;)T)! (1.4.58)
o = 1| on Tt Do = m)! (1.4.59)

4mn(n + 1)(n + m)!

The vector spherical waves without the prefix Rg are the expressions in
(1.4.55) through (1.4.57) with j, replaced by h,. We note that for Lon, n =
0,1,2,3,... whereas for M, and Nyn, n = 1,2,3,.... The RgL functions

satisfy the equation

V (V- RgLmy) + k*RgLmy =0 (1.4.60)

whereas the RgM and RgN functions satisfy the vector wave equation
VXV X RgM mn — kK*RgM 1 = 0 (1.4.61)
VXV x RgNmn — k*RgN p, = 0 (1.4.62)

The vector spherical wave functions can be expressed as integral representa-
tions of vector spherical harmonics

_n\n—1 e
RgL o (kr, 0, 9) =( Z)ﬂ ’Y;nn/ dQY etk Pon(0,9) (1.4.63)
4

— y n . A A f
RgM (K1, 6, ¢) =(4;) Y / dQY e* ' Con (6, ¢') (1.4.64)
47

4w
With the aid of (1.4.63) through (1.4.65), it follows that

1o = S0 gy [ intn ) R 0,0

+ gﬂaﬂ?”—)Rg'M_mn(m, 9,9)

_ ngNmn(pr, 0,9)] (1.4.66)

where (0, ¢p) are the angular variables that indicate the direction p. A plane
electromagnetic wave can be expressed in terms of spherical waves by taking
the dot product of (1.4.66) with the incident electric field. Let the propa-
gation direction of the incident wave be I%i = sin 6; cos ¢; T + sin 0; sin ;4 +

_n\n-—1 e
RgN (K, 0, 9) =( 7) Ve / dQV e* ™ B (0, 4')  (1.4.65)
4

n,m
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cosb;z, and 9; = 9i, ﬁz = é’)i. Then
Ei = (Evi'f)i + Ehiibi) etk T

B E( 7mn 712_(:'_}-11_)5 { [Evi [él . 6_mn (9,‘, ¢z)]

+ Ep; [&z ) —é—mn (0,‘, ¢z)] :| RgHmn(k'r’ 6, ¢)
+ [Evz [9 ( iB_mn(0;, ¢z))]

+ Ehi [(}Z\sz : (_iE—mn (0ia ¢z))] :l jov—mn(kr’ 07 ¢)} (1467)

To obtain a plane electromagnetic wave propagating in the 2 direction, we

set 0, = ¢p = 0 in (1.4.66) and take a dot product with the polarization
vector, é;.
We note that

P—mn(e =0,¢) = —C;—mn(e =0,¢) =0
unless m = +1. Hence, from (1.4.66)

8 zk:z . Z Z 2’)’L + 1 [Ei : C—mn(o, 0) Rg-an(k"', oa ¢)

i p— L n+1) Ymn
- iMRgﬁmn(kr, 9, ¢)] (1.4.68)
The far-field solutioTlg of the outgoing vector spherical waves are
M n (k7 0, 8) = Yymi " e::f Crun(6, 9) (1.4.69a)
Non(kr, 0, 0) = Ymni ™™ f’;‘B‘mn 0,9) (1.4.69b)

In Mie scattering, the results are often expressed in functions denoted
by 7mn(cos@) and 7,(cos@) [van de Hulst, 1957]. They are related to the
associated Legendre functions by

Pl(cos8)
=t 4.70
7 (cos 6) p— (1.4.70a)
1
Tn(cos 8) = _dF,(cosf) (1.4.70b)

do
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The special values when cos@ = +1 are

fn(1) = T(1) = ﬂ”‘g—l—) (1.4.71a)
1
Ta(=1) = ~ma(~1) = (-1 2EED gy
Then we can express the vector spherical harmonics for m + 1 as
B1,.(0,¢) = — [9Tn(cos 0) + imp (cos 0)] e'? (1.4.72q)
C1n(0, ) = — [9i7rn(cos 0) — ¢ (cos 0)] et (1.4.72b)
and for m = ~1 as
- 1 . . .
=" — i —i¢
B_1.(8,9) A E D) [HTn(cos ) — ¢im,(cos 9)] e (1.4.73a)
C_1n(8,9¢) = —m [éiﬂ'n(cos 0) + ¢7n(cos 9)] e (1.4.73b)

For 6 = 0, we can set ¢ = 0 without loss of generality to obtain

B1n(0,0) = — Mt 1) (é + i&)ew M4 Gy (14740)

2 2

C1a(0,0) = _"_-(";_1) (ié - (}s)ew - —in—(";—l) (& +i§) (1.4.74b)
B_1n(0,0) = %(ﬁc —if) (1.4.750)
C_1,(0,0) = %Z (& — if)) (1.4.75b)

5 Acoustic Scattering

Many of the techniques in this book are also applicable to acoustic wave
scattering [Temkin, 1981; Morse and Ingard, 1987; Pierce, 1989]. Acoustic
wave is an example of scalar wave. In this section, we give a brief description
of acoustic wave propagation.

The equation of motion is

av
—_— =0 1.5.1
p—r +Vp (1.5.1)
where p is material density, V is velocity, and p is pressure. The derivative
d/dt is the time rate of change for a coordinate system moving with the fluid

known as the Lagrangian description. On the other hand, 8/t is the time
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derivative at a fixed point in space and is called the Eulerian description.
We have

d 0
i = o +V.V (1.5.2)
The conservation of mass is given by
Op
V- (pV) + Fn =0 (1.5.3)

To obtain the acoustic equation, we linearize equations (1.5.1) and (1.5.3).
Let

P = Do+ P1 (154)
p=po+tp1 (1.5.5)
V=V,+V =V, (1.5.6)

In (1.5.6), we assume that V,, is zero so that the fluid is stationary to zeroth
order.

A constitutive relation for the material is that p; is linearly related to
P1

p1=¢p (1.5.7)

The value of the constant ¢ depends on the material and is the velocity of
the acoustic wave in the medium.
From (1.5.1), we obtain

9 —
(Po+Pl)( +Vy- V) Vi+V(po+p1)=0 (1.5.8)
Balancing Eq. (1.5.8) to first order gives
ov
po_é-i—l- + VPl = (1.5.9)
From (1.5.3), we have
— 0
V- [(po+p1) V1] + 5 (Po+p1) =0 (1.5.10)
Balancing Eq. (1.5.10) to first order yields
3/’1
= .5.
Vo pVi+ 5o =0 (1.5.11)
Use of the constitutive equation (1.5.7) in (1.5.11) gives
1 opy

VopVi+ 5—r =0 (1.5.12)
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From (1.5.9) and (1.5.12) we can form the wave equation for p;, with wave
velocity c:

1 8°py
2 at2
The boundary conditions at an interface between two media are:
(i) continuity of pressure p; and B

(ii) continuity of the normal component of velocity V.

V2 + ol =0 (1.5.13)

6 Scattering by Spheres, Cylinders, and Disks

6.1 Mie Scattering

Mie scattering is scattering of electromagnetic waves by a sphere of radius
a and permittivity €, [van de Hulst, 1957; Bohren and Huffman, 1983]. Let
ky = w,/Ii€, and the sphere be centered at the origin (Fig. 1.6.1).

Because of the symmetry of a sphere, it is convenient to use the scat-
tering plane orthonormal system to express the scattering amplitudes. To
get

f21(©)  f22(0)

we let the incident wave be along the 2 direction, so that k; = 2. Also let
the observation direction ks be in the y-z plane, with ¢ = 90°; then

[fn(@) f12(©) ]

©=90 (1.6.1)
L=i,=2=-¢ (1.6.2)
2i=19 (1.6.3)
D, =kyx1,=6 (1.6.4)
The incident field is given by, from (1.4.68),
— i (2n+1) [e Cemn(0,0) _ —
E; = = — RgM (K, 0,
Zm_z o | Ry M (k7,0,9)
- ie"—'Bjy—m"—(ng“N‘mn(kr, 6, ¢)] (1.6.5)

To solve the boundary value problem, we let the scattered field be

S@2n+1) [ & C_mn(0,0), —
Z Z TL(TL + 1) [_ Ymn bann(kT, 9’ ¢)

1m=-1,1
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A VA ks
i 8 'I'l A
/N,
’
l’
'I
'I
a_ |/
l' -
Yy
€p
€o
x k;
./ 2;

Figure 1.6.1 Geometry of a sphere with radius a and permittivity e,. The incident wave
propagates in the +2 direction.

&+ B_mn(0,0)

Ymn
and let the internal field be

_ Z Z 2n + 1 [Ci . C_mn(O, 0) angM_mn(ka‘, 6, ¢)

+i anNomn(kr, 0 ¢)] (1.6.6)

1m=-1,1 n + 1) Tmn
- iﬂ:ﬂy}mcnlzgwmn(kprv 97 ¢):| (167)
Ymn

Note that the internal field satisfies the vector wave equation with wavenum-
ber k. The boundary conditions are the continuity of # x E and f X H which
is proportional ton x VX E. At r = a

7 X (Ez + Es) =7 X E—int (168)
Balancing the # x M and # x N components gives, respectively,
Jn(ka) — bphn(ka) = dnjn(kpa) (1.6.9)
[kajn(ka)]' [kahn(ka))’ [kpajn(kpa)]’
—an = 1.6.10
ka T ka T ka (1.6.10)

Next we match at r = a
X (VX E;+VxE,)=%xVxEin (1.6.11)
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We have V x M = kN and V x N = kM with k replaced by k, for the
internal field. Thus we have, using (1.6.11) and (1.6.5)—(1.6.7),

[kajn(ka)] — by [kahn(ka)] = dn [kpajn(kya)] (1.6.12)
kjn(ka) — ankhp(ka) = cpnkpjn(kpa) (1.6.13)

Solving (1.6.9) and (1.6.12) gives b, and d,. Solving (1.6.10) and (1.6.13)
gives a, and c,. We find

anp = =TV (1.6.14a)
where
T — _ k%O’?jn(kpa)[kajn(ka)]l — k%a%jn(ka) [kpajn(kpa)l’ (1.6.14b)
" k2a%jn(kpa)[kahn(ka)l' — k2a2h,(ka)(kpajn(kpa)]
and
b, = =T (1.6.15q)
where
o _ _ dnllpa)kain(ka)} = jn (ka) lpain ()] L6150
. .6.

Jn(kpa)[kahn(ka)]’ — hn(ka)[kpajn(kpa))'

We can make use of the Wronskian [Abramowitz and Stegun, 1965]

in(2)H(2) = Ba(2)(2) = ilja(2)¥n-1(2) = Yn(2jn-1(2)] = = (1.6.16)

2
where y,(z) is the spherical Neumann function. Then ’
on = k§a2jn(kpa)[kahn(ka)]'zﬁpziza?hn(ka)[kpajn(kpa)]’ (1.6.17a)
L (30 oY () ey (e e o (L6.175)
From (1.4.56)—(1.4.57) and (1.6.6), in the far field
F=-50Y Z i n o o001 Cmd
+ an [&i - B—mn(0,0)] Bmn(6, ¢)} (1.6.18)

Substituting (1.4.72)—(1.4.75) in (1.6.18), we have, summing over m = 1, -1
in (1.6.18),
_ etk L (2n + 1)

Es=- oor ,;1 n(n+1) {—- an [&; - (& — 7)) [@ Tn(cos0) + <2>i7rn(cos{))] e
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—an [& - (2 +1i9)] [9 Tn(cos 0) — ¢ imp (cos 9)] e~

+ iby, [&; - (& — D)) [@ i (cos 8) — ¢ T (cos 9)] e
+ iby & - (Z +17)] [0 i (cos ) + ¢ T (cos 0)] } (1.6.19)
)

To get f11(©) and f21(€-)), we follow equations (1.6.1)-(1.6.4) and set &; = &,

$ = 90° so that I; = 1, = 2 = —¢, and 2, = . Substituting these in
(1.6.19), we find

= ie* . L (2n+1)

E,=— = ¢ > " 1) [anmn(cos 0) + by (cos 6)] (1.6.20)
Thus, since § = ©, we have from (1.6.20)
fu(0) = 151(6) (1.6.21)
f2(©) =0 (1.6.22)
where
S1(© 2(2"“ [ ) +b 0)] (1.6.23)
(©) = n(n ) anTp(cos ©) + b, Ty (cos .6.

A ~

To get f12( ) and fyo(©), we set & = §j, ¢ = 90°, so that 2; = §, 15 = —¢,
and 2, = 0. This time (1 6.19) yields

b S(Z: 1) [T (c08 8) + byra(cos 0)] (1.6.24)

Thus
f12(€) =0 (1.6.25)
f22(©) = %Sz(@) (1.6.26)

where
Sy(O) = Zl Q("—J’——) (a7 (€08 ©) + by (cos ©)] (1.6.27)

The scattering amplitude matrix is then

fu fi £51(0) 0
[le f22]=[ 0 %52(@)] (1.6.28)
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To get the scattering cross section, we let

E; = et (1.6.29)
which implies k; = 2. Let
ks = &sinfcos¢ + §sinfsin ¢ + 2 cosd (1.6.30)
Then © = 0, and
li=1,=—-¢=2gsing— fcos¢ (1.6.31)
2i=4x1;=%cos¢+§sine (1.6.32)
2s = kg x (—¢) =0 (1.6.33)
Thus
E; = (1;Eyi + 2;Ey;) e** (1.6.34)
where
Eiy=1;-2=sin¢ (1.6.35)
Eyi =2 & =cos¢ (1.6.36)
Then using (1.6.28)
By | [fu S| | Bu| i {51(9) Sinfﬁ]
Eos | | for fo| |E2| k| S2(0)cose
Thus
E, = "’:% [952(9) cosé — $S1(6) sin ¢] (1.6.37)

and the scattering cross section is calculated by integrating the total scat-
tered power over 47 solid angle leading to

T [T .
Os = 52—/0 df sin 0 (|51(9)|2 + |S2(9)|2) (1.6.38)

Using (1.6.23) and (1.6.27) in (1.6.38) and the orthogonality relations of
T, and 7, functions
2n2(n + 1)2

Onn’ 1.6.39
(2n+1) ( )

s
/ d9 Sin 0 (ﬂ'nﬂ'n/ + TnTn/) =
o

™
/ dl sin @ (mp Ty + Timn) =0 (1.6.40)
0
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we have

2 (o o]
= k_;’ (2n+1) (|an|2 + |bn[2) (1.6.41)

n=1

g

The scattering cross section normalized by the geometric cross section

0, = ma? is given by

g
Qsca ==
Og

(ki)2 > (2n+1) (Ianl2 + |an2) (1.6.42)
n=1

To get the total cross section, we apply the forward scattering theorem,
which will be discussed in Chapter 2. In the forward direction 8 = Z cos ¢ +

jsing, ¢ = —&sin ¢ + j cos ¢, and (1.6.24), (1.6.27), and (1.4.71a) yield

51(0 =0) = S3(6 =0) = :;l (2"; 2 (an + bn) (1.6.43)
From (1.6.37) we obtain
E, = e: %xg:l (2"; D (an + ba) = ei:r? (1.6.44)
The forward scattering theorem implies
ov=Ttmy -4
which gives
2
ot =13 n=1(2n + 1)Re(an + by) (1.6.45)
The normalized extinction cross section is
Qest = o _ 2 i(2n + 1)Re(an + by) (1.6.46)

99 (ka)Q n=1

The albedo is
(1.6.47)

The normalized absorption cross section is

g
Qabs = 5_2 = Qext - Qsca (1648)
g
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albedo

Qaca

-10 L 1 1 1 1 1 L

1 1
0 0.05 0.1 0.156 0.2 0.25 0.3 0.35 04 0.45 0.5
ka

Figure 1.6.2 Extinction and scattering efficiency and albedo as a function of size parameter
ka (small) for a sphere with complex permittivity e, = 3.2(1 +¢0.1)e.

45 T T —T T T T T

151

o5F /" -

Figure 1.6.83 Extinction and scattering efficiency and albedo as a function of size parameter
ka (large) for a sphere with complex permittivity e, = 3.2(1 + ¢0.1)e.
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In Fig. 1.6.2, we show Qezt, Qsca, and @ as a function of ka for €, =
3.2(1+140.1)e. The results are shown for ka up to 0.5. We note the following
for small ka:

(i) 0s < 0g, 03 K 04 50 that Qscq < 1 and Qezy K 1. For example, at
ka = 0.2, Qsce = 7.85 x 1074

(ii) @ < 1. Thus absorption dominates over scattering since Im“2 = 0.32
is not that small.

In Fig. 1.6.3, we show the results for ¢, = 3.2(1 + ¢0.1)e but for a much
larger range of ka up to 16. We note that as ka increases, Qezt, @sca, @ begin
to saturate. At resonance Q¢ and Q. assume peak values. For this case,
at resonance, Qezt and Qscq assume values close to 4 and 3, respectively. The
cross sections are, respectively, 4 and 3 times the geometric cross section.
The albedo is also larger than that in the long wavelength case, meaning
that scattering is comparable to absorption.

In Figs. 1.6.4 and 1.6.5, we plot the bistatic scattering as a function of
scattering angle ©. We compare the results between Mie scattering and Born
approximation. The normalized differential cross sections are plotted; they
are

|f11| 1SB1(0)|?

L (1.6.49)
iffz;lQ _ |5}IC3227E?2)|2 (1.6.50)
If;j2 _ li12(2)2|2 (1.6.51)
Ifcz;zl2 _ Iié(i)f (1.6.52)

where B stands for Born approximation. The Born approximation result
is derived in Section 3.2. In Egs. (1.6.51) and (1.6.52), the Mie scattering
results are used. The size parameters for Figs. 1.6.4 and 1.6.5 are ka = 20.
Figure 1.6.4 is for ¢, = 1.001e. Since €, ~ ¢, Born approximation is valid.
We observe the followings:

(i) The corresponding curves for Mie scattering and Born approximation
are indistinguishable. \
(ii) The difference between I f131|2 and | f232| is a factor of cos?©.
(iii) We also see strong forward scattering with angular width of A© ~ 13°

=0(2) =0 (&) = 0 (§) = 0.
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Figure 1.6.4 The normalized differential cross sections for a sphere with a size parameter
ka = 20 and permittivity e, = 1.001e. |f11|2/ag and |f22|2/og are results based on Mie

2 2 . .
scattering. | lel‘ /og and | fQBz‘ /og are results calculated under Born approximation.
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Figure 1.6.5 The normalized differential cross sections for a sphere with a size parame-
ter ka = 20 and permittivity e, = 10e. |f11|2/ag and |f22|2/ag are results based on Mie

2 2 . .
scattering. I lel| /og and I f2B2| /og are results calculated under Born approximation.
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(iv) Scattering decreases rapidly with angle. For example, at backscattering
(i.e., © = 180°), the scattered intensity is almost 106 times less than
that of forward scattering.

(v) Strong forward scattering means that the original incident intensity
is “preserved” in the original incident direction. The model can be
used to explain results in turbulent media where the eddy size is large
compared with wavelength and the index of refraction contrast is small.

In Fig. 1.6.5, we show the results of ¢, = 10¢, a strong contrast of
permittivity between particle and background. We note that:

(i) Born approximation gives results that are many times bigger than Mie
scattering, meaning that Born approximation is not valid.

(ii) The reason that Mie scattering is much less than scattering under the
Born approximation is that the wave is reflected off the scatterer so
that the internal field cannot be equal to the incident field.

(i) Mie scattering also has more diffuse scattering than the strong forward
scattering under the Born approximation. For example, backscattering
at © = 180° is only 400 times less than forward scattering instead
of 108 times less as predicted by the Born approximation. This can
account for the fact that incident light becomes diffuse in scattering by
fog, because the index of refraction of water is quite different from air.

6.2 Scattering by a Finite Length Cylinder Using the Infinite
Cylinder Approximation

In this section, we calculate the scattering by a cylinder of length L, radius a,
and permittivity e, that is centered at the origin (Fig. 1.6.6). The scattering
by a finite length cylinder can be solved exactly by numerical methods,
like the method of moments. However, in remote sensing applications, the
cylinders that are usually used to represent branches, stems, trunks, and
so on, are of many different sizes in a forest or in a vegetation canopy.
Thus, it is useful to develop approximate solutions. The infinite cylinder
approximation assumes that the cylinder responds to an incoming wave as if
it were infinite in length. However, when the cylinder radiates the scattered
field according to Huygens’ principle, it radiates as a finite length cylinder
[Stiles and Sarabandi, 1995; Tsang et al. 1995].
Let the incident field be

Ez’ = (’DiEm' + iLiEhi) etk (1653)

where k; = Zksin 6; cos ¢; + 9k sin;sin ¢; + 2k cos ;. Let k;, = kcosf; and
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Figure 1.6.6 The geometry of a circular cylinde; of length L, radius a, and permittivity
€p. The incident wave propagates in the direction k;.

kip = ksin6;. The incident wave can be expressed in terms of vector cylin-
drical waves as discussed in Section 4.2:

_ 2. iteTindi - — N =
Eir) = ), —— [iBnRgMy (kip, kiz,7) — EviRgNn (kip iz, 7))
n=-—00 P
(1.6.54)

We first solve the case of an infinitely long cylinder. Let

. X n_—ing; . .

Eo= Y o [aMn (ip, kiz, 7) + 0" N (Kig, iz, 7)) (1.6.55)

oo Fip
be the scattered field and let
o0

Eime= Y [ci"RgMy (kipp, kiz,T) + c" RgNn (Kipp, iz, 7)]  (1.6.56)

n=—00
kipp = /K2 — k2, (1.6.57)

be the internal field where
Note that E and F;,; are, respectively, the scattered field and internal ﬁe@
of an infinite cylinder. The boundary conditions are the continuity of p x £
and p x V x E. Using (1.4.23) and (1.4.24) in
ﬁ X (Finc + Es) = ﬁ X Eint
we have
in e—z’n¢,~

[—ki,,J; (kipa) iEn, — kipHY' (kipa) al®

ip
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BT T ) = B HO el |
= — kippJ". (ki (M) nkin k )
— 7 MippYn lPPa) Cn — kpa n( ippa) Cn (1658)
nein: [ K2 K2 2
e | =2 n (ki) Bo, + —2HD (kiga) 0| = 22, (kipga) e
kip k k kp

(1.6.59)
Matching

ﬁXVX (Einc+Es)=ﬁXVXEint

at p = a and using the property that V x M, (k,,k.,7) = kN, (k,, k., T)
and so on, we have

iz . nki, M
k; In(kipa)iEp, — WHS) (kipa) ay”

i"eind: E nk
kip

n

+ kipJ! (kipa) By, — kipH,gl>’(kipa)a<~>}

nki M N
=kp [_E;'Jn(kippa)c;, " — kippdy, (Kippa)cly ’] (1.6.60)
——k {z’—;—'ﬂanwa)Eh.. + fHSL”(kipa)a:r)] = 2 T (kippa)hipclt”
ip P
(1.6.61)

With (1.6.58)—(1.6.61), we have four equations for the four unknowns a{*,
al, ¢ and ¢’ which can be solved readily. We can also use (1.6.58)-
(1.6.61) to eliminate a{!” and a{’. Then we are left with two equations for
the two unknowns c{;” and c{;"’. These two equations can be arranged to be

of the form

Ey, . —ind:
i jntlg—ingi — AYM (Kip, kiz, kipp, Kiz, a) €

kip n
+ ATA:N (kipa kiza k’ippy kiza Cl) Cf(nN) (1662)
E,, ‘
— e T = AN (Kip, Kiz, Kipp, Kiz, @) €
ip

+ ATI\{N (kipa kiz, kippa ki, a) cy”’ (1663)

n
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where the coupling coefficients are

A2 (opy Ky KL, KL 0) = —% [kfpkopJn (k,,0) HY' (kopa)

—k! k2T (K. a) HY (ko,,a)] (1.6.64)
AN (Kopy by Ky KL, @) = -% [& (k2. - kik2,)

Jn (Kppa) HED (kopa)| (1.6.65)
AN (kopy iz, ki Ky @) = k—:A,"{”(k,,,,,kz,k]’pp, k., a) (1.6.66)
A (kg Ky L, 0) = = | SE2R2 T, (k3 0) Y (ko)

op P
- k’”:;”’ k2, ), (kp,0) HY (kopa)} (1.6.67)

where the Wronskian

2
Tkopa

o (kiop@) HY' (Kopa) — J.,(kopa) HOY (kopa) =

has been used [Abramowitz and Stegun, 1965]. Once the ¢ and c{" are
calculated, the internal field is determined by (1.6.56). For the scattered
field of a finite cylinder of length L, we will not use (1.6.55). Instead, we
apply (1.3.7) to find the far-field scattered field by integrating over the finite
surface of the cylinder excluding the end caps. From (1.3.7), we have

ES(F) =
ikr . L/2 2T _ L, . , . /
e ('DS'DS + hshs) / dZI/ d¢,a elkizz +ing kp e—zk,,,acos(¢ —¢s)—iks. 2z
4rr _rj2 Jo
N N . k2
n;;{%)kﬁhahwww_ﬂﬁ?%www]

+ ¢ ["zkippjvlz (kippa)] }
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ikr

ik
+e 47y

. R L/2 27 ] )
(hsf)s _ 'E)shs> . / dz// d¢laeiki,z’+m¢'e—zk,,pacos(cﬁ’—(ﬁs)—ik“z’
—L/2 0
)

Z {C%M) [—ékippjrlz (kippa)]

kiz 1 k1,2

572 T, (kippa) — F <22 (k,-ppa)} } (1.6.68)
P P

where ks, = kcosfs, ks, = ksin0s.

Using 05 - 2 = —sinfs, hy-2 =0, 9 - @' = — cos O sin (¢ — ¢s), hs- @ =
cos (¢’ — ¢s), and the integral identities

(N)
+cp

% 0% dg e s Ptnd = ()" ], (w) (1.6.69)
1 [2r . ,

5;/0 dgcos ¢ e eoseting — (_gyn=1 g () (1.6.70)
L dg sin pe—weosering — T pm () (1.6.71)
2m Jo w

in (1.6.68), and performing the integration over d¢’ and d2’, the scattered
field can be written as

— etk kL

Ey(7) = — sin #, sinc [(kiz — k) £] Z (__i)neimj,_,

2

n=—oo

{ — iy [RGAY™ (Kspy Koz, Kipp, Kiz, @) ¢

+ RgA::N (ksp, ksz, kiPP’ kiz, Cl) C(N)}

n

- {}S [RQAZM (kspy ksz, kipp, kiz, a) C;lM)
+ RgAxN (ksp, ksz, kippa kiz, a) C;N)] } (1672)

where RgA)M™, RgAMN™, RgAN“, RgAN" are the expressions in

n n

(1.6.64)—(1.6.67), respectively, with H,(LI) replaced by J,, and sinc z = sinz/z.
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6.3 Scattering by a Disk Based on the Infinite Disk Approxima-
tion

In this section, we calculate the scattering by a circular disk of thickness ¢
and radius a that is centered at the origin (Fig. 1.6.7). The permittivity of
the disk is €,. An approximate solution will be developed. The infinite disk
approximation assumes that the disk responds to an incoming wave as if it
was of infinite radius. However, when the disk radiates the scattered field, it
radiates as a disk of finite radius [LeVine et al. 1985].

The electric field of the incident wave is
Ei= (ﬁiEm' + i;'iEhi) eikeT (1.6.73)
= Ey, (Z cos 0; cos ¢; + §j cos 6; sin ¢; — Zsin 6;) gtkis Tutikisz
+ Ep, (= sing; + § cos ;) e TaFike (1.6.74)
H;= % (ﬁiEvi - ﬁiEhi> ki T tikisz

= EE,,i (—Zsin¢; + §cos ;) eikis Totikizz
V 1
€ 2 o 3 3ot i—E'L'F_L-F’I:k,'zZ
- \/thi (& cos 0; cos ¢; + § cos 0; sin ¢p; — 2 sin 6;) e~ (1.6.75)
M

We can solve the boundary value problem for the infinite disk by using the
H, and E, components.

Given the H;, component for region I, the perpendicular components
can be written as

— 1 0
= — —H;, 1.6.76
Hiy kiVL [Bz z] ( )
_E—l_]_ = Z—]:)Q—#VJ_ X [le,%] (1.6.77)
1

Because of phase matching, the k; components of the wavevector are the
same in all the regions.

First we consider horizontally polarized incidence. In the region below
the disk (i.e., for z < —t/2), we have

Hz — "\/EEh,- sin ai (eik;,z + RTEe—iki,z) eiEu.Fl (1.6.78)
7
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Figure 1.6.7 The geometry of a circular disk of thickness t, radius a, and permittivity €.
The incident wave propagates in the direction k;.

where RTE is the reflection coefficient. Then

_ 1 ‘ N~ T
Ho = =y Bsimbig i (6”“"‘2 - RTE@*Zkuz)ikue’k““ (1.6.79)
po kiL

E,=——=""H, (1.6.80)
k3L
Inside the disk, we have
sz = _\/EEh,z sin 6; (Apeiki”‘z + Bpe~ikipzz) ei%u;L (1'6'81)
1
where kip; = (k2 — k2,)"/%. Then

H, = —\/EE,“ sin oik—i—z‘k,»,,z (A,,eikmz — B,,e—“%ﬂ) ikip ek T (1.6.82)
v’

il
— w Eu_ X 2z
E, = _“—k?—sz (1.6.83)
il
For the region above the plate, z > t/2,
H, = —\/EE,“ sin 6;TTE k-2 ki 7o (1.6.84)
7
Then
H =- \/g Ej, sin 9i7€-§—ikn (TTEeikuHiEwﬁ) ik (1.6.85)
il
B = _WhkixEg (1.6.86)

2
ki.L
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Matching boundary conditions for the continuity of tangential electric and
magnetic fields, we have at z = —t/2

ez 4 RTPebies = Aoy 4 Byethirns (1.6.87)
kiz( —ikit _ RTE, zk,,z) — kipz(Ape ips 5 B eikins3 ) (1.6.88)

At z =t/2, we have

TTEcikiss = Ajekines 4 Bethire3 (1.6.89)
ki, TTEetkis3 = kip: (Ape’k””z — Bpe™ kips 2) (1.6.90)
Solving (1.6.89)—(1.6.90) gives
Bp gkt —RTE e2ikip:t (1.6.91)
where ’
R = :—I_:f (1.6.92)

From (1.6.87)-(1.6.88), we have
By

. . 1 — _e’ikip,t
k. e—tk,-,t/? _ RTEezki,t/Q Ap
—— o = 1.6.93
Kips Rt/ 4 RTBhatl ~ | By o (1.6.93)
Ap
Substituting (1.6.91) in (1.6.93) gives
1 _ pPTE ikt TE 2ikip:t
ki: 1-R et _ 1+R,,e ’ (1.6.94)
kip2 1+ RTEgiki:t — 1 — Rg;)Eeszi,,,t
Rearranging yields
) RTE(1 — e2tkip:t
RTE gikist — Zop ( ) (1.6.95)

1— R’(J)“pE2e2iki,,,t

Solving (1.6.87)—(1.6.88) gives

. t . t kiz k. L
Ape"’kisz = ! 1 + —lkiza + RTE ]- - 7 elk” 2] (1696)
2 kzpz kipz

Beikwi = = (12 ki gmibes 4 gro(q 4 Bz ) ik (1.6.97)
2 kzpz kiPZ

Thus we use (1.6.95) to calculate RT® and then use (1.6.96) and (1.6.97) to
calculate A, and B,. For the case of TM waves, we use the E, component.
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Given the Ej, component for region [, the perpendicular components can be
written as

- 1 0

B = EVL [BZEIZ] (1.6.98)

Hy = —u’:—;lvl X [2E},) (1.6.99)
1L

In the region below the disk, for z < —t/2, from equation (1.6.74)
E, = —E,, sin; (eik"‘z + RTM e—i’“nZ)e"Erh (1.6.100)
Then from (1.6.98) and (1.6.99)

E, = —FE,, sin6; 1

cikis (e — RTMemhes )iy FaTs(1,6.101)
il
" = E“;i%u x 3E, (1.6.102)
il
Inside the disk, we have
Ey, = —Ey, sin6;( Cyetkins? 4 Djethiwe=)gikis s 1.6.103
P i p )4
- v, Sing; . ik ik 2\ T iR T
E,L = _Eysinb; ikip; | Cpe™»<? — Dye™hire® ) ik, | ethie™r (1.6.104
p k2J_ P P P
— wep— .
Hp_l_ = kaiJ_ X ZEpz (16105)
il
For the region above the disk, we have for z > t/2,
E, = —E,, sin ;TTM giki-z+iki . (1.6.106)
Then
— E,, sin 0; ‘ F = -
By = - =ik, TTM stk o,
LT (1.6.107)
H_L = Tkll X EEZ
ki

Matching boundary conditions for the continuity of tangential electric and
magnetic fields, we have at z = —t/2,

e(e—iku% + RTM giks: ) = e,,(c,,e—““fw% + D,,e“c-'w%) (1.6.108)

(N0

kio (7t = RTMeMhet) = ki, (Cpethims Dyettirr) - (1.6.109)
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Enforcing continuity of tangential electric and magnetic fields at z = %, we
have

eTTMethi = ¢ (Cpeitiret + Dyeikirt) (1.6.110)
ki TTM eibiet = b, (Cpethi i — Dyeibiret) (1.6.111)

Solving (1.6.108)—(1.6.111) gives
RTM (1 — e2ikinst)

TM ikt __
RTM gikist — T (1.6.112)
op
where
RTM = Ephiz = eKip: (1.6.113)
epkiz + €kip,
From (1.6.108)—(1.6.109)
Cpemikmt = 1 [(i + : >e_ik"=§ +R™ (i - k )a”%é] (1.6.114)
2 €p ipz €p kzpz
Dpethirez = % [(i -~ E’“—-) e thies RTM( + :—> ek} (1.6.115)
€p 1p2 €p 1pz

We use (1.6.112) to calculate RT™ | and then we use (1.6.114) and (1.6.115)
to calculate Cp, and Dp. Since k;; = ksin#;, from (1.6.83), (1.6.103), and
(1.6.104) the internal electric field is

— wpki| X3 [€ ) ik _ik. T
Eint = —“ il 1/ —Ehisin; (Ape’k””‘z + Bpe ’k”"z)e'ku =
sz_ K
E,;sin6;
-
ki

— 2E,;sin0; (Cpeik""‘z + D,,e—““i"‘z)eiai'Fl (1.6.116)

ikip, (Cpeiki"‘z - Dpe_ik"”‘z> cik; ekt TL

where k;| = Zksin6; cos ¢; + k sin 6; sin ¢;.
We use the internal field of (1.6.116) to substitute into (1.3.6), to calcu-
late the scattered field E;. We also use the integral identity

/Z dttJ,(t) = zJ1(2) (1.6.117)
0

so that

/ ,/ i Fo) Ty 27’_‘{71 (ka1 a) (1.6.118)
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where
Ed = 7<’—i - 7‘5-.51 = -%kdx + @kdy + 2kalz (1'6'119)

kg = \/kgz + k:gy (1.6.120)

Integration over dz’ from —t/2 to t/2 over the thickness of the disk can be
performed. Thus,

— k2etkr 2mwat
Es=——(ep— ¢
( 4 ) kd_l_

4mer
) t . t
(A,, sinc ((kipz - ksz)§> + B, SlnC((kipz + ksz)§>>

ki Z /A aA e . t
+ E,, ]: (Z cos ¢; + ysin ¢;) <C’p smc((ki,,z —_ ksz)-é)

Ji (kasa) ks x {ics X [Ehi (Z sin ¢; — g cos ¢;)

t
— D, sinc <(kipz + ksz)%>> — 2F,, sinb; (Cp sinc ((kipz - ksz)§>

+D, sinc((kipz + k)%))] } (1.6.121)
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1 Dyadic Green’s Function

1.1 Green’s Functions

The Green’s function is the solution of the field equation for a point source.
Using the principle of linear superposition, the solution of the field due to a
general source is just the convolution of the Green’s function with the source.
The equation for the Green’s function for the scalar wave equation is

(V2 + K)g(r,7) = o ~7) @1.1)

where 6(7 —7') is the three-dimensional Dirac delta function with the source
located at 7. The solution of (2.1.1) is [Kong, 1990; Ishimaru, 1991]
/ eikolT—T|
) =g9gF -T) = —— 2.1.2

The dyadic Green’s function relates the vector electromagnetic fields to vec-
tor current sources.

From the Maxwell equations in frequency domain with exp(—iwt) time
convention

VxE=iwuH (2.1.3)
VxH=-iweE+J (2.1.4)
V.-uH =0 (2.1.5)
V-eE=p (2.1.6)
it follows that the electric field obeys the vector wave equation
VxVxE-k*E =iwpJ (2.1.7)
where k2 = w?pe. _
In source-free region, J = 0, and we have
VxVXxE-KE=0 (2.1.7a)
The free space dyadic Green’s function satisfies the equation
V x V x G(F,7) — k2G(F,7) = 16(F - 7) (2.1.8)

where T is the unit dyad.

Using the dyadic Green’s function [Tai, 1971; Tsang et al. 1985], the
electric field is equal to the convolution of the dyadic Green’s function with
the current source.

B = o [ ar T ) 219
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The solution to (2.1.8) is
GF,7) = (1+ kzvv) 9(7, 7) (2.1.10)

and can be verified by directly substlt_utmg (2.1.10) into (2.1.8) and noting

that V x V x (Ig) VVg -V - (Vg)I and that g obeys (2.1.1).

For the usage of Green’s function in scattering problem, it is often useful
to express the dyadic Green’s function of unbounded medium in different
coordinate systems. In the following sections, we shall treat the cases of
plane wave representation, cylindrical wave representation, and spherical
wave representation.

1.2 Plane Wave Representation

The plane wave representation is particularly useful when one considers scat-
tering in the presence of layered media. The plane wave representation can
be derived by solving (2.1.1), with Fourier transforms. The Fourier transform

of (2.1.1) gives

1 ik-(T—7 T.
gF —7) = rp / dk eF T g(R) (2.1.11)

The Dirac delta function in plane wave representation is
§(F—7) = G )3/ dk ek =) (2.1.12)

where k = k;& + ky§ + k.2 and dk = dk,dk,dk,. Substituting (2.1.11) and
(2.1.12) into (2.1.1) gives

g(k) = ﬁ (2.1.13)

where k? = k2 +k2 +k2. Integration can be performed for one of the threefold
integral of dkmdkydk In remote sensing applications, the 2z axis is usually
chosen to be the vertical direction. To perform the contour integration over
dk,, we note that Imk, > 0, so that a pole exists at ko, = (k2 —k2— kg)l/ 2in
the upper-half k, plane and a pole exists at —k,, in the lower half k, plane
with k, = Rek, + i{Imk,. Thus for 2 > 2z’ we deform upward and pick up
the contribution of the pole at k,,, and for z < 2z’ we deform downward and
pick up the contribution of the pole at —k,,. Thus

. i oo ei'IEJ_-(FJ_—F’J_)+ik(,,|z—z'|
Fo)= —— [ d& 2.1.14
o7 -7) = o [ A (2.1.14)
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where k| and 7, are two-dimensional vectors with k; = k,% + ky,y, and
T =z + yy.

To find the expression for dyadic Green’s function, we note that we
need to operate VV on g. There is a discontinuity in the derivatives of g

2
with respect to z. Since —an—ge’k“M = 2iko,0(2) — k2, exp(ikoz|2|),

52 i 0 gikiTitikos|z] ‘ 0
@g( T) = on )2/ dle[Qlkozé(z)_koz]
_ _ sz_ rl+zko,|z|k2
= —4(7) (2 )2 dkl o (2.1.15)

Thus, VV in the spectral domain gives —k k except that the 2256227 contri-

bution gives an extra factor of —226(7). Hence applying (2.1.10)—(2.1.14)
gives

6 82/dk‘Lk‘oz [I—ﬁ} for >0

G(F) = (2.1.16)
k2 - —
° /dkL 1 [ —KK]e’K'T for z <0
8 2 OZ
where
k = ko® + Ky + ko2 (2.1.17a)
K = ky2 + ky§ — Koz 2 (2.1.17b)

The Dirac delta function term in (2.1.16) is known as the singularity of the
Green’s function and is important for calculating the fields in the source
region.

The difference in signs in (2.1.17a) and (2.1.17b) ensure that the integrals
in (2.1.16) converge for the evanescent wave, when ,/k2 + k§ is larger than

k. The square brackets in (2.1.16) can conveniently be expressed in terms of
superposition of TE and TM waves. Let the TE polarized waves be denoted
by

’;: A~
Blkor) = ~22 = Lok, — gky) (2.1.180)
Ik X Zl kp

where k = k/k, and k, = (k2 + k;)l/ 2 and let the TM polarized waves be
denoted by

ol

h(koy) =& x k= — Kos (&ky + Gky) + L2 (2.1.18b)
kok, ko
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With the orthonormal system, then

T = bk + &(koz)2(koz) + hlkoz)h(koz) (2.1.19)
The dyadic Green’s function G(7,7), by translating the origin to 7, is
= 6 =
GF,7) = _zz_(’"?’"_)
) 1 A
oz | i (e(ko2)e(kov)
+ il(koz)fl(koz)] Cik'(F—FI) for z > 2/
M PR (2.1.20)
W dklk—oz [e(_koz) ("‘koz)
\ + ’;‘(_koz)il(_koz):l iK(F=T) for z < 2
where
&(—koz) = &(koz) (2.1.21a)
_e(—kox) xK ko, kp
h—hos) = === = p - (@he T 0k) +322 (2.1.210)

1.3 Cylindrical Waves

Expansion of dyadic Green’s function in vector cylindrical waves is useful
when one considers scattering from one cylinder to another in multiple scat-
tering problems. The scalar and vector cylindrical waves are described in
Chapter 1.

The vector cylindrical wave functions obey orthonormality condition

[Chew, 1990] which leads to the following expansion of I§(7 — 7).

5(F —7) Z_/ dkz/ dkkp(2

[Rg Mn(k'pa kz»r) Rg M—n(—kpy _kzaT’)

k3
n Rg Nn(km k.,7) Rg _N—-n(_kpa —k;, ™)
k3
Rg fn(kp, k., T) Rgf~n(—kp, —k,,7)
2.1.22
* K2+ k2 (2.1.22)

Using (2.1.22) and the dyadic Green’s function equation of (2.1.8), one can
easily obtain the following vector cylindrical wave expansion of the dyadic
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Green’s function:
o0

- 1 00 00
G(T,'f‘)z Z W . dkz A dkpkrp

Rg M (kp, k2, 7) Rg M _p(—kp, —k;,7')
[ k(K3 + k2 — k3)
Rg N, (ky, k;,7) Rg N _n(—kp, —k,7')
k2(k2 + k2 — k2)

RgLy(kp,k,7) RgL_n(—ky, —k;, ™)
(—k3) (k2 + k2) }
Contour integration can be performed as in the Cartesian case to evalu-
ate the integral over dk,. The deformation is upward or downward depending

on whether p > p’ or p < p’. Also the singularity at 7 = 7 has to be extracted
[Chew, 1990]. One gets

= __ _ _ 1 e n oo 1
Grr) = - 5=+ 5= 3 (1) / dbs o
—00 op

n=—oo

(2.1.23)

Rg Hn(kopa kz, F)—]—\‘I—-n(k:opy "‘kzvrl)

+Rg Ny (kop, kzy )N _p(kop, —k2,7)  for p/ > p
7M‘n(kop, kZa F)Rg M—n(kopa _kz’Fl)

+N(kop, k2, T)Rg N _p(kop, —k=,7) for p> o/

where ko, = (k2 — k2)1/2.

Alternatively, one can perform the dk, integration in (2.1.11) instead of
dk,. Another way is to make transformation of plane waves to cylindrical
waves by making use of (2.1.20). By letting k; = k,cos ¢y, ky = k,sin ¢
and using the mathematical identity

(2.1.24)

oo
gikettibuy = ikopcos@=01) = §™ ] (k,p)eim($=tu)FinT/2 (2.1.25)

we obtain the vector wave transformations

o0
é(koz)eikxx+ik,,y+iko,z — _1_ Z (__1)ne—in¢k——in7r/2RgMn(km k‘oz,?)
ik
P n=—00
(2.1.26)
1 & o —
h(koz)ezk,z+zkyy+zk0,z — k_p n;m(_l)ne—m¢k—zmr/2Rg Nn(kp, koz»'-’")

(2.1.27)
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By making appropriate sign changes of kg, ky, and k,, in (2.1.26) and
(2.1.27), other combinations of vector wave transformation can be found.
Then, using (2.1.20), one gets

A A

— ;[ 1
G, 7) = - Z§F -7 +—3-/ dk,—— S (=1)"
( ) k2( ) AT o Pkozkpzn:( )

Rg —M—n _]_c_p» komF) Rg M—n_(kpa "komF’)
+Rg Np(kp, koz, T) Rg N _n(kp, —koz, 7) for z > 2

Rg —M—n(_k_:p, _kozaT) Rg _M—l(kpa koz, F,)
+Rg N, (kp, —koz,7) Rg N _n(kp, Koz, ¥)  for z < 2/
In (2.1.28), k, is the integration variable and ko, = (k2 — kf,)l/ 2. Note that
the dk, representation in (2.1.24) has a change of expressions for p’ > or
< p while the dk, representation has a change of expressions for 2 > or

< 2'. Also the dk, representation only has Bessel functions while the dk,
representation has both Hankel and Bessel functions.

(2.1.28)

1.4 Spherical Waves

The spherical waves and outer spherical waves are as described in Chapter
1. We first express the unit dyadic delta function in terms of vector spherical
waves. We multiply (1.4.66) by e"®7 /(27)% and then integrate over dp. The
left-hand-side becomes

dﬁ = ip- F—F, = _ _
/(2w)31€p( ) =To(r -7 (2.1.29)
For the right-hand-side, a typical term is
dp _p7s _
/(27r)3'€ PTP_mn(0p, #p) Rg Linn (pr, 0, 9)

e p2 T 1ol T

—-mn
The equality above is a result of using (1.4.63). We also note that
Rg Z—mn(_p"',» e, ¢,) = (_1)n+1Rg L—mn(p'rl, ¢, ¢l); Rg -M—mn(_p"',, ¢, ‘;b,)
= (—l)nRgM—mn(pT’aela¢l) and Rg N _pn(—pr',0',¢') = (—1)n+1R9N—mn
(pr',0',¢'). Thus using (1.4.63)-(1.4.65) in the integration, we have .

= — m2 o0 F T / / /
Ior—7) =) (-1) ;/0 dppZ{Rngn(pn(?,cP)RgL~mn(pT,9,¢)

+ Rg —an(prv 07 ¢) Rg M—mn (p"',, 9,7 d),)
+ Rg Nonn(pr,0,6) Rg N (07,0, 6') } (2.1.31)
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We let G be expanded into linear combinations of vector spherical wave
functions and substitute into the equation V x V X G, — kG, =1 0T —7),
and we use (2.1.31) on the right-hand-side. Balancing coefficients then gives

= m2 o0 1 _ _
GO(T’F/) = Z(—l) ;T— /0 dpp2{—ﬁRg Lmn(?”"a 0’ ¢) Rg L—mn(pT” 0,7 ¢/)

n,m

Rngn(pr 6, ¢) RgM _p(pr', 0, ')

p*—k?
/ /
. B9 Non(pr,6, i) figg—mn(P” ,0 ’¢)} (2.1.32)

Note that the vector spherical waves Rg Ly, accounts for the field in the
source region. Performing integration over dp gives [Tsang and Kong, 1980]

Qll

= =
o(F,7) = _—_5(’"k2 ™) i+ ik S (=™
n,m

M _pn(kr,8, ) RgM i (k7' 6', ¢')
+N_n(kr, 8, 8)RgN pn (kr', 6/, ¢')  for r > 1/

— — (2.1.33)
RgM _yn(kr, 60, ¢) Mmn (kr',6', ¢')
+RgN _pn(kr,0, @) Nomn(kr', 6/, ¢') for ' > r
It is useful to note the symmetry relation
G (7, ™) = Go(F,7) (2.1.34)

where superscript t denotes the transpose of the dyad. The symmetry relation
is a result of reciprocity.

2 Huygens’ Principle and Extinction Theorem

Huygens’ principle is an exact relation that expresses the field in a region of
space to the fields on a surface that encloses the region. Thus if the surface
fields are determined, then the fields at any point in space can be calculated
readily. Extinction theorem is useful in formulating integral equations for
electromagnetic scattering problems. Both Huygens’ principle and extinction
theorem can be derived using the wave equation and the vector Green’s
theorem.
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Figure 2.2.1 Electromagnetic scattering with source J in volume Vp.

Vector Green’s theorem states that for any two vectors P and Q in a
region of space V,

/dv{z—a.vaX@_@.vaXTJ}
v

=/d5ﬁ.{@xvx1—a_ﬁxvx@} (2.2.1)

where S is a surface that encloses volume V and 7 is the outward normal of

S that points away from volume V. _
Consider electromagnetic wave scattering with source J in region 0 that

has permittivity e and permeability p while region 1 has permittivity €¢; and
permeability p; (Fig. 2.2.1). Let S; denote the surface that encloses V; with
outward normal 7, and let Sy, be the surface at infinity with outward normal
fleo that encloses the all of space. From the Maxwell equations, we have
V xV xE - k*E = iwpd (2.2.2)
VxVxE —kKE =0 (2.2.3)
with the boundary conditions # X E =7 x E; and i x H =7 x Hy on Sj.
The free space Green’s function G, obeys the equation

V x V x GolF,7) — k2G,(7,7) = I6(F — 7) (2.2.4a)
— — ik|T—7|
Go(F,7) = (T+ vv> ° (2.2.4b)

k2 ) 4n|r — 7|

Q
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However, 7 as given in G o(T,7) can be in either region 0 or region 1. Let

P =F in (22.1) and Q=0G o(F,7)-@ and V = V} in the vector Green’s
theorem of (2.2.1), with @ being an arbitrary constant vector. We have

/dV{F(F)-VxVXEO(F,F')-E—EO(F,F’)-E-VxVxF(F)}
Vo
/dSn {G axVxE_—Fxan,(F,F’)ﬁ}
Sy

+/ S - {G— GXVXE—E XV x GoF, T )-a}(z.z.s)
Soo

The surface integral over Sy, vanishes because of the radiation condition.

Using (2.2.4a) and (2.2.2) in (2.2.5), we have
/ av {B(r) - 367 - 7) ~ @o(r, ) -7) - T (7)
Vo
/ dSh - {(G (7,7)3) x VX E—E x V x (Go(F, 7 a)}(226)
S,

The Dirac delta function in (2.2.6) only contributes if 7 is in region 0.
The other terms can be simplified by using the symmetry relation of Green’s
function,

=t =
G, (7, 7) = Go(7,7) (2.2.7)
(V x Go(7, 7))t = V' x Go(F,7) (2.2.8)

where superscript ¢ denotes the transpose of the dyad and the properties of
triple scalar product of vectors. Thus

EF)-a if7 = —
{E(r) @ #rely / dVa - G,(7,7) - iwpd (F)
0 if7# e V1 Vo
+ / ds [a' Go(,7) - v X iwpHF) +a- V' X Go(F,F) - 7 X E(F)] (2.2.9)
Sy
The constant vector @ can be canceled from both sides of the equa-
tion. The first term on the right-hand side is the field generated by current

source in an unbounded medium with permittivity € and permeability 1 and
corresponds to the incident field E;. Thus

{F(F’) if7 eV

0 if7 eV

+ / ds [ﬁ,(?’,?) f X wpHF) + V' x Go(F,7) -t E(r)] (2.2.10)
Si

= Ey(7)
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In (2.2.10), the relation for ¥ € V; is known as Huygens’ principle and ex-
presses the scattered electric field in terms of tangential electric and magnetic
fields on the surface of the scatterer. The relation in (2.2.10) for 7 € V; is
known as the extinction theorem and shows that the radiation of the surface
field using G, as the propagator into V; extinguishes the incident wave. Thus
for 7 in region Vj, the scattered field is

E7) = /S ds [——G“,,(F’,F) - x iwpH(T) + V' X Go(F,F) - 7t % E(F)]
’ (2.2.11)

Equation (2.2.11) is known as Huygens’ principle as it expresses the field
in region 0 in terms of surface fields on surface S;. Next we can make use of

dyadic Green'’s function El associated with ( B, €1) and apply vector Green’s
theorem to region V;, with P = E; and @ = G1(7,7')-@. The dyadic Green’s
function G, obeys the equations
V x V x G\(F,7) — k2G,(F,7) = I6(F — 7) (2.2.12)
— = VYV etk [7—7|
— I\ _
Gi(7,7) = (I+ k2 ) 4r|F — 7|
where k; = w./i1€; and 7 can be in region 0 or region 1.
Note that the current source J is not in region 1, so that the E; term
will be absent in this case. We have
0_ if¥ eV
El(TI) if7 eV

(2.2.13)

= — / ds [ﬁl (7,7) - 7t x iwp Hi(7F) + V' x G1(F,F) - x Fl(F)] (2.2.14)
S1

The two extinction theorem equations from (2.2.14) and (2.2.10) are
rewritten as follows.

For 7 € V;
0=FE;()+ / ds [ﬁo(r'i) i X wpH(F) + V' x Go(F,F) - A x E’(?)]
S
(2.2.15)
For7¥ €V, )

0= _/ ds [ﬁl(r’,r) cf X iwp H1(F) + V' x Gy (F,7) - # x Fl(F)]
A

(2.2.16)
Equations (2.2.15) and (2.2.16) can be used as coupled integral equations to
determine tangential surface fields which are continuous on Sy, i.e., A X E' =
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i x E1 and A x H = 7 x Hy. By allowing ¥ to approach S; from V; in
(2.2.15) and 7 to approach S; from V; in (2.2.16), one obtains two coupled
surface integral equations.

In (2.2.11) of Huygens’ principle, the total electric and magnetic fields
are used for the surface fields. It is often convenient to use the scattered
fields instead for the surface fields. To derive the relation, we note that

B = iwp /V i Gy, 7) - T () (2.2.17)
and in region 0 ’

B(7) = Ei(7') + Es(7) (2.2.18)

H(7)=H;(7)+ Hy(7) (2.2.19)

In applying vector Green’s theorem of (2.2.5)~(2.2.10), if we use E;(7) instead
of E(7), we obtain, using (2.2.17) as well,

0 if ¥ € Vo

—-E(7) if7eWn

:/ ds [Eo('f’,r) A X iwpH(F) + V' x Go(7,7) -7 x E; (r)] (2.2.20)
S1

Next we subtract (2.2.20) from (2.2.10). That gives, using (2.2.18) and
(2.2.19)

E,(7) if7 eV

0 if7eW;

= / ds [ﬁ,(?’,?) 1 X iwpH(F) + V' x Go(F,F) - X FS(F)] (2.2.21)
S1

The upper part of (2.2.21) with 7 € Vj gives Huygens’ principle in terms of
scattered wave surface fields.

Huygens’ principle is often applied in the far field to calculate the scat-
tered wave from the surface fields. Let (ks,®s,hs) form the orthonormal
system in the far field. Then

ks = sin 0 cos ¢s2 + sin O, sin 4§ + cos 0,2 (2.2.22a)
Ds = cos B, cos P& + cos O sin @iy — sin 2 (2.2.22b)
hs = — sin ¢s% + cos ¢si) (2.2.22¢)
Thus, in the far field, V — kks, and we have
lim Go(7,7) = (I — kdk )e“" —ike T = (D + Bsﬁs)eikr e~k T (2.2.23)
r—00 drmr 47r
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Figure 2.2.2 Huygens’ principle for surface scattering problem.

Hence
eikr’

lim Ey(F) = iwp

' —00 4rr

+ %k X (DsDs + hshs) - 1 X ES(F)} (2.2.24)

For the surface scattering problem (Fig. 2.2.2), the extinction theorem of
(2.2.10), (2.2.15), (2.2.16), and (2.2.21) still apply. The Huygens’ principle
of (2.2.11) and (2.2.23) still apply with ks pointing into region 0. However,
the surface integral S is only over the half-space boundary separating region
0 and region 1 (Fig. 2.2.2). Assuming dissipation in medium 1, the surface
integral over hemispherical surface S, of lower half-space vanishes. From
(2.2.21) and (2.2.24), we get the relation

lim E () if ks points into region 0

r’'—00

0 if k, points into region 1

zwu

/ aSe= %7 (i, + hohs) - x Fy(7)

47y’

X (505 + hshg) - 1 x Es(r)} (2.2.25)

dl*—‘
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It is important to know that Huygens’ principle does not solve the elec-
tromagnetic boundary value problem. From (2.2.10), we need to know both
the tangential electric field and the tangential magnetic field on the bound-
ary S in order to calculate the field at a point in space. On the other hand,
the uniqueness theorem states that in order that the field be uniquely deter-
mined, we can specify one of the following;:

(1) # x E everywhere on S,
(2) 7 x H everywhere on S,
(3) 7 x E on a part of S and 2 x H on the rest of S.

Thus one cannot specify both # x E and # x H on S. For example,
to specify the boundary value problem, one can specify 7 x E on S (say
A x E = 0 on a perfect electric conductor), and then solve A x H as a bound-
ary value problem. After 7 x H is solved, then together with the specified
f x E, one can use Huygens’ principle to calculate the field everywhere.
Thus Huygens’ principle is used to compute the field “output” in a rigorous
electromagnetic analysis. However, in approximate electromagnetic analy-
sis, e.g., the Kirchhoff approximation discussed in Chapter 9, one applies
Huygens’ principle by using approximate values of 2 x E and # x H on S.

3 Active Remote Sensing and Bistatic Scattering Coeffi-
cients

For active remote sensing, a radar consisting of a transmitter system and a
receiver system is utilized. Bistatic radar has the transmitting system and
the receiving system situated at different locations, whereas in monostatic
radar, these systems are located at the same place, usually sharing the same
antenna system. The transmitter sends out a signal to the target and the
scattered signal in a specified direction is measured by the receiver.

The incident power density S; at the target can be expressed in terms

of the transmitter power P; and the gain function G; in the direction k;
(Fig. 2.3.1):

_GiP,
Y 4mr}

exp(—t) (2.3.1)

where r; is the distance between the transmitting antenna and the target
and exp(—) is the numerical factor that accounts for the propagation loss
in the medium between the transmitter and the target. For example, if o
is the attenuation coefficient between transmitter and target, then ~; is the
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Figure 2.3.1 Bistatic scattering with incident direction (6;, ;) and scattered direction
(0s, ¢s). Area A of the target is illuminated by the incident beam.

integration of a; over distance

Tt
%=/aMs (2.3.2)
0

The target is characterized by the quantity o4, which has the dimension of
area and is dependent on incident and scattered directions and the polariza-
tion of the incident and scattered waves

2
. r°S
o4 =47 lim )
r—oo S;

(2.3.3)

where r is the distance between the target and the receiving antenna and
S, is the scattered power density. The received power P, at the receiving
antenna is P, = A,Ssexp(—+:), where A, is the receiver cross section of
the receiving antenna, and exp(—;) is the attenuation factor of the medium
between target and receiver. The receiver cross section can be related to the
receiving antenna gain by A, = G,A?/(4w), where G, is the receiver antenna
gain in the direction ks and X is the wavelength [Ishimaru, 1978]. Thus,

2

Gy
P, = yy Ss exp(—r) (2.3.4)
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Combining (2.3.1), (2.3.3), and (2.3.4) gives

Pr _ Gt G )\
P im? 47"} xp(— 7t) o exp(—r) (2.3.5)

Therefore, in terms of scattering characteristics for random media and rough
surfaces, the quantity of interest to be calculated is o 4. For the case of terrain
and sea returns, the cross section is often normalized with respect to the
area A that is illuminated by the radar. The bistatic scattering coefficient is
defined as
47rr2|Es 2
Yga(0s, Bs; 0, 5) = ll m

where E denotes the 3 polarization component of the scattered electric field
and E is the incident field with a polarization.
Notice that Acos#; is the illuminated area projected onto the plane

normal to the incident direction. From Fig. 2.3.1, the incident and scattered
directions k; and kg can be written as follows:

(2.3.6)

ke; = sin ; cos ¢;& + sin 8; sin ¢;f) — cos 6;2 (2.3.70)
ks = sin 05 cos ¢sZ + sin O sin ¢4 + cos 53 (2.3.7b)

In the backscattering direction s = 0; and ¢s = 7 + ¢;, the monostatic
(backscattering) coefficient is defined as

08a(0i, 9i) = cosb;v3a(0s = 0;, o5 = T + ¢33 0;, i) (2.3.8)

4 Optical Theorem

The total cross section of a scatterer represents the total power loss from the
incident wave due to the scattering and absorption of a wave by the scatterer.
The loss is related to the imaginary part of the scattering amplitude in the
forward direction. This fundamental relation, called the optical theorem, can
be used to calculate the total extinction cross section when the imaginary
part of the scattering amplitude in the forward direction is known accurately.

Consider a plane wave incident on a scatterer of arbitrary shape and size
(Fig. 2.4.1). The field at any point in the lossless medium with permittivity
€ and permeability u surrounding the scatterer may be represented as the
sum of the incident and scattered fields.

(2.4.1a)

+ E
+ H, (2.4.1b)

ml tql
ml Ml
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n
Figure 2.4.1 Geometrical configuration for the derivation of optical theorem.

Let the scatterer be of complex permittivity €, with real and imaginary parts
given by e;, and eg , respectively. The electromagnetic fields inside the particle
that occupies V), obey the equations

V x E, = iwuH, (2.4.2a)
V x Hp = —iwep B, (2.4.2b)
The boundary conditions are that on S
fix E, = x (E; + Es) (2.4.3a)
A x Hy=1nx (H; + Hs) (2.4.3b)

The time-averaged power absorbed by the particle is
Py =3 /V dr wep | Ep|? (2.4.4)
From (2.4.2a) and (2.4.2b)
V- (Ep x Hy) = iwp|Hy|? — iwey|Ep[* (2.4.5)
Taking the real part of (2.4.5) gives V - [Re(E, x Fz)] = —wey |Ep|%. Hence,
from (2.4.4) we obtain
1 = 1 . —_
Py=— /V dr3V - [Re (B, x Hp)] =3 /SdSn ‘Re(Bp x Hy)  (2.4.6)
On applying boundary conditions (2.4.3a) and (2.4.3b) to (2.4.6), we get

P, = —% / dSi - Re [(E +E;) x (H; +FZ)] (2.4.7)
S

=— / dSh - (S;+5 +5,) (2.4.8)
S
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where
S; = }Q-Re (E; x H;) (2.4.9)
Ss = %Re (Es x H,) (2.4.10)
3= %Re (@< 7) + (B, < 1) 2.4.11)

Let the incident wave be a plane wave. The region V, is assumed to be
lossless. We have V - S; = 0 everywhere in V, __a,nd Vp. Also V-8, =0in
region V,. Applying divergence theorem to 7 - S; and 7 - S, in (2.4.8), and
using the fact that
/ dSn-S;=0 (2.4.12)
Soo
we have

paz_/dgﬁ._g'/-/ dSh -3, (2.4.13)
s Sue

Note that the first term has surface integral over S while the last term is
integration on S,. The last term in (2.4.13) is clearly the time-averaged
scattered power P

P, = / dsSh - S, (2.4.14)
Seo
Thus
Po+ P =— / dsn - S (2.4.15)
S

Let the incident wave be linearly polarized with polarization &;. (The
case of general elliptical polarization can be done by superposition.)

E; = &;E,et™ (2.4.16a)
H; = (k; x (:,z-)]—gﬂeia'F (2.4.16b)

n

Using (2.4.11) and (2.4.16) in (2.4.15) gives

1

P,+P, = %Re{E;/e‘iE"'F[éi-(ﬁxﬁs) n(fcixé,-)-(ﬁxfs)]ds} (2.4.17)
S

The right-hand side of (2.4.17) can be related to scattering amplitude as
follows. The scattered field can be expressed in terms of surface fields by
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71
using Huygens’ principle.

Es(F) = /S{iw'_é(i?’) [ x Hy(7)] + V x G(r,7) - [ x Ey(7)] p ds’

(2.4.18)
We can relate the scattering amplitude to surface scattered field by taking
the far-field limit in (2.4.18) as given by (2.2.23). Since
_ eikr —_ . .
ES(F) = F(ks,ki) -& E

(2.4.19)

where (ks, s, hs) is the orthonormal triad and F(ks, k;) is the scattering
dyad in the scattered direction k, for the incident wave in the direction k
Substituting (2.4.19) in (2.4.18) and using (2.2.23), we obtain

Ty, ) - & By =——icops / e—iﬁﬁ’{(@s B + hs hy) - [ x Hao()]
47 S
1. N _
+ Eks X (D5 D5 + hs hs) « [ X ES(T’)]} ds' (2.4.20)

Equation (2.4.20) is an exact relation relating the far-field scattering ampli-
tudes to the surface scattered field.

If we take the scattering amplitude in the forward direction in (2.4.20)
(i.e., ks = k;), and dot it with the unit vector &;, we obtain

é; '?(Ei, ki) - & E, = iiwu/ ek { &« [ x Hy(7)]
47 S

- %(12,- x &) - [A x Es(7)] }ds' (2.4.21)
The right-hand side of (2.4.21) can be related to the right-hand side of
(2.4.17), giving

P, + P;s ——Im[ E*A'-F(Ei,i&:i)]-éiEo

(2.4.22)
Define the extinction cross section o, by
oo = P + b (2.4.23)
-IE |

In terms of o, and _T‘:(I::s, k;), the optical theorem reads
oo = 4—k’5 Im [el F (e, B - éi] (2.4.24)
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Hence, the extinction cross sections for vertically polarized wave o, and for
horizontally polarized wave o} are, respectively,

Ten(ki) = 4% Im [ fw(fc,.,ié,-)] (2.4.25)
oon(s) = 47" tm [ fun ks, )| (2.4.26)

Since the extinction cross section is in terms of the scattering amplitude in
the forward direction, the optical theorem is also known as the extinction
theorem or the forward scattering theorem.

The extinction theorem is an exact relation. However, in practice, it has
to be applied with caution because it requires that the imaginary part of the
forward scattering amplitude be calculated accurately. To give an example
that an “exact” relation that does not work in practice, we consider the
Rayleigh scattering amplitude dyad for small spheres with permittivity e,
which is given by

= A~ A 3v, k2 €p — €
F(k;, k;) = — E 2.4.27

(ki, k) 4 [€p+2€] ( )
where v, is the volume of the sphere. Applying the optical theorem to (2.4.27)
gives

3¢ |2

€p + 2€
where e;,’ is the imaginary part of €,. The extinction cross section given by
(2.4.28) is equal to the absorption cross section only (which is wrong) and
does not have the scattering cross section in it. Thus the optical theorem
fails to give the correct result when applied to the scattering amplitude dyad
(2.4.27) of small spheres. This is because (2.4.27) is not sufficiently accurate.
It is derived from the Laplace equation rather than the full-wave equation.
The accurate form of the scattering dyad, as shown in the section on Mie
scattering, should include an additional imaginary term. We conclude that
since the imaginary parts of f,3, where o, = v, h, can be much smaller
than the corresponding real parts, the application of the optical theorem is
meaningful only when the imaginary parts of f,g's are calculated to sufficient
accuracy.

The extinction coefficient in radiative transfer equation is customarily
taken to be n,o., where n, is the number of particles per unit volume. How-
ever, for a conglomeration of nonspherical particles, the extinction matrix is
not derived by considering scattering by a single particle. It is obtained by
coherent wave propagation theory under multiple scattering approximation

/"
Oev (ki) = on (ki) = 0e = 3v,k Im [ ¢ ] = vok'ep (2.4.28)

ep-i- € €
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(e.g., Foldy’s approximation). This will be discussed in Chapter 7 where we
shall address some questions as how an elliptically polarized wave is “extin-
guished” or “decays” due to absorption and scattering by a conglomeration
of particles.

5 Reciprocity and Symmetry

5.1 Reciprocity

When the medium of propagation is reciprocal, the electromagnetic fields
obey reciprocity relations [Kong, 1990]. The reciprocity relations give rise to
symmetry relations of bistatic scattering coefficients, scattering amplitudes,
and dyadic Green’s functions. It is also used to derive the relations between
emissivity and bistatic scattering coefficients.

For a general anisotropic medium with permittivity tensor €, the recip-
rocal medium relation is that € is symmetric. If the medium is reciprocal,
then the electromagnetic fields obey reciprocity relations even though the
medium may be inhomogeneous and may have rough boundaries. We con-
sider the electromagnetic fields of a region 0 with permittivity e separated
by a rough boundary from region 1 with inhomogeneous permittivity €;(7)
(Fig. 2.5.1). The medium 1 is reciprocal so that

&) =8 (2.5.1)

where t denotes the transpose of the dyad. Reciprocity relations relate the
electromagnetic fields of different problems.

Problem (a)

Consider a source J. placed in region 0 producing fields E, and H, in region
0 and fields E;, and H;, in region 1. The Maxwell equations are

V x Hy, = —iweE, + J, (2.5.2)
V x Eq = iwpH, (2.5.3)
V x Hi, = —iwé (F) - F1a (2.5.4)
V x Eiq =iwpH1g (2.5.5)

The boundary conditions on rough surfaces S are

la (256)
la (2.5.7)

sl

S

X
n X

S
I
3>

X
X

tql

|I
S
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Figure 2.5.1 Reciprocity relation for half-space of inhomogeneous anisotropic medium with
rough interface.

Problem (b)

Consider a source Jp, placed in region 0. The Maxwell equations are

V x Hy = —iweEp + Jp (2.5.8)
V x Ep = iwpH, (2.5.9)
V x Hyp = —iwer(7) - Ev (2.5.10)
V x By = iwpHuy (2.5.11)
with boundary conditions on surface S
Ax Hy=nx Hyp (2.5.12)
Ax E,=nxEp (2.5.13)
Consider
V- (EoxHy)=Ho-VxE,—E,-VxH, (2.5.14)
Substituting (2.5.2) and (2.5.9) in (2.5.14) gives
V- (Eyx H,) = iwpH, - Hy + iweE, "Ey—Ep-Ja (2.5.15)
Similarly,

V- (E,x Hy) = iwpH, - Hy +iweE, - Ey— Eq - Jp  (2.5.16)
V. (_E'lb X Hla) = iwuﬁm ~Huyp + iwE & (7) - Fi. (2.5.17)
V- (Eia x Hp) = iwpHia - Hip +iwE1 - &(F) - By (2.5.18)



85.2 Reciprocity Relation for Scattering Amplitudes 75

Because €; is symmetric, we have

Elb . ?1(?) . —Ela = Ela -%1(F) . Elb (2.5.19)
Thus from (2.5.17)—(2.5.19),
V. (Elb X _ﬁla - _Ela X Flb) =0 (2.5.20)

Integrating (2.5.20) over region 1 and applying divergence theorem to
(2.5.20) and the radiation condition over S gives

/ dSn - (Ela x Hyp— Eqp x Hla) =0 (2.5.21)
S

Similarly, using (2.5.14)—(2.5.16) and performing volume integration over
region () gives

/ dSh - (Ba x Hy — By x Ha) = / AV (Ba-To-Ta-Fy)  (25.22)
S

where 7 is normal pointing into region 0. Using the boundary conditions
(2.5.6)-(2.5.7) and (2.5.12)-(2.5.18) on S and the vector identity of @ (b x
€) =@ X b- T, the left-hand sides of (2.5.21) and (2.5.22) are equal. Thus,

/ QV(Ea-Ty—To-Fy) =0 (2.5.23)

The reciprocity relations can also be applied to scattered field. The total
field can be expressed as a sum of incident and scattered fields:

E,=E,+E (2.5.24)
E,=E,+E, (2.5.25)

The previous analysis can be repeated for the case when the half-space
medium is absent. Hence

/ iV (B -T,-T. - E)=0 (2.5.26)
Subtracting (2.5.26) from (2.5.23) gives

/ dV(E, - Ty —Ja-Ep) =0 (2.5.27)

5.2 Reciprocal Relations for Bistatic Scattering Coefficients and
Scattering Amplitudes

To derive the reciprocal relation for the bistatic scattering coefficients, we
let J, and J, be Hertzian dipoles located at 7, and 7, respectively, and
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A?

direction

(0a; éa)

direction

(6, 9b)

target

Figure 2.5.2 Reciprocity relation for bistatic scattering coefficients in direction (0q,dq)

and (6, ¢p)-

elements pointing in directions & and ,3, respectively. Thus,

T, =allé(F —7,) (2.5.28)
Ty = BILS(F — 7) (2.5.29)

Let J, and Jp be at the far-field region in the directions (64, ¢4) and (6p, ¢b),
respectively, and at distances 7, and 7y, respectively, from the target
(Fig. 2.5.2). We also let & and 3 to be perpendicular to 7, and 7}, respec-

tively. Then in the vicinity of the target, the incident field will be in the form
of plane waves:

E,=6& Tl (2.5.30)
and
FZ = ,B%)’,—'Z—‘I—bleik’””e_"ki"'F (2.5.31)
Substituting of (2.5.28) and (2.5.29) in (2.5.27) gives
Ei(7) - B=E(Fa) - & (2.5.32)
The direction vectors are
7o = sin O, COS P& + sin O, sin Py + cos 6,2 (2.5.33)

3 = sin 0 cos PpZ + sin Oy sin Ppy + cos Op2 (2.5.34)
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dipole source with
polarization a

Ta
Ty
(observation point)
Problem (a)
* T,
(observation point) \F"

dipole source with
polarization 3

Problem (b)

Figure 2.5.3 Reciprocity for scattering amplitudes.

If we view J, as transmitting the incident field and receiving antenna at 7y,

then the bistatic scattering coefficient is, on using k; = —#, and ks = v,
4drr ,BE—Z 7) |2
VBa(0b, Pb; by $a + ) = 1 5 (7) (2.5.35)
(wu[l)
Acosé,
47r,

On the other hand, if we view J, as transmitting the incident field and

receiving antenna at 7,, then the bistatic scattering coefficient is, on using
ki = —7p and ks = 7,

47rr3|& . EZ(FG)P

n\?
(w,u ) Acosby
4mry
Thus, using the reciprocity relation of (2.5.32) in (2.5.35) and (2.5.36) gives
cos 8, 'Y,Ba(eba @13 0a, o + T) = cos by ’Yaﬁ(eay ba; 0b, Pp + ) (2.5.37)

With slight modification, the method can be used to derive reciprocity re-
lations for multilayered media with rough interfaces separating the layers.
Thus, reciprocity holds if the permittivity tensors at all points are sym-
metric. Reciprocity holds even in the presence of volume and rough surface
scattering. We can also use (2.5.28)—(2.5.32) to derive symmetry relations for
scattering amplitudes (Fig. 2.5.3). In Problem (a), the incident direction is

Yap(0as Pa; Ob, b + ) = (2.5.36)
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k'r———__,L

k; = —#4 and the scattered direction is ks = #. Note that E (7)) = F.-FE

Thus

a*

— ikrh — . .
B-Eq(Ts) = ——B - F (6, ;7 — 0, ™ + ¢a) - & (Me’k”) (2.5.38)
Tb 4mr,

Similarly in Problem (b), the incident direction is k; = —#;, and the scattered
direction is ks = 7,. Thus,
ikr,

& - F(Ba, pa; ™ — Op, 7 + d5) - B (ZZ)“TH ”‘“) (2.5.39)

a- Ez(Fa) =

a

The relation of reciprocity of (2.5.32) equates (2.5.38) and (2.5.39) so that
B 'f(eba Gb; T — 00, T+ o) - &= G f(oaa Ga; ™ — Op, T+ @) - B (2.5.40)

To put (2.5.40) into component forms, we note that 74, 94, and hq form an
orthonormal system, while 74, 3, and hj form an orthonormal system.

7(0q, Pa) = sin b, cos ¢, T + sin b, sin Py + cos 0,2 (2.5.41)
0(0a, Pa) = €08 04 €OS o & + cOs O, sin Py — sin b, 2 (2.5.42)
B(Ba, ba) = — Sin ¢ad + cos pa) (2.5.43)

Note that
(T = 0a, ™+ ¢a) = —7(0a, Pa) (2.5.44)
O(m = 0o, ™ + ¢a) = 9(0a, $a) (2.5.45)
h(m = 8, + ¢a) = —h(8a, ba) (2.5.46)

In the backward directions, it follows from the definitions of (2.5.41)—(2.5.43)
that vertical polarization keeps the direction while the horizontal polariza-
tion vector direction is opposite. Now,

£50 (0, Db; 0a, a) = B(Bbs b) - F(6b, &b; 04, $a) - &(6a, ba) (2.5.47)

where 8,a = v, h. Let & = &(7 — 04, ™ + ¢a) and 3 = (6, ) in (2.5.40).
Then we have

f'vv(gba ¢b; ™ — gaa ™+ d)a) = fvv(gaa ¢a; ™ — gb, T+ ¢b) (2548)

Next, let & = fz(vr — 0o, T+ Pa) = —fz(@a,%) and (8 = fz(@b, ) = —H(W -
0y, ¢dp) in (2.5.44). This gives

Tuh(Ob, b5 ™ — 0o, T + da) = fan(0a; Ga; ™ — Ob, T+ P) (2.5.49)

Finally, let & = A(r — 04,7 + ¢a) = —h(0a, da) and B = 9(By, ¢p) = d(m —
Op, ™ + ¢p) in (2.5.40). This gives
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Fon (b, 8™ = 00, ™+ $a) = ~h(6a, Ga) - F(Ba, ba; ™ — O, 7 + ¢5)
-O(m — Oy, ™+ Pp)
= —fro(0as Ba; ™ — O, ™ + 1) (2.5.50)
Note that because of the change of polarization vectors in the backward

direction, there is a negative sign in the reciprocity relation of (2.5.50) but
not in (2.5.48) and (2.5.49).

5.3 Symmetry Relations for Dyadic Green’s Function

The reciprocal relations of (2.5.23) leads to symmetry relations for the dyadic
Green’s function. Let the geometrical configuration consist of region 0 and
region 1 that are separated by a boundary S (Fig. 2.5.4). Let G;;(7,7) denote
dyadic Green’s Function, with field point 7 in region ! and source point 7
in region j. In (2.5.23), let J, and J, be in region 0 so that

/ AV(Ba-Ty-To-Ty) =0 (2.5.51)
Vo
Let
J ~—&—5(F-F) (2.5.52)
T dwp “ h
— B
Jp=—06(F —7p) (2.5.53)
Wi
Substituting (2.5.52)-(2.5.53) in (2.5.51) gives
B Eq(Tp) = & - Ep(Ta) (2.5.54)
Then by the definition of the dyadic Green’s function for 7 in region 0,
E.(7) = Goo(F, 7o) - & (2.5.55)
Ey(F) = Goo(7,75) - B (2.5.56)
Substituting (2.5.55)(2.5.56) in (2.5.54) gives
B-Goo(Tp,Ta) - & = & - Goo(Ta, ) - B (2.5.57)

Thus, since & and 3 are arbitrary we obtain

— =t
GOO(FbaFa) = GOO(FmFb) (2.5.58)

The symmetry relations can readily be extended to the case when the sources
are in two different regions. We then consider Problem (c) with source in
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~ b

region 0

region 1

Figure 2.5.4 Derivation of symmetry relations for dyadic Green’s function.

region 1. The Maxwell equations give

V x H, = —iweE, (2.5.59)
V x E,=iwpH, (2.5.60)
V x Hye = —iwer(F) - Ere + Jo (2.5.61)
V x Elc = iwuﬁlc (2562)
with boundary conditions on surface S :

Ax He=nx Hi, (2.5.63)
A x E.=fx Ei. (2.5.64)

Then, we have, following derivations similar to (2.5.15)—(2.5. 22)
/S dSh - (Fra x Hie— Bre x Hia) = / v (B (2.5.65)

/dSﬁ-(Faxﬁc—chFa)=~/ VT, B.  (2566)
S Vo

Subtraction of (2.5.65) and (2.5.66) and making use of boundary conditions
of (2.4.6)—(2.4.7) and (2.5.63)—(2.5.64) gives

/ Q7. B = / AV By - T (2.5.67)

Note that J, is in region 0 while J is in region 1 so that the volume inte-
grations in (2.5.67) are restricted to those two regions, respectively. We then
let J, as given in (2.5.52) and

Je= —-—(5(7‘ —Te) (2.5.68)
m
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Substituting (2.5.52) and (2.5.68) in (2.5.67) gives

d N Ec(?a) - ’AY . Fla(?c) (2.5.69)
By the definition of the dyadic Green’s function for 7, in region 0, we obtain

E(Ta) = Go1(Ta, Te) - 4 (2.5.70)
since E. has source in region 1. For 7, in region 1 we have

Eo(Te) = Gio(Te,Ta) - & (2.5.71)

Thus using (2.5.70) and (2.5.71) in (2.5.69) gives

& Go1(FayTe) - 4 = 4 - G10(Fe, Ta) - & (2.5.72)
Canceling out the constant vectors & and 4, we have

=t —
Go1(Ta, Te) = G10(Te, Ta) (2.5.73)

6 Eulerian Angles of Rotation

For scattering by nonspherical particles with symmetry axes, it is often con-
venient to solve the scattering problem in the coordinate system natural
to the scatterer and then transform the results to the principal coordinate
system of the problem. To describe the transformation between the natural
axes of the scatterer to that of the principal coordinate, the Eulerian angles
of rotation can be used.

Let the set of natural axes of the scatterer be denoted by Z, ¥, Zb.
We also use positive rotation to denote carrying right-handed screw in the
positive direction along that axis. The Eulerian rotations are performed as

follows (Fig. 2.6.1):

1. A rotation a (0 < a < 27) about the 2, axis, bringing the frame of
axis from initial position S, into position S’(z', 3/, 2’). The axis of this
rotation is commonly called vertical.

2. A rotation 8 (0 < B < w) about the y' axis of frame S’ called line
of nodes. Note that its position is in general different from the initial
position of y, axis of S,. The resulting position of frame of axis is
symbolized by S”(z”, v, 2").

3. A rotation v (0 < v < 2m) about the 2" axis of S” called the figure
axis. The position of this axis depends on previous rotations a and (.
The final rotation from S” to S gives the principal axes z, y, and 2.
Rotation will be interpreted as a rotation of the frame of references
about the origin, the field points being supposedly fixed.
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line of nodes

Figure 2.6.1 Eulerian angles of rotation. Rotation from (&, 9, %) to (%, 9, 2). Rotation

angles are a, 3,y with respect to 2,4’ and 2/, successively.

Consider a point P with coordinates xz, yp, 2 in the frame Sp; then
its coordinates in S’ frame (z', y, 2) are related to coordinates zp, yp, 2

as follows:

Z,

cosa sina 0
—sina cosa 0
0 0 1

Rotation of 8 from S’ to S” gives

xll

"

)
I o

cosB 0 —sinf
0 1 0
sin@ 0 cosf

and rotation of v from S” to S gives

Hence combining (2.6.1), (2.6.2), and (2.6.3) gives

with

x

()
z

cosy siny 0

—siny cosy 0
0 0 1
T — Ty
y|=4-|wuw
z Zp

SIS

Ty
Yb

8

a1l = cos~ycos Bcosa — sinysina

(2.6.1)

(2.6.2)

(2.6.3)

(2.6.4)

(2.6.5a)



87 T-Matrix 83

a12 = cos+ycos Bsin a + sin~y cos a (2.6.5b)
a3 = — cosysinf3 (2.6.5¢)
a9 = —sin+ycos 3 cos a — cos+ysin a (2.6.5d)
agy = —sinycos @sina + cos~ycos (2.6.5€)
ag3 = sinysin 8 (2.6.51)
a3; = sin B cos a (2.6.59)
azs = sin Bsina (2.6.5h)
azz = cos 3 (2.6.57)

where a;; denotes the ij element of A. It can easily be shown that A is
unitary, that is,

=t =—1

A=A (2.6.6)

The position vector of the point P is denoted by 7 and
F=xx+yy+ 22 = xpTp + Yolp + 262 (2.6.7)
Thus, we recognize that Z - Z, = a11, T -9 = a19, & - 2, = a13, and so on.

Hence, we have the following transformation between unit vectors in the two
coordinate systems.

Ty =anf +anf + az2 (2.6.8q)
Ub = a12% + age§ + az2? (2.6.8b)
2y = a13% + agsY + azz2 (2.6.8¢)
T =anp+ arofp +a132 (2.6.9a)
§ = a21Zp + a220p + a232p (2.6.9b)
z = as1%p + a3ofp + a332p (2.6.9¢)

7 T-Matrix

7.1 T-Matrix and Relation to Scattering Amplitudes

To represent the scattering by an arbitrarily-shaped particle, it is convenient
to use the System Transfer Operator approach (also referred to as the T-
matrix approach) [Waterman, 1965; Peterson and Strom, 1973]. The system
transfer operator T is defined by

E°(F) =TE"(7) (2.7.1)
where E°(7) and E"(7) are the scattered and exciting electric fields. Equa-
tion (2.7.1) implies that once T has been determined for each scatterer, the
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Figure 2.7.1 Incident wave on a particle with circumscribing sphere.

scattered field may be obtained from a knowledge of the exciting field and
that T need be solved only once for each scatterer. The form of T is generally
quite complex for nonspherical scatterers.

To represent the T-matrix, a circumscribing spherical surface (defined
as the smallest sphere that encloses the particle) is used (Fig. 2.7.1). Outside
the circumscribing sphere, outgoing spherical waves can be used as a basis
for the scattered field. The exciting fields can be expanded in regular spher-
ical waves. Hence the T-matrix can be represented with spherical waves as
basis functions. The T-matrix is a general description of the scattered waves
outside the circumscribing sphere. In Section 8, we will describe the extended
boundary condition technique for calculating the T-matrix. Other numerical
techniques can also be used to calculate the T-matrix.

Consider a wave incident on an isolated scattering object with permit-
tivity €5 (Fig. 2.7.1). The scattering object is centered at the origin. The
center of the object is usually arbitrary and can be defined as the point of
maximum symmetry. A scattering object is characterized by its permittivity
€s, the location of its center, and the shape of its boundary.

In the absence of other scattering objects, the incident field is equal to
the exciting field. The incident field is expanded in terms of spherical waves.
The source of the incident field is assumed to be outside the circumscribing
sphere. Hence, for the region within the circumscribing sphere, the incident
field can be expressed as

E°M) =E"F) = [at% RgMpn(kr,0,) + afn’ RgNmn (kr, 6, 6)]
m,n
(2.7.2)
Outside the circumscribing sphere, the scattered wave will be linear combi-
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nations of outgoing spherical waves:
E°F) = (a5 Mpn(kr,0,6) + a5 N (kr, 0, )] (2.7.3)
m,n
The T-matrix is used to describe the linear relation between scattering co-
efficients a;,,, and the exciting field coefficients aZ,, :

s(M) __ (11) B(M) (12) E(N)
amn = Z [Tmnm’n’am’n’ + Tmnm’n'am'n’ (2.7.4)
m'n’
S(N) _ (21) B(M) (22) B(N)
amn — [Tmnm/nl amln/ + Tmnm/n/amlnl (2-7.5)
m'n’

To put the representation in (2.7.4) and (2.7.5) in a more compact form,
the following notations can be used. Suppose the truncation of the infinite
summation is at multipole n = Nj,4,. Then the number of terms in a3 is
34+54+74+ -4+ (2Nmaz + 1) = Npaz(Nmaz + 2). A combined index ! can
be used to represent the two indices n and m as follows:

l=n(n+1)+m (2.7.6)
The correspondence between ! and (n, m) is shown in Table 2.7.1. Let
Lma:c = ma:z:(Nma:r + 2) (277)
n m Combined index !
1 -1 1
1 0 2
1 1 3
2 -2 4
2 -1 5
2 0 6
2 1 7
2 2 8
3 -3 9
3 -2 10
3 -1 11
3 0 12
3 1 13
3 2 14
3 3 15
etc. etc. etc.

Table 2.7.1 Correspondence between ! and (n,m).
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Hence, letting a®™’ and @®™ to denote the column matrices of di-

. . . E(M) E(N) 3
mension L, representing the coefficients a;"’ and a;""’, respectively, and
@™ and @™ to denote column matrices of coefficients a;*” and a;"’,

respectively, we have the matrix relation

FSD ?(ll) %(12) —E(M)
aS(N) - ?(21) T(22) [EE(N) ] (27.8)
—(11) =(12) =(21) —(22) ) ) )
whereT ', T ', T “,andT are matrices of dimension L, ,0z X Lmaz
representing the T-matrix coefficients Tl(l,“), Tl(l,m), Tl(ﬁl), and Tl(l,w), respec-
tively. Further define
-aS(M) GEM)
a’ = Zsan | a® = —— (2.7.9)
and
F—(11) =(12)
= T T
T=|_@) =@ (2.7.10)
T( ) T( )

Hence, @° and @” are of dimension 2L,q, and T is of dimension 2L,,qp X
2L az. Thus,

a*=Ta" (2.7.11)

Using the T-matrix, the scattering amplitude dyad f(es,@;ei,qﬁ,-) can be
calculated. For a plane wave incident in the direction k; = (6;, ¢:),

E"™ =&, E,et™T (2.7.12)
the incident field coefficients are, from (1.4.67),
I 2n+1) ,= R
EM) _ (_1\m L " C_n(0i,#5) - & E, 713
att = (-1 'ymnn(n+1)zc (6;,0:) - & E, (2.7.13)
aE® = (1) 1 (2n+1) i B_mn@i,(ﬁi) &.E, (2.7.14)

Ymn n(n + 1) i

The asymptotic far-field solutions of M,,, and N, are given in
(1.4.69a) and (1.4.69b). From (2.7.4), (2.7.5), (2.7.13), and (2.7.14), we have

lim a2 M (kr, 8, ¢)

kr—oo0

/
=Z[T(“) (—1)™ — (2 + 1) AV C (63, i) - & Eo

mnm’n’ Yrmimt nl(n/ + 1)

m'n’
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1L @'+1) B (6i )

(12) o A
T 1 . .
t Lnmn ( ) Y n’(n’ + 1) i e F,
g1 'k
om0, 9) e’ (2.7.15)
klgnw aS™M N pn (K, 6, ¢)
2n' +1)  —
T(21) , -1 m’ ( 7 e (85, ) - Ai
,;;,[ mnm'n ) ’)’m"n(N-‘i-l) atC (9,¢) &E,
I B . .
+ Tr(n232n - ( l)m’ 1 (2” + 1) . in/ B—m'n/‘(o‘w ¢’L) . éiEo
Y V(0 4+ 1) i
B ;—n 1 ikr
. ’Ymann(e, ¢)2 E;e (2716)

Using (2.7.15) and (2.7.16) in (2.7.3) and the definition of the scattering

amplitude dyad F gives the following relation expressing F in terms of the
T-matrix elements

f(0¢,’01¢)__ Z ( 1m n—nl

{ [Tr(nlnlr)n 'n! Ymn mn(9 ¢) + Tm2711)n n'i’Ymnan CA ¢)]

*Y—m! n’a—m'n’ (9/ ¢’)
+ I:Tr(nlf)n n'Ymn mn(9 d)) + Tm231)n n’zpymngmn(97 ¢)]

E—-m’n’ (0/’ ¢I) }

: (2.7.17)

. ’y_m/n/

Using the optical theorem, the extinction cross section for incident di-
rection (6;,#;) can be calculated from (2.4.24). To find the scattering cross

section for incident direction (6;, ;) and incident polarization 3, we note
that

Usﬁ(9i7¢i) = /4 dQ) [‘fvﬁ(0a¢a 0i7¢i)|2 + |fhﬁ(07¢701’¢z)|2] (2718)

Substituting (2.7.17) in (2.7.18) and making use of orthogonality relations
for vector spherical harmonics, we have
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osa(0i, di) = 167r {l Z ™ i

[T(ll) 'C—m'n’(ei d’z) IB + T, (12) B_LM ’ B}

mnm’n/’ i

* l Z 7:nl(“l)ml')’—m’n’

m'n’

2

[T(zl), v C e (05, &5) - BT wﬁ}

1

2} (2.7.19)

with 3 = v or h. Hence, given the T-matrix elements, the scattering matrix
elements for F' can be computed according to (2.7.17).

7.2 Unitarity and Symmetry

In this section, we shall derive the unitarity and symmetry properties of the
T-matrix. The unitarity property is a result of energy conservation for a
nonabsorptive scatterer, and symmetry is a result of reciprocity.

A. Unitarity

The total field is a summation of incident and scattered fields. We use (2.7.2)
and (2.7.3) and also the fact that regular wave solution is a combination of
outgoing waves (Hankel functions of first kind) and incoming waves (Hankel
functions of second kind), that is, j, = (hﬁ,l) + hg)) /2. We use superscript
(2) to denote that the spherical Hankel function of the second kind is used
in the vector wave function. Defining the scattering matrix S as

=(11) =(12)

T T

7 2T=7+2 —(21) =—(22 (2.7.20)
T( ) T( )

CQII

and using the expression for E' and E® in Section 7.1 gives the total field

E(F) = 22{(51‘;” af ™ + Sy af ™) My(kr, 0, )

i

+ (Sl(ﬁl) =D Sl(l?2) tf(N)) Nl(k"',e,¢)}

+ %Z{af‘“’ﬂf’(kr, 6,4) + ap ™ N (kr, 0, ¢)} (2.7.21)
l
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* In the far field, we make asymptotic approximations of the spherical vector
wave functions of (1.4.69a) and (1.4.69b). Thus,

ikr —ikr

khm EF) = W1(9 o) + W2(0 ®) (2.7.22)
where
Wi6,6)= 3 {(s,‘;;z,. ot & Smine it ) Conn (0, 6)

(s‘”m a4+ 8522 n,a;g’n,)iﬁmn(o,¢)}7,,mr"*1 (2.7.23)

— — Bon(0

Wa(0,6) = 3 {atiCn(0,0) + ap BN o 2720
mn

and are perpendicular to 7. The complex Poynting vector is then

A

S-ExH = {lwl(o O - W26, )|’
+ e (Wa(6,) - W6, )]
- e [200,6) W36, 9)] } (2.7.25)

The sum of the latter two terms in the curly brackets is purely imaginary.
Hence, the time-average Poynting’s vector is

) = 3Re(B x ') = sz {W6,0)* - a6, 07} (27.20

If the scattering object is lossless, i.e., the imaginary part of permittivity
€s is zero, the scatterer is nonabsorptive and integration of (2.7.26) over a
spherical surface at infinity should give zero. Hence,

A a@ {[W10, ) - [Wa(6,4)"} =0 (2.7.27)
Since

~* _ m (n + m)

Cmn(6,0) = ()" )t Comn(8,9) (2.7.28)

—x% m (n + m)

Using (2.7.24), (2.7.28), and (2.7.29), and the orthogonahty relation of vector
spherical harmonics, we have

/47rdQ |W2(0,¢)|2:Z{| (M)l +la™] }_a’f— (2.7.30)

mn
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where @ is the column matrix of dimension 2L,,., containing the coefficients
aX and a{y), and superscript 1 denotes Hermitian conjugate. Similarly,

[aame.ar = Z{

5(11) My 5(12) a™

mnm’n’am’n mnm'n’“m'n’

mn m'n’
2
21 22
+ Sr(nnzn’n’ a'(rrhf’)n’ + SSnnZn’n'a;':zv')n’ }
m'n’
—a'5 Sa (2.7.31)

where the scattering matrix S is defined in (2.7.20).

Equating (2.7.30) and (2.7.31) for lossless scatterer and noting that
the equality is true for arbitrary incident wave coefficients @, we have the
unitarity condition for lossless particle

== =

S S=1 (2.7.32)

which, in terms of T matrix, becomes
TT= —1{?‘ + T} (2.7.33)

2

B. Symmetry

From (2.5.40), we have the symmetry relation for scattering amplitude ma-
trix

F(6,6;0,¢) =T (r— 0,7+ 47— 6,7 +9) (2.7.34)

Apply (2.5.42) to the relation in (2.7.17), and use the properties
Crn(m = 0,7+ ¢) = (=1)" Cpun(6, ¢) (2.7.35)
Bon(m— 0,7+ ¢) = (=1)" Bpn(6, ¢) (2.7.36)

=t
In the expression for F (7 — ¢',m + ¢';m — 0,7 + ¢), further interchange m
and —m’, and n and n’. Then,

—F—t(ﬂ—gl,ﬁ+¢';7r~9,7r+¢)
4m ! —mi—
— _k_ Z (__1)m o 1'7—m'n’ Yo

mnm’n’

: {Tilryn/(_m)n-(jmn(a) d))_c_—m’n’ (el’ ¢,)

+ Tilri)’n’(—m)n iBmn 9, d’)é—m’n’ (¢',¢)
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- Tﬁizn,(_m)n_c_—mn(g, ¢) iF—m’n’ (0,, ¢,)
B

+ 7@ (0, ®) B —rms (8, ¢')} (2.7.37)

—m/n/(—m)n

Equating (2.7.37) to 7(0, #;60',4'), and noting that the equality is true for
arbitrary (6,¢) and (¢, ¢'), gives the following reciprocity relation for the
T-matrix elements

7(i9) = (=1)™+m Ui (2.7.38)

—m/n’(—m)n mnm/n’

with 7,7 =1 or 2.

8 Extended Boundary Condition

8.1 Extended Boundary Condition Technique

The computation of the T matrix through the extended boundary condition
technique is introduced by [Waterman, 1965]. Consider a scatterer occupying
region V; enclosed by surface S and with wavenumber ks and permittivity
es (Fig. 2.8.1). The scatterer is centered at the origin. The region exterior
to the scatterer is denoted as region 0. Then the electric fields F and E; in
regions 0 and 1, respectively, satisfy the following equations:
VxVxE-KE=0 for 7 € Vo (2.8.1)
and
VxVxE;—k?’E; =0 for7e W (2.8.2)

Let a, be the free space dyadic Green’s function with wavenumber k. Making
use of vector Green’s theorem

/dv{'ﬁ.vaXa_a.vaXﬁ}
:]{dg.{@xvx?-ﬁxwa} (2.8.3)

performing the volume integration for Vj, and inserting

(2.8.4)
= G,(7,7) a (2.8.5)

Ql
| &=

with @ an arbitrary constant vector, we obtain
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Figure 2.8.1 Applying extended boundary condition to calculation of the T-matrix. Scat-
terer occupying Vi. Region outside circumscribing sphere is Vyqy:. Region inside sphere is

Vin.

{E(?’)-a f7eW

0 if ¥ € Vi
=E™F) a+ /SdSﬁ(F) : {(V x E(F)) x (Go(7,™) - a)
+ E(F) x V x (Gof7, ) ~a)} (2.8.6)

where the integral is to be carried out over the surface of the particle and 7
is the outward normal to S.

Since @ is arbitrary, we can cancel out the @ on both sides of (2.8.6).
We also recognize that for 7 € V), the second term on the right-hand side
of (2.8.6) is the scattered field. Therefore, for 7 € Vp

EF) =E™F)+EF) (2.8.7)
where
E(F) = / dS {iw,uﬁ x H(F) - Go(F,7) + 7 x E(F) - V x ﬁ,(r,r’)}
g (2.8.8)
For ¥ € Vi
BT = /st {z’w,uﬁ x H(T) - Go(F, ) + 7 x E(F) - V x GofF, F’)}
(2.8.9)

Equation (2.8.9) is known as the extinction theorem. In terms of spherical
vector wave functions, the dyadic Green’s function has the following expan-
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sion for 7 # T :
—M—mn(kry 0, (ﬁ)Rngn(kT’, ¢, ¢I)
= +N _mn(kr, 0, 9) RGN (k7' 0’ ¢')  for r > 1/
Co(F,7) =ik Y (-1)"Q , == (57,6, ) BgNonn (7,9, &)
RgM _ i (kr, 0, 0) My (k7' 6, & )
+RgN _pn(kr, 0, )N (kr', 0, ¢')  for v’ > 7
(2.8.10)
Let V;,, be the region inside the inscribing sphere and let V,,; be the region
outside the circumscribing sphere. The inscribing sphere is the largest sphere
with its center at the origin contained within the scatterer. The circumscrib-

ing sphere is the smallest sphere with its center at the origin containing the
scatterer.

The source for the incident field is assumed to be outside the circum-

scribing sphere. Hence, the incident field can be expanded in regular vector
wave functions

Z {a(M)Rngn(k’f' o ¢) + a(N)RgNmn(k'r 0/ )} (2811)

—'an

Substitute (2.8.10) and (2.8.11) in (2.8.9). For 7 € Vip, then r' < r for all
points 7 on S. Balancing the coefficients of RgM yn(kr’,6',¢') and
RgN (k7' 0, ¢') results in the equations for a}y) and af) :

[Zgﬂ =—ik(—1)m/d8ﬁxiwp7f(?)- [%:::g::gg))]
_ ik2(=1)™ / S x E(F) - [ :f:;((’;;:g ‘Z))] (2.8.12)

For 7 € V_y (i.e., when 7 is outside the circumscribing sphere), we have
r < r' for all points 7 on S. Hence, substituting (2.8.10) in (2.8.8) results in
the following expression of E° (T) for 7 € Vous

Z @S M (k' 0, 8') + 058 N (k' 6, &) (2.8.13)

where
bl m .. = | RgM _pmn(kr,0,9)
{a§g>] = ik(-1) /SdSn X iwp H(T) - [ng-—mn(k"',o,¢):|
. .= [ RGN _mn(kr,6,9)
2 . —_—
+ ik (—1)m [S dS# x B(F) [ i ¢)] (2.8.14)

To solve the two equations in (2.8.12), we expand the surface fields in
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terms of the vector wave functions with wavenumber k. For 7 on S,

axEF)] . Conrmy it
[ﬁ 9 ‘H’(F)} =X [(ks/iwu)d‘m } gt (b 9

min! m'n’

A C,(,ﬁ/)n/ NT
+7 X Z [ (s i) RgN o (ksr,0,0)  (2.8.15)
The tangential surface electric field has coefficients ¢,y and the tangen-
tial surface magnetic field has coefficients d,,/,». We next apply the vector
Green’s theorem (2.8.3) to the interior region Vi with Q = Gi(7,7) - a,
P = E\(7), where

_ - 1 eiks [T
Gl(?,?’) = (I + k—EVV) m (2816)
is the dyadic Green’s function with the wavenumber of the scatterer. Use
the extended boundary condition with 7 in the exterior region Vj, and make
use of the continuity of tangential surface fields and the expansion of surface
fields as given in (2.8.15). It is readily shown that

c%)n/ — d:rl;.,’)n’ (2817)
and
Cx:l)nr = d%)n/ (2.8.18)
If we substitute (2.8.15), (2.8.17), and (2.8.18) in (2.8.12), we have
a;,rhf,,; = Z [Pmnm’n’ C;TI:II?H/ + Rmnm’n' c;::l)nl] (2.8.19)
m'n’
airh:r)z = Z [Smnm’n’c("h;!/)n; + Umnm’n’ c::l)nl] (2.8.20)
m'n’
where
Py = —ikkgJ2D g2 g02) (2.8.21)
Rmnm’n’ = _ikksjﬁizn/n; - ikzjgzzn,n/ (2822)
S = —ikks J2D  —ik2J0D (2.8.23)
Unnins = ~ikks I ot = 662 T ot (2.8.24)
11 — —
J’Enig%n’n, RgM-m/n/ (ks’]", 9, ¢) X M_mn(kr, 0, ¢)
i — (=)™ [ dSa(F) - Rg:I\_/Im,n,(ksr, 0, ) xi\/__mn(kr, 0,9)
A s RgN iy (kst, 0, §) X M _ (K, 0, )
J(22) RgN s (ksty 0, 0) X N _ (K1, 6, )

mnm’n’

(2.8.25)
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Equations (2.8.19) and (2.8.20) can be put in the following compact
form by using the numbering system of Section 7.1. Let

0 = E g] (2.8.26)

where P, R, S, U are Lo X L, matrices representing the coefficients
Ponmn's Rmnmn's Smamen, and Uppmen, TESpectively. Also, let

. a™) B M)
= | 2= | gm (2.8.27)

then let (2.8.19) and (2.8.20) become

=t

a"=Q ¢ (2.8.28)
Solution of (2.8.28) gives
=t
t=(Q) 'a" (2.8.29)

If the surface field expansion of (2.8.15) is substituted into the scattered field
representation of (2.8.14), we obtain

@ =-RgQ ¢ (2.8.30)

. asen —
a = s | RQQ =

and RgP, RgR, RgS, and RgU are the corresponding expressions in
(2.8.21) through (2.8.24) with J elements replaced by RgJ elements. The
Rg J elements are the corresponding expressions of (2.8.25) with vector wave
function M _,m and N_pmn _Eeplaced by RgM _p, and Rg N _p, respec-

tively. The definition of the T matrix is

where . .
RgP RgR

- = (2.8.31)
RgS RgU

a*=Ta" (2.8.32)

Hence using (2.8.29), (2.8.30), and (2.8.32), we have the following relation
between the T matrix and ) matrix elements
=t

T=-Rg0 (0) (2.8.33)

The surface integrals in (2.8.25) are usually calculated in spherical co-
ordinates. For a surface defined by the equation

r=r(0,) (2.8.34)
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we have
dS 7 () = r?sin 05 (7) df dé (2.8.35)
where
i _ s Tey  T$ 4
o(r) =7~ —0-——0¢ (2.8.36)

In (2.8.36) 79 and ry4 are the r function in (2.8.34) differentiated with respect
to 6 and ¢, respectively.

T-Matrix for Axisymmetric Objects

For axisymmetric objects, the equation for the surface (2.8.34) is independent
of ¢, so that r4 = 0. Substituting (2.8.35) and (2.8.36) in (2.8.25) the d¢

integration gives zero unless m’ = m. We obtain

Jr(r:rlzzn’n' = 27r6mm’(—1)m / df sin T2'Ymn”)’—mn(5 . 1”»)
0

, (=im) [ dP,™(cos9)
Jnr (ksT)hn(kr) e | P (cos ) o

dP;7(cos )
dé

J,(,:?Jn,n, =2T6mm(—1)™ / do sin0r27mnry_mnb“(7)
0

. krh,(kr)) [ m?2
' {T]n’(ks'r)( kf‘ ) [sin
+ dP}(cos 6) dP;™(cos 6)
do do

P ™(cos 9)} (2.8.37a)

7y P (cos8) P, ™(cos6)

hn(kr)
kr

—0 jpr (Ksr) n(n + 1)P, ™ (cos )

dP"(cos0)
—r— .8.37b
=0 esam

mnm'n’ —

JO _ors (-1)™ / df sin 0 7% YpmnY—mn0 (F)
0

. (kstjn (ksT)) [dPgr(cos @) dP,™(cos6)
' {‘”‘"(’") kgt df 9

m2
+ ——— Py (cos 8) P, ™ (cos 9)]
sin” 0

™(cos )

+93n']§k3’°) hn(kr)n! (n' + 1) P (cos 0)ﬂde—} (2.8.37¢)
sT
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™
ngzn,n, =276 mm: (—1)™ / d0 sin 0 72,y —mn@ ()
0

. {f'(ksrjn:(ksr))’ (krhy(kr)) (—im)
kgr kr sin 6
dP}(cos8)

% [ d6

P ™(cosf) + P.}(cos O)M]

dé

+ 8 = P™(cos 6) P;™ (cos 6)

sin 6
(ksrgn: (ksr)) hn(kr)
X [n(n +1) ksr kr

+ n/(n + 1)jn’]§:€:r) (krhzikr))lJ }

(2.8.37d)
where
F(F) = — %‘-9 (2.8.38)

The expressions for Rg J,(;Zl)m,n,, with 4,7 = 1,2, will be the corresponding
expressions of (2.8.37) with h, (kr) replaced by j,(kr).

Since the expressions are proportional to dmm, there is no coupling
between different m indices. Hence, instead of directly inverting the Q ma-
trix which is of dimension 2Npmaz(Nmaz + 2), it is computationally more
efficient to invert a block diagonal matrix formed by regrouping the ele-
ments according to the m index. The Q matrix can be cast into block di-

agonal form with each block 5(m) labeled by the m index. The dimension

of —Q(m) is 2(Nmaz — |m| + 1) for m # 0 and 2Np,e, for m = 0. Since
m = 0,+1,%+2,...,+ Ny, there are 2N,,,, + 1 such blocks. The integrals
in (2.8.37) are conveniently evaluated by means of Gauss-Legendre quadra-
ture. The order of quadrature chosen must contain enough sample points
to resolve the variation of = as a function of @ for objects of large aspect
ratio, the variation of associated Legendre polynomial with respect to 8, and
also the variation of Bessel function j, and h,, with respect to 8, which can
be rapid at high frequencies. The quantity N,,., is chosen such that the
T-matrix elements converge.

8.2 Spheres

For the case of spheres with radius a, we have r = a and @ = 7. We shall
show that the extended boundary condition technique will yield results that
agree with Mie scattering that is treated in Chapter 1. Substituting these
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into (2.8.37), the integrals can be evaluated readily. We have

T =0 (2.8.39)
for all m, n, m/, and n'. Similarly,

J® =0 (2.8.40)

On the other hand, evaluation of (2.8.37b) and (2.8.37c¢)

!
J’r(nl,721,2n’n’ = 026mm'5nn’jn(ksa)@ll££'@1‘ (2.8.41)

. /

Jv(rg'rlzZn’n’ = —a2amm’6nn’hn(ka)w (2842)

ksa

Substituting into the expressions for f, ﬁ, ?, ﬁ, we obtain diagonal ma-
trices for P and U while R and S = 0. The corresponding expression for
Rg J elements are those of (2.8.41) through (2.8.42) with h,(ka) replaced
by jn(ka). Hence, Rg Rmmmn = RgSmmmm: = 0 and RgP and RgU are
diagonal matrices. The T matrix is also diagonal

T
T = l: 0 ?(22):| (2.8.43)
and
T-r(nlir)n’n' = émm’ Onn Ty(lM) (2844)
T = bt S Ty (2.8.45)
where
(M) Jn(ksa)[ka n(ka)) — jn(ka)[ksajn(ksa)]l
= .8.46
To = =5 (k) o h (RQ)] = P (k) [esa o (koa)] (28.46)
T(N) — [kgazjn(ksa)][kajn(ka)], - [k'2(12jn(ka)][ksajn(ksa)]l (2 8 47)
" [k2a2)n(ksa)][ka hn(ka)) — [k2a2hn(ka)[ksa jn(ksa)) o

Extinction and Scattering Cross Section for Spheres

To calculate the extinction cross section of spheres, we use (2.8.43) through
(2.8.47) in (2.7.17) and (2.7.19). Thus, the extinction cross section for an
incident wave with polarization 8 = v or h and direction (6;, ¢;) is

4 1™ (2n+1
Ueﬁ(ei’@):—k—glm{;( z‘) 7(1(7:1+1))
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X [B ‘ 5mn(0ia d’z) Tf,(;M) 6—mn(oiy ¢z) * ﬁ
+ B Bunn(0i,6:) T B_n (65, $3) - B] } (2.8.48)

We next use the results of the addition theorem for vector spherical harmon-
ics to get

Y (=1)™B - Crmn(8, $)C-mn(6,¢) - B

=Y (~1)"B - Biun(6,)B_mn(8,9) - B = P4(1) = “("‘; D (258.49)
Hence,

ep(0i, 6i) = -ﬁ " Re Z(2n + 1[I 4+ T (2.8.50)
n=1
and is independent of (6;,¢;) and B. The scattering cross sections can be

calculated by using (2.7.19)

n+m)! 2n+1 12 A P
Usﬁ(gu ¢1 Z ( {|T7(7, )|2 |C—mn(0i,¢i) ) /8|2

—m)!n(n+1)
+1T, ﬁ"’! (B (6:,83) - BI*} (2.8.51)
Since
5 00 B = T G B 0081 = "5
" (2.8.52)

Using (2.8.52) in (2.8.51) gives the result

Tos(0ir5) = 73 Z(2n+1){|T‘“’| +1T." 1} (2.853)

Small Spheres

For small dielectric spheres, ka < 1 and ksa < 1, then |hyp| > |jn| in the
expressions (2.8.46) and (2.8.47) for T." and T,". The largest T-matrix
element is the electric dipole term T}" , which is the term that needs to be

retained in the low-frequency limit. However, as discussed in earlier sections,
in order that the optical theorem be satisfied, it is important to keep the
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Iealgiing term of the imaginary part and the leading term of the real part of
T,"'. Using (2.8.47), it can be easily shown that for ka < 1 and ksa < 1

(N)

T, =T + T3 (2.8.54)
where T3’ and Tj;” are both complex for lossy scatterers, and
T = %(ka)‘?y (2.8.55)
€s— €
V= o (2.8.56)
Ty = —(T")? (2.8.57)

Note that since ka < 1, we have |T},"| < |T};”|. The extinction cross section
is, by using (2.8.50),

67 N N
0e =~z [Re T} — ImT}}"] = k—(ka)3 [Imy+ (ka)3Rey] (2.8.58)

The scattering cross section is, by (2.8. 53)
6
o=z 1T = (ka)“lyl (2.8.59)

The optical theorem is satisfied in (2.8.58). The extinction cross section
includes both absorption and scattering. It is to be noted that the opti-
cal theorem is satisfied with (2.8.58) and (2.8.59) because the T}, term in
(2.8.54) has been included in spite of the fact that it is much smaller than
T;”. Hence, in order to calculate extinction rates and cross sections, it is
important to retain the leading term of the real part and the leading term
of the imaginary part of the T-matrix elements.

8.2.1 Scattering and Absorption for Arbitrary Fzcitation
For the case of arbitrary excitation, the incident wave is

n
Ei=Y_ Y [efRgMun(kr,6,¢) + afn’ RGN mn(kr,6,9)]  (2.8.60)

n=1m=-n

The scattered wave is

Eo=S" S [ Mmn(kr,0,) + a3 Nonn(kr,0,6)]  (2.8.61)

n=1m=-n

The internal field is

Eine = Z Z [ RgM an (Kpr, 0, ¢) + Cin RGN mn (kpr, 0, 9)]  (2.8.62)

n=1m=-n
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By imposing the boundary conditions at r = a

7 X (E—z + _E—s) =7 X Eint (2863)
PX(VXE;+VXE)=rxVxEi (2.8.64)
we get the following equations:
aZj, (ka) + a0 hn(ka) = ¢ (kpa) (2.8.65)
aE [ka_____J"(ka I +a’™ [kahn k_a)]' =N [kpa—_—]”(k”a)]/ (2.8.66)
mn ka mn ka mn kpa ‘
amikajn(ka)] + ai? [kahy (ka)]' = ¢ [kpajn(kpa)]’ (2.8.67)
aniN kjn(ka) + api khn(ka) = ¢ kpin(kpa) (2.8.68)
Solving (2.8.65)—(2.8.68) yields
astn = T gEeo (2.8.69)
as™ = T gEm) (2.8.70)
M) _ ikpa E(M)
mn = 1202, (kpa) [kahn (ka)] — k2a2hy, (ka)[kpajna(kpa)] "™ (28.71)
(N) _ L 1 aEm
= Fa TRy i ()] — (k) ey ()] (2:872)

where T, and T, are as given in (1.6.15b) and (1.6.14b), respectively.
To find the absorption, let H;, H,, and H;y,; be the incident, scattered,
and internal magnetic field. We note that the power absorbed is equal to

W, = — / 47 1Re [v - Bing ¥ Hg‘m)] (2.8.73)
v 2
where Ei"t is the internal electric field. By using the continuity of tangential
E and H and also using
Re [v  (B; x ‘H;‘)] -0 (2.8.74)
we have
W, = —%Re / ds - [(Es x H) + (Es x H;) + (E; x T{‘:)] (2.8.75)
s
Since outside the sphere we have
ReV .- (E,xH,) =0 (2.8.76)
and
ReV-(E,xH;, +E;xH,) =0 (2.8.77)
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the surface integral in (2.8.75) can be extended to infinity:
1 = [ . = —— =
Wa = —5Re /S dS - [(Es x )+ (E x )+ (E; x Hs)] (2.8.78)

where S is the spherical surface at infinity. Using the asymptotic form of
the vector spherical wave function, we have for kr — oo,

. M — ikr Ny — ikr
Es=) Ymn [a;g',;:r,; )cmn(o,¢)rn—le—kr— + e T Bon(0, ¢)i ™S ]
mn

kr
(2.8.79)
Noting that
" (n+m)! 5
C 0 =(-1)"—->+=C_ 8.
n0,8) = (D" (N n(6,9) (2:8.80)
—x (n+m)! —
6 =(-1)" — —mn\Y, -O.
B (8,9) = (- (1 Bon(6,9) (2.8.81)
then for kr — oo we obtain
— k (M) ¥ e—'ikr
~ - _ (M) -n
i x H, on mzn [ alO* T C (6, @)i =
AT B (6, 8)" S | (1 BT g g9)
mn 4in —-mn\Y, kr Ymn (TL — m)' 0.

Putting (2.8.81) and (2.8.82) in (2.8.78) and using the orthogonality relation
of vector spherical harmonics, we have

/S d5 - (B, x ) = n—}ﬁ Sl TP+ a1} (2889)
Rl mn

We can calculate the other terms in (2.8.78) similarly. We obtain

(M) (M)

1
W =— § : (M)|2
a— 277k2 mn{la‘mnl (R’eTn + |Tn

(N)

)+ laga PReTy,” + 1T, 1)}
(2.8.84)

8.2.2 Mie Scattering of Coated Sphere

We consider Mie scattering by a coated sphere (Fig. 2.8.2). The inner and
outer radius are b and a, respectively. The inner sphere has permittivity e
and the coated layer has permittivity . ‘
Let the incident field and scattered field be
Em=Y [a;g,;RgHmn(kF) + ag;Rg‘Nmn(kf)] (2.8.85)
mn
(N)55

Eﬁ):Z[a;y;T;“’an(k?)+a;g;Tn Nmn(kF)] (2.8.86)

mn
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Figure 2.8.2 Mie scattering of coated sphere.

The vector field in the inner sphere is

Bint = Y [cnRgMpmn(ksT) + oy RgNmn (k)| (2.8.87)

mn

and the field in the coated layer is
E.= Z |ds RgM o (ko) + iy RgNomn (ko)

+ FOON g (kaT) + f,‘,’;’,{ﬁmny(kaf)] (2.8.88)

where any(kaF) and Wmny(kaF) represent spherical vector wave functions
with spherical Neumann functions y,. Imposing continuity of tangential E
and tangential H at r = a and r = b, we get eight equations for the eight
unknowns T(M) ™ e et doe dis) o fo0 and fiY). The results of T(M)

n mn) 'mn’ Jmn)
and Tn are listed as follows. Let
p = ka, ¢ =kqa (2.8.89)
€ = kab, n = kyb (2.8.90)
then

70 _ [p3n(P)'13n(€) + Bnyn(Q)] = {[C5n (O + Bu[Cyn(O)]'}in(p)
" [pha(P) 70 () + Bryn(Q)] = {[CGn (O + BrlCyn ()] Hn(p)

(2.8.91)
7 _ _ [pin(p) ¢in(Q) + Anyn(Q)] = {n(Q) + AnlCyn(O }#%n(p)
" [ohn (P)V'¢2[5n () + Anyn(Q)] — {[CFn(Q)) + An[Cyn(O)])'}P?Rn(p)

(2.8.92)
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where
_ [ @1'dn(m) = nin(m)]'jn(§)
n = - 2.8.93
(€0 () i) € (2599
€5 1% (n) = [ (m)]'€%n ()
An = - 0.
EvnOFPin() — in ()P O
8.3 Spheroids
For the case of spheroids, the surface is governed by the equation
2
z :;y2 + z—z =1 (2.8.95)

For a > c the spheroid is oblate, and for a < c the spheroid is prolate. In
spherical coordinates, (2.8.95) assumes the form

29 29 -1/2
r=r(f) = [?ﬂ_ + C°:2 } (2.8.96)
and from (2.8.36) we obtain
5 1 1
— A 2 .
g =17+0r°sinfcosf <E§ - ?) (2.8.97)

The T-matrix elements can be evaluated numerically in a straightfor-
ward manner. The integration over fo" df sin @ can be broken into a sum

of
/2 /2
/ df sin 6 + / dd’ sin ¢’
0 0

with ' = m — 6. Since r(m — ) = r(0) for the case of spheroids and we make
use of the property

P™(cos(m — 0)) = (=1)"t™P™(cos ) (2.8.98)
it follows that
Jan =g =0 (2.8.99)
if n + n’ = even, and
T e = T =0 (2.8.100)
if n + n’ = odd. Hence,
Prnmn' = Unnmm =0 (2.8.101)

for n + n' = odd, and
Rmnm'n’ = Smnm’n’ =0 (28102)
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for n+n' = even. By making use of the relation between the negative degree
associated Legendre polynomial and that of the positive degree in (1.4.38),
it follows that

B (i5) i
(43) = Jmnm 'n’ for 4j = 11 or 22 2.8.103
(=m)n(—m')n’ { Jr(;z;)m'n' for ij = 12 or 21 ( )

Small Spheroids

For small spheroids, we shall only keep the dipole term n = n’ = 1. The
leading term of the real part and the leading term of the imaginary part of
J,‘;Qm,n, terms will be kept. The results can be compared to that of Section
2.3 of Chapter 1, which is based on the separation of variable approach
for the Laplace equation. However, we will include, as in the spheres case,
an additional term that ensures the optical theorem be satisfied. The only

nonzero T-matrix elements are T( 2) , with

i’
T = 6T (2.8.104)

where
T, = it, — t2 (2.8.105)
T) =ity — t3 (2.8.106)

2k3a’c (€s/e — 1)
° 9 (1 + UdAc)
2 k3a’c (es/e — 1)
9 (1+vada)
and A, and A, are given in (1.2.26)—(1.2.29), and vq is given in (1.2.21).

(2.8.107)

ty = (2.8.108)
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1 Radar Equation for Conglomeration of Scatterers

We first derive the radar equation for scattering by a conglomeration of
scatterers. Consider a volume V containing a random distribution of particles
(Fig. 3.1.1). The volume is illuminated by a transmitter in the direction of k;.
The scattered wave in the direction I::s is received by the receiver. Consider a
“differential volume” dV containing N, = n,dV number of particles, where
n, is the number of particles per unit volume. We have put differential volume
in quotes “ ” because the physical size of dV is yet to be discussed. The
Poynting’s vector S; incident on dV is

_ Gy(k)Py
S‘l - 47TR22 (3.1.1)

where P, is the power transmitted by the transmitter, Gt(lAci) is the gain of the

transmitter in the direction Ei, and R; is the distance between transmitter

and dV.

Let a‘(lN") (I::s, lAci) denote the differential scattering cross section of the N,

particles in dV. The physical size of dV is chosen so that
o) (e, i) = plhes, ki)dV 3.1.2
d 372"1’(371) ()

which means that 0((1N,,) is proportional to dV and that p(ks, k;) is the dif-

ferential cross section per unit volume.

transmitter receiver

Figure 3.1.1 Active remote sensing of a random collection of particles.
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The measured power at receiver due to dV is

og (ks ki) ¢

dP, = A, (k,)7d 7 S;

(3.1.3)
where R, is the distance between dV and the receiver, and Ar(lAcs) is the

effective receiver area given as [Ishimaru, 1978]

. Gy(ks) N2
Ar(hy) = —(177)—'

where GT(IAcs) is the gain of the receiver in direction IAcS. Putting together
(3.1.1)~(3.1.4) and integrating over volume dV gives the receiver power P,

(3.1.4)

as

P, 22 Gy(ki)Grks) ,» »

— = [dV ks, k; 3.1.5

2 / (m?  RIR? p(ks, ki) (3.15)
Equation (3.1.5) is the radar equatlon for bistatic scattering of a volume
of scatterers. For monostatic radar, ks = —k; corresponding to the case of
backscattering, we have R, = R; = R, so that

P /\2 G2
/ 7r ) (— i 2) (3.1.6)

Equations (3.1.5) and (3.1.6) are the radar equations for a conglomeration of
scatterers. They differ from radar equations of a single target in that there
is an integration over volume dV in both (3.1.5) and (3.1.6).

Independent Scattering and Addition of Scattering Cross Sections

Consider the N, particles in volume dV and we label the particles 1,2, ..., N,.
Let E; be the scattered field of from particle j. Since the Maxwell equations
are linear, the total scattered field E is

N,
=Y E (3.1.7)
j=1

The scattered intensity is

N, N,
B =Y E;) E} (3.1.8)
j=1 =1

In the double summation of (3.1.8), we will separate terms into I = j and
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l # j. Thus

N, N, N,
E?=Y"|E;?+) > E;E; (3.1.9)
: pr

15

Next we take ensemble average of (3.1.9), with ensemble average denoted by
angular bracket ( ),

N, N, N,
(EP) =Y (B;» + > (EE}) (3.1.10)
j=1 j=11=1
I#j
Consider E;E}. Let E; = |E;|¢¥ and E; = |Ej| €. Then
(E;E}) = (|Ej|| Eyle'® %)) (3.1.11)

Here 0; — 6; = O(kd;;) where dj; is the separation distance between particle
j and [. If the randomness of particle separation d;; is not much smaller than
wavelength (i.e., S.D.(dj;) > % where S.D. stands for standard deviation),
then d; — §; has random phase between 0 and 27 radians, and

(E;Ef) =0 (3.1.12)
The condition of

S.D.(d) > (3.1.13)

| >

can be applied to the case when particles j and ! are neighbors. This is
because

S.D.(dj;) > S.D.(d;i(neighbor)) (3.1.14)
Putting (3.1.12) in (3.1.10) gives
N,
(EP) = (1B (3.1.15)
j=1

Thus (3.1.15) means the addition of scattered intensity. It implies also ad-
dition of scattering cross section of particles and the addition of differential
cross section of particles. Thus, if ad(fcs, I::l) is the differential cross section
of one particle, then

oM (g, ki) = Nooalks, k:) (3.1.16)

assuming that, for simplicity, the N, particles are identical.
From (3.1.2) and (3.1.16), we have

Nooa(ks, ki) = plks, k;)dV (3.1.17)
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Since N, = n,dV, we have
p(i%m I;:l) = noUd(];Is, ];:1,) (3118)

The addition of scattering cross section must be applied with care. To il-
lustrate a simple example, consider microwave scattering of A = 1 cm by
an object that contains a conglomeration of particles of radius equal to a.
Let V be the volume of object and let f be the fractional volume occupied
by the particles. The particles are “randomly positioned.” Then number of
particles is

Vf
NOZ Egg (3119)
3
Then
2
(No) _ biect) = N ticl =ka46€r"‘1
o, o4(object) »04(particle) %”a"’ a P
3 e — 1|2
= —(Vfk)(ka)® | —— 3.1.20
Ve | 2| (3.1.20)

The above equation indicates that ac(lN") — 0 as ka — 0, which can be
erroneous for many cases. The wrong argument is that although the positions
of particles are random, the randomness of particle position can be much
smaller than the wavelength so that condition (3.1.13) is not satisfied. Thus
there are coherent correlated scattering from scatterers in the neighborhood
of each other.

Also when we apply addition of cross section to N, particles in “differ-
ential volume” dV, the differential volume dV must be larger than A3,

dv > A3 (3.1.21)

Only if (3.1.13) and (3.1.21) are obeyed do we have a valid definition of phase

function p(ks, k;) as the differential cross section per unit volume, giving us
(3.1.18) when the particles are identical.
Similarly, we define

Ks = scattering cross section per unit volume (3.1.22)
kq = absorption cross section per unit volume (3.1.23)
ke = extinction cross section per unit volume (3.1.24)
Then
Ks = dQs p(ks, ki) (3.1.25)

4w
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where integration is over 47 scattered directions. Under the independent
scattering assumption, we have

Ks = o / Ao 4(ks, ki) = noos (3.1.26)
Kq = No0yg (3.1.27)
Ke = Ks + Ko = No(05 + 04) (3.1.28)

The parameters k,, k,, and k. are also known respectively as scattering
coefficient, absorption coefficient, and extinction coefficient.

Consider intensity I incident on a slab of thickness Az and crosssectional
area A. Then the power “extinguished” is

AP = —(Intensity) (extinction cross section per unit volume) (volume)
=—-I ke AAz=Al A (3.1.29)
Hence
Al
A = —hel (3.1.30)

giving the solution

I =1T,e "~ (3.1.31)
Thus k. is known as the extinction coefficient. It represents attenuation per
unit distance due to absorption and scattering. If attenuation is inhomo-

geneous, then instead of having the product of k. and distance, we have
attenuation

v= /K,e ds (3.1.32)

where ds is the differential distance the wave travels. Thus if we include
attenuation in the radar equation, we have, instead of (3.1.5),

P, N2Gy (k;) G (ks)
P /V (47)2R2R2

plks, ki) exp(—yi — ) dV (3.1.33)
where

vi = / ke ds = attenuation from transmitter to dV  (3.1.34)

Vr = / ke ds = attenuation from dV to receiver (3.1.35)
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I

Figure 3.1.2 Derivation of narrow beam equation.

Narrow Beam Equation

The volume integration in (3.1.33) can be performed analytically if we as-
sume narrow beam equation. If we assume half-power beamwidths 6; and ¢;,
respectively, in the vertical and horizontal direction for the transmitting an-
tenna (Fig. 3.1.2), the gain pattern can be written as

Gi(k;) = Gy(ki,) exp (—ln2 [(?g)? + @ff-)z]) (3.1.36)

where G(k; ) is the directivity (peak gain). Similarly, for the receiver we
obtain

Gr(ks) = Gr(ks,) exp (- In2 [(%{2)2 i+ (%)1) (3.1.37)

In (3.1.36) and (3.1.37), 6; and ¢; are the half-power beamwidths of the
transmitter antenna, and 0, and ¢o are the half-power beamwidths of the
receiver antenna. Substituting (3.1.36) and (3.1.37) in (3.1.33), the integra-

tion can be done assuming a narrow beam around k;, and a narrow beam
around ks, . This gives

9 /2 .
= eyt b )exp(w = Ve (3139

where V, is the common volume intercepted by the narrow beams of the

transmitter and the receiver, and it is given by [Ishimaru, 1978]

R?R2010041¢2 1

[R29% + Rag3) 7 sin©

where © is the angle between k;, and k,,. Equation (3.1.38) is the result for

bistatic radar. It is not applicable for monostatic radar when k,, = —k;, and

V, =1.206 (3.1.39)
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© = 180°. In the monostatic case [Ishimaru, 1978]
P, e~y ..
B = 2855 x 10° NG (ki) 011 / dR——p(=ki,,k;,)  (3.1.40)
t

and + is the attenuation from transmitter-receiver to R.

Particle Size Distribution

In many cases, the particles obey a size distribution n(a) so that the number
of particles per unit volume with size between a and a + da is n(a) da. Thus

ne = /00 n(a) da (3.1.41)
0

Hence n(a) has dimension of (length) ™. Within the approximation of inde-
pendent scattering,

(o o]
Ks =/ dan(a)os(a) (3.1.42)
0
where o4(a) shows that the scattering cross section is a function of a. Also
o0
o = / dan(a) oa(a) (3.1.43)
0
plha, k) = / dan(a) oq(ks, ki a) (3.1.44)
0
For Rayleigh scattering by spheres (Section 2.2 of Chapter 1), we have
2 00
i) = |21 e (k) [ ;
p(ks, ki) =k P <ks X el dan(a)a® (3.1.45)
8’%“ ©- : / dan(a) a® (3.1.46)
47 Gp 3¢ |> [ 3
= 3.1.47
Ka = k- P /0 dan(a)a ( )

For rainfall, a simple size distribution is the Marshall-Palmer size distribu-
tion of exponential dependence [Marshall and Palmer, 1948]:

n(a) = noe”** (3.1.48)

where
8200 _,

_ 6 —4 _
ne, =8 x 10° m™7, a—PO.mm

(3.1.49)

and P = precipitation rate in mm/hour.
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Example:

We consider microwave backscattering from rain using a 3-ft parabolic dish
at wavelength 1 cm. The rain is 5 km away from radar, and the precipitation
rate is 1 mm/hour (light rain).

The receiving cross section of the antenna is 4; = 7D?/4 = 0.656 m?,
where D is diameter of dish = 0.914 m. Directivity of antenna is G(lAcio) =
(47 /X?) Ay = (47/(0.01)2)0.656 = 8.2 x 10%. The half-power angular beam-

widths are 6; = ¢; = 1.5A/D = 0.0164 rad. From the narrow beam equation
(3.1.40),

P, _ Amp(—k;, ki)e=2
— = 2.855 x 107* \2G?¢ / S dR
2 X 191 R
We approximate the integral above by
o0 ,—2k.(R—R,) 1
/ S—T_ dR =~ 2
R, R 2K,eRO
where R, = 5 km is the distance to the rain layer. Hence
P, —ki, ki
B 648 x 1079 PRk
P Ke

To calculate p(—fci,fci) and k., we make use of (3.1.45)—(3.1.49). We need
to the permittivity of water at A = 1 cm. From Fig. 3.1.3, the index of
refraction is approximately n = 54 2.8, which gives ¢, /e = 17.2+128. Thus

Kt ler—1]2
/ da noe~*%a8 =noa—6' P

p(—ki, ki) = 51‘ +2
At P = 1 mm/hour, o = 1/(1.2 x 1074 m). Thus
p(—Fki ki) =3.3x 107" m™!
From (3.1.46)—(3.1.47)

2 9]
€
Kq = S4~Ek—p 3¢ / dae %% =6.1 x 1078 m™!
3 € ep+2€ 0
_ o0
Ky = 8_7r tr 1|* k4 no/ dae %% =27 x 1078 m™!
3 €+ 2 0
Hence
Ke = Kq + Ks = 8.5 X 1078 m~
Thus

P,
T =924x10"19 = —96 dB.
2 2.4 x
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-
o

Refractive index

Wavelength (cm)

Figure 3.1.3 Typical values of refractive indices n = n’ + in’’ for water [Ray, 1972].

2 Stokes Parameters and Phase Matrices
2.1 Elliptical Polarization, Stokes Parameters, Partial Polariza-
tion

Consider a time harmonic elliptically polarized radiation field with time
dependence exp(—iwt) propagating in the k-direction with complex electric
field given by

E = E,d + Eyh (3.2.1)

where © and h denote the two orthogonal polarizations with k, o, and h
following the right-hand rule. Thus

Ey(t) = Re(Eye™™Y) (3.2.2a)
En(t) = Re(Epe™™?) (3.2.2b)
Let
E, = Ey.e (3.2.3q)
Ej, = Epoe®® (3.2.3b)

There are three independent parameters that describe the polarization. We
shall discuss three ways of describing polarization.
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A En(?)

Figure 3.2.1 Left-handed elliptical polarization.

(A) The three parameters are E,,, Ej,, and phase difference § = 6, — d.
For example, E,, = a, Ep, = b, and § = 90°. Then,

E, = ai = ae™®” (3.2.4)

En = (3.2.5)

In time domain, from (3.2.2a) and (3.2.2b),&,(t) = Re(a e ~#t) =

asinwt and &,(t) = bcoswt If we trace the locus £,(t) and &(t) in plane

of £, — &, we have an upright ellipse of major axis 2 and minor axis 1

(Fig. 3.2.1). It is left hand elliptical polarization because the rotation is
clockwise.

(B) For a general elliptically polarized wave, the ellipse may not be up-
right. Suppose that it is tilted at an angle ¢ with respect to v and h
(Fig. 3.2.2). Using E,, x, and ¥, the second description is

x = ellipticity angle
1) = orientation angle

Let a and b be the lengths of semi-major axis and semi-minor axis respec-
tively, and let LH and RH stand for left-hand and right-hand polarized,
respectively. Let x be defined so that

b .
tan xy = ’ . if LH (3.2.6a)
tan y = - if RH (3.2.60)
Also,

Va2 +b2=E, (3.2.7)
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“gh(t)
s
Eo Ea
X
b a
v _Eu(0)

Figure 3.2.2 General polarization ellipse.
Then for LH

b= FE,siny (3.2.8a)

a = FE,cosx (3.2.8b)
and for RH

b= —FE,sinx (3.2.9q)

a=FE,cosx (3.2.9b)

Since the ellipse is upright in the £, and &g axis, drawing analogy to the
results of the previous example shown, we have for LH

Ea(t) = asinwt (3.2.10a)
E(t) = beoswt (3.2.100)
and we have for RH
Ea(t) = asinwt (3.2.11a)
Ep(t) = —bcoswt (3.2.11b)

Using (3.2.8) and (3.2.9) in (3.2.10) and (3.2.11), respectively, we have for
LH

Ea(t) = E, cos x sinwt (3.2.12a)

Ep(t) = E,sin x coswt (3.2.12b)
and for RH

Ea(t) = E, cos x sinwt (3.2.13a)

Es(t) = E,sin x coswt (3.2.13b)
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Note that (3.2.12a)-(3.2.12b) and (3.2.13a)—(3.2.13b) are the same since
the minus sign in (3.2.11a) compensates for the minus sign in (3.2.11a).
We denote the complex phasors of £4(t) and £5(t) by E, and Eg, re-
spectively. Thus,

E4(t) = Re(Eqe™t) (3.2.14a)
Es(t) = Re(Ege™™*) (3.2.14b)
Then from (3.2.12)—(3.2.14), we have
Ey =iE,cosx (3.2.15a)
Eg = E,siny (3.2.15b)

for both LH and RH. Since E,, Ej, E,, and Eg are all complex phasors
of the fields and &, and &3 are oriented at an angle 3 with respect
to &, and &,. Thus the relation between (E,, Eg) and (E,, Ep) is a
transformation as a result of rotation of axis by an angle .

E, = E,cos®y — Egsint (3.2.16a)
Ep = Eysiny + Egcosp (3.2.16b)
Putting (3.2.15a)—(3.2.15b) in (3.2.16a)—(3.2.16b) gives
E, =iE,cosxcosy — E,sin x sin ¢ (3.2.17a)
Ey, = iE,cos x siny + E,sin x cos (3.2.17b)

Equations (3.2.17a) and (3.2.17b) give the relation between polarization
descriptions of (A) and (B).

The third polarization description is that of Stokes parameters. There
are four Stokes parameters. They are

2
. L2 (3.2.184)
n
2
1, = [Brl (3.2.18b)
n
U= %Re(EvE,’:) (3.2.18¢)
V= %Im(EvE;;) (3.2.184)

Instead of I, and Iy, one can also define

I=I,+1, (3.2.19q)
Q=1I,-1I (3.2.19b)
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By using (3.2.3a)—(3.2.3b) in (3.2.18), we have

E2
I, == (3.2.20a)

n

E2
I = —he (3.2.20b)

n
U= %EE;, cos (3.2.20¢)
V= %Evtho sin § (3.2.20d)

From (3.2.19)-(3.2.20)

P=Q*+U*+Vv? (3.2.21)

The relation in (3.2.21) means that for elliptically polarized waves there
are only three independent parameters out of the four Stokes parameters.
From (3.2.17a)—(3.2.17b) and (3.2.18a)—(3.2.19b), we have

E2
I, = 7"(sin2 x sin? ¢ + cos? x cos? 9)) (3.2.22q)
E2
I, = =2 (sin® x cos® ¢ + cos? x sin® ¢)) (3.2.22b)
n
E2
U= 7" cos 2 sin 2¢ (3.2.22¢)
Similarly,
E2
V= ——6"— sin 2y (3.2.22d)
From (3.2.22a)—(3.2.22b), we have
E2
I==2 (3.2.22¢)
n
E;
Q= 7 cos 2 cos 21 (3.2.22f)
We can rewrite (3.2.22a)—(3.2.22f) as
Q = I cos2x cos 2y (3.2.23a)
U = I cos2xsin 2¢ (3.2.23b)
V =1Isin2x (3.2.23¢)

Equations (3.2.23a)—(3.2.23c) can be conveniently expressed using the
Poincaré sphere (Fig. 3.2.3), with I as the radius of the sphere and Q, U,
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Figure 3.2.3 Poincaré sphere. The radius of the sphere is equal to I. § = 90° — 2x and
o= 2.

and V representing respectively the Cartesian axes z, y, and z. From
(3.2.23a)-(3.2.23¢), it follows that 2y is the “latitude” coordinate and
29 is the “longitude” coordinate. From (3.2.23a)—(3.2.23¢c), (3.2.21) also
follows readily. Thus the polarization represents a point on the surface
of the Poincaré sphere for elliptical polarization.

LXdailpies.
\7/ — 7T TTTTTT T Tt STttty oy TTTTTTT T

Polarization is at North Pole of the Poincaré sphere.
(ii) Right-hand circularly polarized
2y = —90°
Polarization is at South Pole of the Poincaré sphere.
(iii) For linear polarization, it corresponds to the equator. The specific loca-
tion of linear polarization on the equator of the Poincaré sphere depends
on the orientation angle .

Partial Polarization

For fluctuating fields, the complex phasors E, and E} fluctuate. An example
is that the signal is quasi-monochromatic with bandwidth Aw. The complex
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phasors E, and E} fluctuate in time. For random media scattering, F, and
E}, are measured from many pixels and their values fluctuate from pixel to
pixel. In these cases, the Stokes parameters are defined with averages taken

2
I, = ﬂ-EnJ (3.2.24a)
2
1, = UED) (3.2.24b)
n
U= %Re(EvE,’:} (3.2.24¢)
V= %Im(E,,E,’;) (3.2.24d)

For the case of quasi-monochromatic signal, the angular bracket stands for
time average. For the case of signals that fluctuate from pixel to pixel, the
angular bracket denotes ensemble average.

Then

I? = S (EZ) + (BR,) + 2(E2)(ER,)]

n
1
Q2 = n_[(E30>2 - <Ei2m>2 + 2<E30) <E}2w>]
4
P-q@* = -,;<E3,,><E£o> (3.2.25)
U= %(Evtho cos d)
V= %(Evtho sin §)
U?4+v?:= % (EyoEho c086)2 4 (EyoEp,sin §)?) (3.2.26)

For fluctuating signals, § will fluctuate. Clearly, from (3.2.25) and (3.2.26)
U2+ V< I? - Q?
Thus,
R+Ur+Vv2I<r? (3.2.27)

and the polarization corresponds to a point inside the Poincaré sphere.

Example:

For natural light, there is no correlation between the two polarizations so
that U = 0 and V = 0. The two polarizations have the same intensity so
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that I, = I, and Q = 0. Thus natural light corresponds to the origin of the
Poincaré sphere.

2.2 Stokes Matrix

Consider scattering by a single particle with

Evs fvv fvh, Evi
= 3.2.28
[Ehs] [fhv fhh] [Ehz] ( )
Stokes parameters for scattered and incident waves are respectively,
2
I,s = <|—E1$—|—> (3.2.29q)
2
Ins = (Bl (3.2.290)
n
Us = gRe(Est;';s) (3.2.29¢)
n
2
Vs = EIm(Est}:s) (3.2.29d)
12
L= M (3.2.30a)
n
12
Ini = (Bl (3.2.300)
n
U, = 2Re(EwEL) (3.2.300)
n
Vi = %Im(Em-E;;i) (3.2.30d)
Then
Evs = fvavi + fthhi (3'2'310')
Eps = fhvai + frnEni (3'2°31b)

Using the definition of Stokes parameters, we can linearly relate the Stokes
parameters of the scattered wave to that of the incident wave

L.= (|Evs|2> — (lfvavi +fthhi|2>

n n
1 * *
= {1l 1Bl + 1fun PIEWI? + 2Re (fonf i BuiBR) |

= |fvv]21vi + lfvh|2Ihi + Re (fvvf:h) U; —Im (fvvf:h) Vi (3-2-32)
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Figure 3.2.4 Scattering by N, particles in volume V.

Similarly, we can express I;s, Us, and V; in terms of the Stokes parameters
of the incident wave.

Stokes matrix describes the relation between incident wave and scattered
wave for a single particle. Thus for a single particle

T, = L(ks, k:)T; (3.2.33)

where T and I; are the 4 x 1 Stokes vectors, respectively, for the scattered

wave and the incident wave and f(fcs, lAc,-) is the Stokes matrix for a single
particle and is

L(ks, k) =
| fow? | fun? (F fov) ~(f fon)”
| Fro|? | Frnl? (Finfno)’ —(frofi)"

2(fvvf}’:u)l 2(fvhf}th), (fvvf}th + fvhf},:v)l _(fvvf;;h - fvhf}tu)”
2(fouffy)" 2(forffn)"” (foufin + forf2,)"  (foufiin — fonfiy)
(3.2.34)

where ()’ denotes the real part and ( )" denotes the imaginary part.

2.3 Scattering per Unit Volume and Phase Matrix

Consider a volume V,, containing N, particles. We can view the N, parti-
cles together as an object (Fig. 3.2.4). Let F,,, Fyn, Fp, and Fpp be the
scattering amplitudes of this object of N, particles. Thus

E Fyy Fyn| | Ev
v = v 3.2.35
[Ehs:| [Fhv th] [Em'] ( )
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Evs =F,E, + EFoL B, (3236)

Eys = Fy By + EyppEn; (3.2.37)

The phase matrix is defined as the polarimetric bistatic scattering cross
section per unit volume. Thus for a volume of space V,, the relation be-

tween the scattered wave Stokes parameters and the incident wave Stokes
parameters is

Ivs Im

- Ihs = s A Ihi = A A=

T, = =V, P(ks, k) =V, P(ks, k)T (3.2.38)
U, U;
Vs Vi

where I, is the 4 x 1 Stokes vector for scattered wave, and _1——5(1733, IAci) is the
4 x 4 phase matrix. Thus, in analogy to (3.2.34) we have
=~ & 1
P(kg, k;) = li —-
( o Z) N,,,V:I—I»llarge v,

(| Fool®) (|Fonl®) (FonFov)’ —(FFon)"”

(| Fhol?) (|Fhnl®) (FinFho)’ —(Fho F35)"
AP 2AFnFR)  (FuwFiy + FonFy) —(FoFpy, — FunFp,)”
2FwF},)" 2FnFy)" (FoFpy + FFy)" (FoFpy — FonFy)

(3.2.39)
Note that in (3.2.37) and (3.2.39), ( ) denotes ensemble average. { )’ denotes
the real part and ( )” denotes the imaginary part. For N, particles, |Fy,|*
fluctuates from realization to realization when N, is a large number. This is
because F,, is the N,-particle scattering amplitude. It depends on the rela-
tive phase relations of scattered waves from the particles as well as coherent
wave interaction among the particles.

Equation (3.2.39) is a general definition for large numbers of particles.

It can contain collective scattering effects of the particles. It is defined as
a limit, which means that there must be a large number of particles in

each realization. In the following we consider the special case of independent
scattering.

Independent Scattering

Consider a scattered field that is the sum of scattered fields from IV, particles.

No
E=)E; (3.2.40)
j=1
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Then
N,
E, =) Ey (3.2.41)
j=1
N, > N,
(|B?) = Z 1Boil®) + YN (EWER) (3.2.42)
= A

For independent scattering, the angular bracket in (3.2.42) vanishes because
there is no correlation of scattered fields from different particles. Thus

N,
I, =) I, (3.2.43)
j=1

Similarly, I, = Zj Iy;, U = Zj Uj, and V = ZJVJ Using independent
scattering assumption, the Stokes parameters of the scattered waves from
the particles add. For the N,-particle scattering amplitude, this means that
No
2 2 2
(Ful®) = (I fonl?) = No| funl?) (3.2.44)
i=1
and so on. Thus under the independent scattering assumption,
Vo P(ks, ki) = No(L(ks, k:))

so that

= A A N = A A = A A

P(ks, ki) = v 2 (L(ks, ki) = no(L(ks, ki) (3.2.45)

o

where n, is the number of partlcles per umt volume. Note that there is an
essential difference between (i) N,(|fw|?) and (i) (|Fm,| ) if independent
scattering is not true. In (| fw|2), we average over the single particle scat-
tering characteristics (e.g., averaging over size, orientation, and permittivity
distributions). It is a single-particle average in that when we calculate fw,
we assume that the particle exists alone all by itself. However, in (|Fyy|),
we average over realizations of N, particles. For each realization, we calcu-
late the N,-particle scattering amplitude F,,,, which includes the correlation
and wave interactions of N, coexisting particles. Under the assumption of
independent scattering, (¢) and (¢¢) are equated.

Example:

For the Rayleigh scattering of spheres, if we use the 1-2 scattering phase
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system of polarization vectors, then

fu fiz| 1 0
far foo =Jolo cos®

where
2 3(er—1)
fo=k"a )]
Then
1 0 0 0
T 5 |0 cos?© 0 0
= |fol 0 0 cos® 0
0 0 0 cos©

and assuming independent scattering we obtain

1 0 0 0

_ o |0 cos?© 0 0
P(ks, ki) = no(| fol*) 0 0 cos® 0

0 0 0 cos©

For the case of size distribution n(a), we have

ol fol2) =/0°°dan ) 172

2.4 Rayleigh Phase Matrix

Rayleigh phase matrix is that of the scattering by a collection of spheres
assuming independent scattering. Using vertical and horizontal polarizations
as the polarization bases for both scattered and incident waves, we have

v foh Vg D D By
Too Sk _ ol s (3.2.46)

fro frh hs-0; hg-h;

where

Vs + D; = sin O sin 6; + cos B4 cos B; cos(ps — ¢;) (3.2.47a)
D - hi = cos b sin(ds — ¢;) (3.2.47b)
hg - 9; = cosb; sin(¢s — ¢i) (3.2.47¢)
h - h; = cos(¢s — ¢) (3.2.47d)
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Then
D ks, k;) = no(T(ks, k:)) (3.2.48)
and

Plks, ki) = no| fol") Ppr(ks, ki) (3.2.49)

where ?FR(IQ:S, IAc,) is the “polarization part” of Rayleigh phase matrix and
is, in view of (3.2.46) and (3.2.39)

P,p(ks, k)
[ (D, - ;)2 (D - hi)? (Bs - 0;)(Ds - i) 0 ]
(hs - 9:)? (hs-hi)® (b i) (hs - Bi) 0
2('03 'Uz)(A ) 2(f’s : Bi)(ﬁs ﬂz) ("Ajs : Ai)(fls : Bz) 0
+(As ilz)(ils i/,)
0 0 0 (05 - 05) (hs - hi)
L — (s - hi) (hs - 05)

Scattering Coeflicients, Absorption Coeflicients, and Extinction Coeffi-
cients

Under independent scattering and absorption, we have for particles of size a

€ — 1)?

€ +2

It is convenient to define the fractional volume as the volume occupied by
the particles per unit volume of space

87rk4 6

Ks = No0s = Mo~ (3.2.51)

f=m?& (3.2.52)
From (3.2.51) and (3.2.52), we have
1 sl =1
=2fk"a 3.2.53
’iS f r + 2 ( )
4m 3 6 3 |? €| 3e 2
= = ——| = fk-= 3.2.54
fia = Tofa = MoTg@ 7 €p + 2¢ € |€p+ 2€ ( )

Ke = Ks + Ka (3.2.55)
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2.5 Phase Matrix of Random Media

A random medium is characterized by random fluctuations in permittivity.
Let €(7) be the permittivity at the point 7. Then

€(T) = em + €4(7) (3.2.56)

where €, is the mean of the permittivity and e;(7) is the fluctuating part.
Let €7(7) be real and

(e(F)) = €m (3.2.57)
(ef(T)) =0 (3.2.58)
The variance of the permittivity fluctuation is
(e () = 6, (3.2.50)
For the permittivity fluctuations at two points we have
(e5(T1)€f(T2)) = correlation function = de2,b(F; — 72) (3.2.60)

where b(T) — T9) is the normalized correlation function. We have assumed
that the random medium is statistically homogeneous, so that the correla-
tion function only depends on the separation 7; — 7y of the two points 7;
and T2. We also assume that § < 1 so that the random medium consists of
small permittivity fluctuation. Then the Born approximation, which was in-
troduced in Section 3 of Chapter 1 in the context of single particle scattering,
can be applied.

Consider a volume V, containing random medium ¢(7). The scattered
field is, based on the Born approximation,

_ k2 eik,,.'r . . . =

E,=--12 [ks X (ks X ki)] / dr' etkaT (e(F’) - em) (3.2.61)

Vo

4me,r

where k,, = w,/Ji€,, is the mean wavenumber and kq = k; — k5. The factor
—I;s X (]2?3 X E‘,) follows from the fact that the internal field is parallel to that

of the incident field. This factor is the same as that of scattering by Rayleigh
spheres. Thus the polarization part of phase matrix of random medium will
be the same as that of small spheres. If we write

E'us 1 Fv'u F'uh E’Ui 3.2.62
Ens |~ | Fho Fin| | Eni (3.2.62)
Then R
Fy Fy Ds - 0;) (D hy
Vv h —W (A ) ) (AS AZ) (3263)
Fhv th (hs : Us) (hs ' hl)

where
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dr'etka™ ¢ (7 3.2.64
47rem/ r) ( )

Thus the phase matrix is, using the definition of bistatic intensity per unit
volume,

?@@)Wyﬁmgm (3.2.65)
o
where pr(lAcs, IAcl) is the polarization part of the Rayleigh phase matrix as

given in (3.2.50). The factor in front of ﬁ,R in (3.2.65) represents the strength
of the bistatic scattering. From (3.2.64)

2
q@>lwwv/f7d*m“ Ves(™)es(™))  (3.2:66)

Using (3.2.60) and the averaged coordinates 7, = (7 + 7')/2 and the differ-
ence coordinate 7y = ¥ — 7/, we obtain

(WP _ _ kn /

V, = 16m2eV,

d’l—"a / d’l_"deﬁc_de 6€?nb(Fd) (3.2.67)
Vo

Integration over dr, gives V, that will cancel the V, in the denominator. Thus
the usage of bistatic intensity per unit volume comes as a natural definition
for random medium, while for discrete scatterers the classical assumption
of independent scattering is an additional assumption. Since the correlation
function decreases to zero outside the correlation length and we assume that
V, contains many correlation lengths, the limits of integration of 75 can be
extended to infinity. Hence

(lW| k4 6 / lkd ‘Td
v = tewr | dretTE (3.2.68)
where
kg = km(k; — ks) (3.2.69)
so that
kaz = km(sin 0; cos ¢; — sin 65 cos ¢5) (3.2.70)
kdy = km(sin 6; sin ¢; — sin 0, sin ¢,) (3.2.71)
k4, = km(cos8; — cos0s) (3.2.72)

Thus the phase function is proportional to the Fourier transform of the
correlation function.
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Example:
Suppose
b(T) = exp I (3.2.73)
Iz l, 1,

then

WP okd 2l 21 2l

W] = "‘2 y z (3.2.74)

v, 167 1+ (k!d;,:ld:,:)2 14 (kdyly)2 1+ (kdzlz)2

3 Fluctuating Fields

In random scattering problems, since the inhomogeneities are randomly dis-
tributed, the fields and intensity are fluctuating. In the case of random dis-
crete scatterers, the particles are randomly distributed in positions, shapes,
sizes, and orientations so that the scattered fields are randomly fluctuat-
ing. For the case of random rough surface, the height profile is randomly
distributed. In this section, we examine some of the basic relations of fluc-
tuating fields.

The concept of random fields is the foundation of random media and
random rough surface scattering problems. Unlike deterministic problem in
which there is only one solution, random media problem only has an unique
solution for a single realization. As realization changes, the positions of the
scatterers change and the height profiles change, and the fields will fluctuate.
Realization changes can be due to the motion of the random media and
rough surfaces or to the motion of the transmitter and receiver as they
would view different parts of the surfaces and random media. Classic works
on the concept of random fields include Booker and Gordon [1950], Foldy
[1945], Lax [1951, 1952], Twersky [1962, 1964], Keller [1964], Frisch [1968],
Beran [1968], Tatarskii [1971], and Ishimaru [1978].

3.1 Coherent and Incoherent Fields

Let E(7) be the field. In general, E(7) is a random function of position. We
can write E(7) as an average field (E) and the fluctuating field £ :

E(F) = (E(F)) + £(F) (3.3.1)
(E(F) =0 (3.3.2)

where angular bracket ( ) stands for ensemble averaging. The average field is
also called the coherent field, and the fluctuating field is called the incoherent
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field. However, although the fluctuating field is called the “incoherent” field,
it can contain partial coherent effects. From (3.3.1)

EE* = (E)(E*) + (E)E* + (E*)E + (££*) (3.3.3)
Thus

(B(F1)E*(F2)) = (E(F))(E" (7)) + (EF)E*(T2))  (3.3.4)

The quantity (E(71)E*(72)) is called the field correlation function at 7; and
T9. It is the sum of a coherent part represented by the first term of (3.3.4)
and the incoherent part as represented by the second term of (3.3.4). When
T1 = To, we get the intensity from (3.3.4). Let

I = E(F)E*(T) (3.3.5)
be the intensity. Then
(I)=I.+1I; (3.3.6)
where
I. = (EF))? (3.3.7)
is the coherent intensity and
Iy = (IEF)) (3.3.8)

is the incoherent intensity. The intensity can also be fluctuating. The variance
a% of the intensity fluctuation is given by

3.2 Probability Distribution of Scattered Fields and Polarimetric
Description

Consider a random field created by scattering from many different particles
or by random rough surface

E = Aexp(i¢) = X +1iY (3.3.10)

where A is amplitude, ¢ is the phase, and X and Y are called the quadrature
components. Since F is sum of fields from many different particles or from

many peaks and valleys in random rough surfaces, we can write [Ishimaru,
1978; Sarabandi, 1992]

N N
E=) (Xn+iYa) =Y Anexp(idy) (3.3.11)
n=1 n=1
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where n is the particle index and N is the number of particles. It is assumed
that the X,;’s and Y,,’s are independent random variables. Then, the central
limit theorem states that the probability distribution of a sum of N inde-
pendent random variables will approach a normal distribution as N — oo,
regardless of the probability distribution of each random variable. Based on
this, X and Y are normally distributed. It is further assumed that the phase
¢ has no preferred value and is uniformly distributed between 0 and 27. The
uniform distribution of p(¢) is independent of A. Thus, the joint probability
density function p(A4, ¢) is

p(A, ¢) = p(A)p(¢) (3.3.12)
p(¢) = 517; 0<¢<2rm (3.3.13)
If we take an average using the probability density function above, we obtain

(X) = (Acos¢) = (A)(cos ¢)

o) 2
= / dAp(A) / dé p(¢) cosp =0 (3.3.14)
0 0
Similarly,
(Y)=0 (3.3.15)
(XY) = (A%singcosp) =0 (3.3.16)
On the other hand, we let the variance of X, Y be
—(X2) = (Y?) = / dAp(A) A d¢sm ¢
0
oo A2
= / dAp(A) (3.3.17)
0
Thus, the joint pdf of X and Y is
1 (X2+Y?%)\
p(X,) = gz exp (-5 ) = p0onm) (33.18)

To find the pdf of the amplitude p(A) we note that
p(X,Y) dX dY = p(X,Y) AdAdg = p(A)p(¢) dA d¢

Hence

2 2

The amplitude distribution in (3.3.19) is known as the Rayleigh distribution.
The phase is uniformly distributed as indicated in (3.3.13). Based on (3.3.19),

p(A) = 2mp(X,Y)A = 4 exp( 4 ) (3.3.19)
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the mean value of amplitude A is

(4) = /0 ” dAp(A)A = /0 A -‘g exp <—-2‘4722) (3.3.20)

Integrals of type of (3.3.20) can best be done in terms of the Gamma function

00
[(z) = /0 dte 't*! (3.3.21)

which has a recurrence relation of
I(z+1) = 2I(2) (3.3.22)

For an integer value of z we have
I'(n+1)=n! (3.3.23)

For half-integer values, one can use the recurrence relation of (3.3.22) begin-
ning with

r (%) = V7 (3.3.24)

Letting t = A?/(202), the higher order moments of A4 are

oo 00 n+1 2
= [T aaarpay = [Taat o (_A—)
0 0

202
— on/2_n E
on/2GnL (2 + 1) (3.3.25)
The average of A is obtained by putting n = 1 in (3.3.25a), so that
(A) = / dte tV20t'/? = /20T (g) = ga (3.3.26)
0
Since I = A?,
Iy = / dAA? p(A) = 2020(2) = 202 (3.3.27)
0
The variance of intensity given by
o = (I?) —(I)? (3.3.28)
Since
(e o]
(I = / dA A* p(A) = 80!
0
we get

0} = 40* = (I)? (3.3.29)
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In general
(I"y = / dA ATp(A) = (20%)"n! = (I)™n! (3.3.30)
0

Equation (3.3.30) can be used to test whether the amplitude is indeed
Rayleigh distributed.

Next we consider the joint probability density function of two field com-
ponents. For example, we have E, (vertically polarized) and Ej, (horizontally
polarized) at a point 7. Let

E, = X, +1Y, = A, exp(i¢y) (3.3.31)
E;, = Xy + 1Y, = Ap exp(ion) (3.3.32)

The scattered field components are again the sum of independent random
variables. Based on the central limit theorem, X,, Y,, X4, and Y}, are jointly
gaussian random variables. Let

Zl Xv

- Z2 Yv

Z=\,|=|x, (3.3.33)
Zy Yy

The covariance matrix is K and is a 4 x 4 matrix with
Ai; = (Z:Z;) (3.3.34)

wh_e_re i,7 = 1,2,3,4. Since A is symmetric, there are ten distinct elements

of A. Then,

P( Xy, Yy, Xn, Ya) = ;exp (——1-7tA 7) (3.3.35)

where A~! is the inverse of X, det stands for determinant, and superscript ¢
denotes transpose. From (3.3.31) and (3.3.32) we have

(X)) = (Y)) = (B.E}) = !23 (3.3.36)
(X2) = (V) = (EAER) = 2 (3.3.31)

where I, and I, are, respectively, the vertically polarized intensity (first
Stokes parameter) and horizontally polarized intensity (second Stokes pa-
rameter). Each of the field component will have the statistics as in (3.3.10)-
(3.3.19). Thus,

(X,Y,) = (XpYn) =0 (3.3.38)
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The third and fourth Stokes parameters are given by

U = 2Re(E,E}) (3.3.39)
V = 2Im(E, E}) (3.3.40)
Hence
U =2(X,Xpn) + 2(Y,Y3) (3.3.41)
V =2(XhnY,) — 2(X,Ys) (3.3.42)

Another relation that we need to establish physically is (E, E}p). This is a sum
of scattered fields from many particles with phases given by the positions of
the particles. The phase of E,E}, is the sum of phases of E, and E}, thus it
is reasonable to assume that

(EvEp) =0 = (XuXp) — (YoYa) + i ((XoYa) + (XiY2)) (3.3.43)
Thus using (3.3.41)—(3.3.43)

(X,X0) = (Ya¥i) = 7 (3.3.44)
(Xa¥s) = —(XYi) = & (3.3.45)
If we use (3.3.36)—(3.3.38) and (3.3.44)—(3.3.45), the covariance matrix is
e U V7
2 Y7171
o LV U
T 2 4 4
“lv v o, (3.3.46)
4 4 2
Vv U I
"1 1 7 2]

Based on (3.3.46) and (3.3.35), we can construct different joint pdf’s for
Xy, Yy, Xp, and Yy, and also for A,, ¢,, Ap, and ¢.

From (3.3.46), one can determine the determinant and the inverse of the
covarinace matrix:

= Ith 2 2\ 2
detA = 5 (1-p3) (3.3.47)

where
9 U2 + V2

= 3.3.48
po 41’th ( )
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Since
Q*+ U2+ V22 (3.3.49)
U2+ Vi< (I, + I)? — (I, — I)? = 411, (3.3.50)
we get p2 < 1. It also follows from (3.3.46) that
[ In UV
2 4 4
0 I, |4 U
=_ 1 2 4 4
Al = 3.3.51
LLg-pp | U V L (3.8.51)
4 4 2
|4 U I,
7 7 Y 7
Thus, using (3.3.51) and (3.3.35), the joint pdf of X,, Y,, Xp, and Y}, is

1 1
2L, (1 — p2) e"p{ T LL1 - p2)

: [f’i (X2+Y2) + L

p(X’Uv YU?Xha Yh) =

5 5 (Xi+Y3)

U \%4
- E (Xth + YUYh) + ~2— (Xth - XhYU)] } (3.3.52)

Since

p (X'ua Yv, Xha Yh) ddeYvdthYh =P (Am ¢v, Aha ¢h) dAvdd’vdAhd(bh
we have
p (Ava d)vy Aha ¢h) = A'uAhp (Xm Yv, Xh, Yh) (3353)
where X, = Ay, cos ¢y, Yy, = Aysing,, X = Apcos¢p and Yy, = Apsin ¢y,
Transforming the pdf of (3.3.52) to that of amplitude and phase gives

_ Ay AR 1
P ) = 3 2 enn{ Lh(-p)

_ [I_;A% n I2_vA% _ %AvAh cos(¢y — o)

~ 2 AuAnsin(, - m)] } (3.3.54)

Note that the pdf in (3.3.54) depends only on the phase difference ¢, — ¢y,
between vertically and horizontally polarized components.
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To obtain probability density function for ¢, and ¢, we integrate
(3.3.54) over A, and Aj.

D(Sv, d1) = /0 dA, /0 dAnD(Av, do, An, 1) (3.3.55)

To perform the integration, we let A, = pcos, Ay, = psinp, so that

P(Pw, dn) = M/o; dy coswsim/;/o dp p? exp(—p2N) (3.3.56)

where

1
= m (3357)
N = acos? ) — 2bsin ) cos 9 + csin? P (3.3.58)
1
1
c= —— 3.3.60
-7 (3:360)

1 U vV
T LI(1-p2) ( cos(¢y — ¢n) + - sin(¢y — ¢h)) (3.3.61)

Performing dp integration in (3.3.56) gives
sin v cos
D ) = / ay e

cos Y
=— d 3.3.62
2 /0 v . 3 cos? ) COS’(/J z )
S ¢{asin2dz 2 sin te }

If we let z = cot 4 in (3.3.62), we obtain

M [ T
P(Bv, B1) = 5 /0 dx P (3.3.63)

The integral in (3.3.63) can be calculated readily. Using (3.3.59)—(3.3.62),
we get

1 (1-p2) Po (7 1 Po
o) = wu——){” Ve (2““ \/r—fio)}

(3.3.64)

where
o _ (Ucos¢+ Vsing)?
Po = 4I,1,

(3.3.65)
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4 T T T T T

EI) m=0.7071
||) m=0.9899

35t , ]

0 50 100 150 200 250 300 350

¢ (deg)

Figure 3.3.1 Probability distribution of the phase difference p(®).

and ¢ = ¢, — ¢, is the phase difference. Note that (3.3.63) depends only on
phase difference ¢ rather than an individual ¢, and ¢;. The probability of
phase difference is p(¢) with

p(¢) = 27p(dv, Pn)

1 (1-p3) o (m, . 1 Po
= —0—F (¢l 4+ —| - +tan” —— 3.3.66
2m (1-p3) V1-p2 \ 2 V1-p2 ( )
For example, if U = V = 0, then p, = Pp = 0 and p(¢) = 1/(2n).
Thus, when there is no correlation between E, and Ej, the phase difference

is uniformly distributed. The maximum of the pdfis at ¢ = tan_l(%), where
Do is maximum. The degree of polarization is defined by

IV
B I
If the wave is elliptically polarized, the polarization is on the surface of the
Poincaré sphere and m = 1. If the point is inside the Poincaré sphere the
degree of polarization is less than 1.
In Fig. 3.3.1, we plot p(¢) for two cases.

i) I,=1 I,=1, U =1,and V = 1,so that Q =0, I = 2, and
m = 0.7071.
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(i) I, =1, Ir=1, U=14,and V = 14, so that Q =0, I = 2 and
m = 0.9899.

We note that the probability distribution p(¢) has maximum at ¢ =
tan~! 7 = 45° or 225°. Both (i) and (ii) have the same maximum at the
same location of ¢. However, (i) has m = 0.7071 and a wider distribution
while (ii) has m = 0.9899 and a narrower distribution.

4 Specific Intensity

In scattering by a single particle, one has only the incident wave and the
outgoing wave from the scatterer. However, in a medium containing many
particles, the incident wave can get multiply scattered by the particles. Thus
we have waves going in all possible directions. In general, the intensity is a
function of position 7 and direction 3. Thus we have the quantity I(7,3),
known as specific intensity.

Consider an illuminated area da; at point 7 and the intensity passing
through it in direction . Let §,; be the normal to the surface da,. (Fig. 3.4.1)
Then the power dP flowing through the illuminated area dai, in frequency
interval (v,v + dv) in terms of specific intensity I(7, 8), is given by

dP = I(7, 8) cos 61da;1d dv (watts) (3.4.1)

where 6, is the angle which the direction $ makes with the normal $,; of da;.
Thus specific intensity has dimensions of watts m~2Sr~'Hz~!. The specific
intensity I(7, §) will vary from point to point in space and also with direction
s through the point 7.

So1

=3
Y
>

da1

Figure 3.4.1 Power flow through area da; with surface normal $,; due to radiation prop-
agating in direction §.
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Figure 3.4.2 Differential power transmitted through area da; is equal to power received
by area dasg.

Consider a receiving surface with area das in the direction 6, from da;.
It is at a distance r from da; with its surface normal 3,2 at an angle 0 with
respect to direction 3 of propagation (Fig. 3.4.2). Then the solid angle d{);
subtended by das at da; is

cos Oadagy
—z (3.4.2)

If we use (3.4.1) and (3.4.2), the power intercepted by dag due to I(7,35) is

iy =

d
dP = I(7, 3) cos §1dardQdv = I(F, 5) cosHldalTa;- cosbody  (3.4.3)
However,

d
dQy = _“1_7?_@ (3.4.4)

is the solid angle subtended by da; at day. Therefore, from (3.4.3) and (3.4.4)
dP = I(7, §)d2adag cos fadv (3.4.5)

Comparing (3.4.1) and (3.4.5) shows that the two expressions are the same
with subscript 1 interchanged with subscript 2. Thus the expression for dif-
ferential power

dP = I(7,8) cos 0 dadf)dv (3.4.6)
is applicable to both transmission and reception of radiation. We often sup-
press the dv part of dP.

Consider the flux passing through an illuminated area da. Let 3, be
the unit normal to da. The flux passing through da in the forward range is
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F.(7,3,) and is

dP; = daFy(F,3,) = / I(7,8)(8 - 8,)dQda
(2m) 4+

/2 2m
- / dfsin 0 / doI(7,3)(cos8)da (3.4.7)
0 0

In (3.4.7), (27)4 denotes the hemispherical 27 solid angle with 0 < 6 < /2.
The backward flux is F_(7, 3,) and is such that

dP_ = daF_(F,3,) = / I(7,3)3 - (—30)d2da
(2m) -

m 2m
= / dfsin 0 / d¢I(7,8)(— cosf)da (3.4.8)
/2 0

Thus the net power through da is
dP, — dP_ =da(F4(7, 38,) — F_(T, 3,))

/2 2m
= da/ dfsin 6 / doI(7,3) cosf
0 0

0 2m
+da / dfsin 0 / d¢I(7,5) cos @
/2 0

™ 2
=da / df sin 6 / doI(7,3)cosf = da / I(7,8)3- 3, (3.4.9)
0 0 4

If we define the flux vector F'(7) such that

F(7)- 3, = Fy(7,3) — F_(7,8) (3.4.10)
then using (3.4.7)—(3.4.9)
FF)-3,= | dQU(F,3)3- 3 (3.4.11)
Hence "
F@7) = A dQI(7,58)8 (3.4.12)

For a Lambertian surface, the specific intensity I(7,$) is isotropic and is
independent of 5. Hence the power in direction § is

Idacos® = P,cosf (3.4.13)

where P, = Ida. This is known as the Lambert’s cosine law [Ishimaru, 1978).
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Boundary Conditions for Specific Intensity

For a plane wave incident at angle 6, at an interface separating medium 1 and
medium 2 with permittivities €; and €9, respectively, the Fresnel reflectivity

of power reflected is
€9 2 2
cosfy — , /—6— — sin“ 64
rh = - (3.4.14a)

€2 .
cosfy + , /= —sin? 6,
€1

for horizontally polarized waves and

2
6—2—c0501 -4 /2 —sin? 6,

1 ol (3.4.14b)
6—2003671 + 4 /2 — sin? 6,

€1 €1

for vertically polarized waves.

Consider specific intensity incident at angle 6; onto the boundary
(Fig. 3.4.3). By Snell’s law the reflected angle is equal to the incident angle.
For the transmitted angle, we have Snell’s law

n1 sin 07 = ngsin (3.4.15)
¢1 = ¢2 (3.4.16)

Ty =

Figure 3.4.3 Reflection and transmission of specific intensity on a flat interface.
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In (3.4.15), n; = y/€1/€, and ny = /€2/€,. The reflection of specific intensity
is described by
I. =1l (3.4.17)

where I; is the incident specific intensity and I, is the reflected specific
intensity. To obtain the transmitted specific intensity I;, we use the condition
of energy conservation to get

I; cos 01dadQ)y = I, cos 01dad)y + I; cos OadadSdy (3.4.18)
To relate d2; and d€23, we note from (3.4.15) and (3.4.16) that
n1 cos §1d0; = noy cos Gadby (3.4.19)
do1 = do2 (3.4.20)
Taking the product of (3.4.15), (3.4.19), and (3.4.20), we have
n? sin 0 cos 8;d6d¢y = n’ sin By cos fadfadepy (3.4.21)
so that
n% cos §,dY; = ng cos 0,dS) (3.4.22)
Using (3.4.22) in (3.4.18) gives
2
I; cos §1dadQy = I, cos 0ydadQy + I, cos @dak‘}’i@d—g—l (3.4.23)
ng cos 0
Simplifying (3.4.23) gives
n2
L= =2(1-n); (3.4.24)
M

The factor n3/n? is known as the divergence of beam factor.

Invariance of Propagation of Specific Intensity

Consider intensities I; and I at two points 71 and 7o separated by a dis-
tance r along the direction 3 and two areas da; and day perpendicular to
5 (Fig. 3.4.4). We can express the power received by dag in two different
ways. In terms of I it is I;da;dQ;dv. However, in terms of I it should be
IsdasdQady. Thus, the two should be equal

Ildaldﬂldv = Izdagdﬂzdv (3.4.25)

Since dQ; = dag/r? and d§d; = da;/ r2. Therefore, I} = I5, which shows that
the specific intensity is invariant along the ray path in free space.
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Figure 3.4.4 Invariance of propagation of specific intensity.
5 Passive Remote Sensing

5.1 Planck’s Radiation Law and Brightness Temperature

All substances at a finite temperature radiate electromagnetic energy. This
electromagnetic radiation is measured in passive remote sensing. According
to quantum theory, radiation corresponds to the transition from one energy
level to another. When the transition is between levels with energies £; and
&, the frequency of the emitted photon is given by Planck’s equation

f= & ; &2
where h is Planck’s constant and is equal to 6.634 x 1034 joule-sec.

There are different kinds of transition, and they include electronic, vi-
brational, and rotational transitions. For complicated systems of molecules
with an enormous number of degrees of freedom, the spectral lines are so
closely spaced that the radiation spectrum becomes effectively continuous,
emitting photons of all frequencies.

To derive the relation between temperature and radiated power, con-
sider an enclosure in thermodynamic equilibrium with the radiation field
it contains. First we shall find the energy density spectrum of the radiation
field at equilibrium, after which it will be easy to find the intensity spectrum.
The appropriate model for the radiation in the enclosure is an ideal gas of
photons. Photons are governed by Bose-Einstein statistics. Any number of
photons can occupy any allowed mode or state. The procedure for finding
the energy density spectrum of the radiation field consists of (1) finding the
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Figure 3.5.1 Rectangular cavity resonating modes in v space.

allowed modes of the enclosure, (2) finding the mean energy in each mode,

and (3) finding the energy in a volume V and frequency interval dv.
Without loss of generality, we shall choose a rectangular metal cavity

because its modes are easiest to analyze. Let the cavity be filled with a

material of permittivity € and of dimensions a, b, and d. The resonating
condition is

a_ 1 L2+ﬂ2+ 22_2+2+2 (3.5.1)
v ~ope |\ 2a 2b 2d Tl Ty T e

where [, m, and n = 0,1,2,.... The number of modes in a frequency inter-
val dv can be determined using (3.5.1) and a simple diagram (Fig. 3.5.1).
Each point in the diagram corresponds to a value for I, m, and n and
thus to a specific cavity mode. Thus, the volume of one mode in v space
is 1/ (8abd(ue)®/?) = 1/ (8V (ue)®/?), with V being the physical volume of
the resonator. If a quarter-hemispherical shell of v space has a thickness dv
and radius v, then the number of modes contained in the shell is

Amvldy

N(v)dv = x 8V (ue)®? x 2 = 8m 2V du(pe)3/? (3.5.2)

where the factor of 2 accounts for the existence of TE and TM modes and
N(v) is the mode density per unit frequency interval. If there are n photons in
a mode with frequency v, then the energy is £ = nhv. Using the Boltzmann
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probability distribution, the probability of a state with energy v is
P(E) = Be /KT (3.5.3)

where B is a normalization constant, K is Boltzmann’s constant (1.38 x
1072 joule/K), and T is temperature in Kelvin. Thus the average energy F
in a mode with frequency v is

S EP(E) 3 nhye-mhv/KT

— = p- h

E= n-og — n-Ooo = hu/KIT/’ — (3.5.4)
S P(E) S e—nhv/KT €
n=0 n=0

The amount of radiation energy per unit frequency interval and per unit

volume is w(v) = N(v)E/V. Hence,

8mwhu® (pue)3/2
To compute radiation intensity, consider a slab of area A and infinitesi-
mal thickness d. Such a volume would contain radiation energy
hy?

W= 87TAd(H6)3/2 m

(3.5.6)

per unit frequency interval. The radiation power emerging in direction 6
within solid angle df2 is 21 cos 8 AdS2, where I is the specific intensity per po-
larization and the radiation pulse will last for a time interval of d/me/ cos 6.
Thus,

d
W= / A02AT cos6 % = Td\/resna (3.5.7)
Equating (3.5.6) and (3.5.7), we obtain
hv?

Equation (3.5.8) is known as the Planck radiation law. In Rayleigh-Jean’s
approximation we have hv/KT < 1. For a medium with permeability x4 and
permittivity e, this gives

KT pe
== 3.5.9
I )\2 /1'060 ( )
where A\ = c/v is the free-space wavelength. In free space
KT

for each polarization. The specific intensity given by (3.5.10) has dimension
watts m~2Hz1Sr~! (power per unit area per unit frequency interval per
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Figure 3.5.2 Thermal emission from a half-space medium with permittivity €; and physical
temperature T'.

unit solid angle). The difference is less than 1% if the frequency is less than
1.2 x 10" Hz. Thus Rayleigh-Jean’s law can be used in the microwave region.

Brightness Temperature

Consider thermal emission from a half-space medium of permittivity €;. In
passive remote sensing, the radiometer acts as a receiver of the specific inten-
sity I3(6,, o) emitted by the medium under observation where 8 denotes
the polarization and (,,$,) denotes the angular dependence (Fig. 3.5.2).
From (3.5.9), the specific intensity inside the medium that is at temperature
T is
KT e 1

I= BvIP (3.5.11)
The specific intensity has to be transmitted through the boundary. Based
on energy conservation, the received emission is, from (3.5.11) and (3.4.24),

T(00r60) = 31— ri0s(01) (35.12)

Note that the €; /¢, factor in (3.5.11) exactly cancels the divergence of
beam factor in (3.4.24). In (3.5.12), r108(61) denotes power reflection when
a wave is incident from medium 1 onto medium 0. In (3.5.12), 6; and 6,
are related by Snell’s law. The results of the specific intensity are often
normalized to give the brightness temperatures

)\2

TB,B(em ¢o) = Iﬁ(eo, ¢o)? (3513)
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From (3.5.12) and (3.5.13), we get for a half-space medium

TBa(0o, #0) = T(1 — r105(61)) (3.5.14)
It is convenient to define emissivity eg(6,, ¢,) as
T’gs(0o, 9o
es(0o, ¢o) = —Eﬁ—%—d)l (3.5.15)
so that
eg(bo, o) =1 — r108(01) (3.5.16)

The reflection 7193 obeys a symmetry relation that is a result of reciprocity
and energy conservation. From reciprocity, the transmission from either di-
rection is the same. By energy conservation, reflectivity is one minus trans-
missivity. Thus combining reciprocity and energy conservation gives the fol-
lowing symmetry relation:

r108(01) = r018(60) (3.5.17)

where 7913(60,) denotes reflection for wave when incident from region 0 to
region 1. Thus, from (3.5.16) and (3.5.17), the emissivity becomes

es(0o, #o) = 1 — 1015(60) (3.5.18)

The result that the emissivity is equal to one minus reflectivity is a conse-
quence of energy conservation and reciprocity.

5.2 Kirchhoff’s Law

Kirchhoff’s law generalizes the concept of emissivity equal to one minus
reflectivity to the case where there is bistatic scattering due to rough surface
and volume inhomogeneities.

Consider a plane wave with polarization « incident onto a scattering
medium with area A. Then the power intercepted by the surface area A is
|E:|?Acos8;/(2n). The power scattered into the upper hemisphere is equal

to
>

ﬂ=1},h hemisphere

1
2 E 2 10
7 Bs s 3.5.19

Thus the fractional power that is absorbed by the surface is given by one
minus the fractional power that is scattered back into the upper hemisphere
and is known as the absorptivity of the surface.
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Figure 3.5.3 Geometry for derivation of Kirchhoff’s law.

w/2 2m
/ df, sin 6, / dps 2| Egs|?
0 0

B=v,h
97:3 ) =1- . -
a0 43) |EL|2A cos 6;
1 /2 2m
= T > / dfs sinbs | désyga(0s, bs; 0i,¢i) (3.5.20)
B=v,h 0 0

Kirchhoff’s law describes the relation between the emissivity and the
absorptivity of the body. Consider the body to be in temperature equilibrium
with blackbody radiation in the half-space above it (Fig. 3.5.3). Under this
equilibrium condition, it will be assumed that just as much energy of a given
polarization leaves the surface in a given direction as falls upon it from the
same direction with the same polarization.

The power incident on the surface with polarization § from direction
(0;, ¢5) is, from (3.4.1) and (3.5.10)

dP; = % dQ); Acos6; dv (3.5.21)
The power leaving the surface in the same direction is the sum of two parts:
(1) the thermal emission from the surface and (2) the external black-body
radiation scattered by the surface in direction (6;, ¢;). The first part is given
by

dP. = eg(0;, $:) % cos0; AdSY; dv (3.5.22)

The second part arises from incoming radiation from all directions (6, ¢) that
are scattered into the direction (6;, ¢;) with polarization 3 and are described
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by the bistatic scattering coefficients. Thus, the power scattered into solid
angle d2; with polarization G is

KT )
aFr = / deCOSHA{m(Oi,@;H,qS)+7ﬂh(9i,¢i;0,¢)}z;dﬂidu

upper
hemisphere

(3.5.23)
Since the body is in thermodynamic equilibrium with the half-space above
it, we have

dl; = dP, + dF, (3.5.24)
Equating (3.5.21) to the sum of (3.5.22) and (3.5.23) gives
1 cosf
1= eiy i - d v\Vi, ¥iy Y, 1y Piy Yy
6,@( ¢ ) + 47 on+ QCOS 9i [7ﬁ (0 ¢ 6 ¢) + ’Yﬂh(e d) b ¢)]

We next make use of reciprocity relation of (2.5.37). Thus,
1 /2 2m
eg(0i, i) =1— yp za:/o df sin 0 A ddvap(0, ¢;6;, &i) (3.5.25)

Equation (3.5.25) is a formula that calculates the emissivity from the bistatic
scattering coefficient . It also relates active and passive remote-sensing mea-
surements.

To illustrate the use of (3.5.25), let us consider the case of reflection by
a plane dielectric interface. We note that the power reflected will be in the
specular direction and has the same polarization as the incident wave and
the fractional reflected power is |Rg(6;)|> = r(6;) with Rg(6;) the Fresnel
reflection coefficient for polarization 8 and incident direction ;. Therefore,

Y6a(0s, bs; 03, $i) = Ra(6;)%4m 5(cos s — cos6;) 6(ps — ¢:)0ap  (3.5.26)
and substituting (3.5.26) into (3.5.25) gives

es(0i,¢:) = 1 — |Rp(6:)|? (3.5.27)

Relation (3.5.25) is an exact relation. However, it must be applied with

caution in actual practice. The problem arises when scattering effects of
rough surfaces and volume inhomogeneities are to be taken into account.

(i) In the absence of rough surface and volume inhomogeneities, there is no
backscattering. Thus monostatic measurements in active remote sensing
directly measures the effects of the scattering by random media. For pas-
sive remote sensing, one measures the emissivity which has a finite result
even when there is no rough surface or no volume scattering. Thus rough
surface and volume scattering gives only a differential change (which can
be small) from the flat surface homogeneous medium emissivity.
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(ii) Active remote sensing often measures only a single scattering direction,
e.g., the backscattering return. Thus one is required only to have a good
approximation of y,3 in one scattering direction. On the other hand,
to calculate emissivity by using (3.5.25), one has to integrate v,3 over
27 solid angles. That requires a good solution of v,4 for 27 solid angle
scattering directions with a further stringent requirement of deriving a
net difference from the reflectivity of a flat surface.

(iii) The derivation of (3.5.25) utilized reciprocity and energy conservation.
Thus when one uses (3.5.25) to get emissivity, the solution of 43 should
obey energy conservation and reciprocity. This is important when 7,3

5.3 Fluctuation Dissipation Theorem

The brightness temperature is related to the physical temperature T' of the
medium and its emissivity as follows:

Tg =e(0,4)T (3.5.28)

The emissivity is expressed in terms of the reflectivity r(8, ¢), defined as the
fraction of the power incident on the surface from direction (6, ¢) that is
re-scattered:

e(0,¢)=1—-r(0,9) (3.5.29)

The reflectivity in general involves an integration over the bistatic scattering
coefficients of the surface. However, if the temperature of the medium is
nonuniform, the definition of emissivity loses meaning and other approaches
must be sought.

An approach that takes into account the coherent nature of thermal
emission from medium with nonuniform temperature is based on the
fluctuation-dissipation theory [Landau and Lifshitz, 1960]. The fluctuation
dissipation theorem gives an expression for the correlation function of the
fluctuating current distribution in the medium. Given the current distribu-
tion, the Maxwell equations can be used to calculate the fluctuating electro-
magnetic fields.

Fluctuating electromagnetic fields occur in any dissipative body due to
spontaneous local electric and magnetic moments arising from thermally in-
duced random motions of its constituent charges. These thermally generated
fields radiate power into the surrounding medium, and in turn power from
the surrounding medium will be dissipated in the body and converted into
thermal motion of the charges. To compute the radiated power, it is neces-
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sary to determine the time and space correlation functions of the fluctuating
sources.

The frequency spectrum of the fluctuations can be related to the gener-
alized susceptibility. This is a special case of a general theorem due to Callen
and Welton [1951], in which a relation is established between the impedance
of a general linear system and the fluctuations of appropriate generalized
forces. This is the so-called fluctuation-dissipation theorem. The derivation
of the theorem is well-documented in literature [Landau and Lifshitz, 1960].

The assumption is made that the fluctuations are uncorrelated between
neighboring volume elements,

iKT

P(F,w)P" (7,u')) = —
(PP (7)) = 5 —
where P is the fluctuating electric dipole moment. Therefore, the thermal ra-

diation is generated by an equivalent current source J(7,w) = —iw- P(F,w),
with expectation value

(e — €9)6(w — w)3(F — 7)1 (3.5.30)

(J(F,w)) =0 (3.5.31)
and correlation
(7(?, w)j*(F', W) = %we"(?)KT(F)?J(w —Wo(F - F’) (3.5.32)

where €”(T) is the imaginary part of the permittivity and only positive fre-
quencies are considered in (3.5.32).

Given the source current in (3.5.32), the radiated electromagnetic field
due to thermal emission can be calculated by using dyadic Green’s function

E(F,w) = iwu/d?‘"ﬁ(?,'f") I w) (3.5.33)
From (3.5.32) and (3.5.33), it follows that the correlation of electric field is
(EFwE ")
— W2l‘2/ /d—/// 7 ST, )J GPE ﬁ*t(FI,F"’)
—=xt
— é_w #26(w W /d—// " —//)KT(—//) (- -//) G (—/ ——//) (3 5. 34)

Consider thermal emission from an inhomogeneous medium with permit-
tivity €1(7) and a temperature distribution T'(7) separated from the upper
half-space by a rough boundary (Fig. 3.5.4). Let r, be the distance between
the medium and the radiometer, which is located at 7,. The radiometer is
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Figure 3.5.4 Passive remote sensing from an inhomogeneous medium with non-uniform
temperature distribution.

in the far field from the medium. Then we define

Paﬂ = lim ngQ dw dw’ G- (E(FO’W)E*(FO’UJI» P e~ Wwttiw't
To™00 Aw Aw 277

(3.5.35)
where 7 is the wave impedance in region 0. For & = B =10, Py corresponds to
the power of thermal emission from area A, in solid angle df) in polarization
v in the direction 3, and for frequency interval Aw/(2r). For & = 3 = h, Py,
cAorresAponds to power of emission of horizontal polarization. For & = ¥ and
B = h, 2Re(P,p) and 2Im(P,;) correspond to correlation of the emission
in vertical and horizontal polarizations and are known as third and fourth
Stokes parameters. These correlation parameters can be nonzero even though
the thermal emission as given by (3.5.32) is uncorrelated. From (3.5.33) and
(3.5.34) we obtain

(B(To,w)E" (o, ))r2

_ 2w? ,u2'r3

——7—r—n——5(w - / dr €' (F)KT(7)Go1(To,T) -Eztl(?oj) (3.5.36)
Vi

where Go; is the dyadic Green’s function of half-space medium with source

in region 1 and field point in region 0. It is the exact solution of the dyadic

Green’s function of the half-space medium problem including surface and

volume scattering effects. Equation (3.5.35) is a result of the field approach

and will include coherent effects in thermal emission problem and can be
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used in the case where there is a temperature distribution.

There are four brightness temperatures T,(5,), TBr(S0), UB(5,), and
VB(8,); these are known, respectively, as vertical polarization, horizontal
polarization, and third and fourth Stokes parameters. The relations between
brightness temperature and P,s are defined as follows:

pP,, TBv(éo)
Phn TBr(50) | KAw
Re(Pyy) | = | Up(ay) | Nazr Ao c0s0odilo (3.5.37)
2Im(th) VB(S‘O)
where
TBv(go)
Tpn(30)| _ . 16m2nr2 N
UB(§0) —rolgloom Vldeel(T)T("')
VB(§0)

9(30) - Go1(Fo, 7) - Gy (7o, ) - 0(3)

h(30) - Gor (7o, 7) - Gon (T, ) - B(36)
2Re(%('§o) ‘_E-OI(FOaF) ' g(*)% (FO,F) ' (
2Im(9(30) - Go1(Fo,T) - G1(Foy T) - h(30))

2 2
—lim 27 [ e " (FYT(7)

ro—»ooA cos b, Jy,

(30) - tho(r To) - Glo(TaTO) B(30)
5(30) ) GIO(T To) - G10£7' 7o) - ;‘(:"'O)
2Re(2(3,) - Glo(r To) 'Eo(ﬂ To) - h(3,))
2Tm(6(30) - Cro(F, o) - Cro(F, 7o) - h(30))

The second equality in (3.5.38) is a result of symmetry relation based on the
reciprocity of dyadic Green'’s function.

(3.5.38)

5.4 Emissivity of Four Stokes Parameters

The emsissivity of the third and fourth stokes parameters in passive remote
sensing was recognized in the mid-1980s [Tsang, 1984]. It was later extended
to rough surface with anisotropy [Tsang and Chen, 1990; Tsang, 1991]. Sub-
sequently, extensive theoretical and numerical calculations were performed
[Yueh et al. 1994, 1997; Li et al. 1994; Johnson et al. 1994; Gasiewski and
Kunkee, 1994]. Observations were made on soil surfaces [Veysoglu et al. 1991]
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Figure 3.5.5 Active remote sensing from an inhomogeneous medium with non-uniform
temperature distribution.

and later by aircraft measurements [Yueh et al. 1995, 1997]. Satellite mea-
surements are being planned.

In this section, we shall derive emissivity in terms of bistatic scattering
coefficients. This has been done for vertical and horizontal polarized emis-
sivities using Kirchhoff’s law in Section 5.2. In this section, the derivation is
based on the result of fluctuation-dissipation theorem as given by (3.5.38).
Furthermore, we shall derive emissivities for all four Stokes parameters.

Consider active remote sensing of the same medium of Fig. 3.5.4 with an
incident plane wave launched in the direction of 5., = —§, that is opposite
to the emission direction (Fig. 3.5.5). Let the incident electric field be of unit
amplitude with the polarization &;. Then the incident field is

E; = dpehderT (3.5.39)
Let E; be the scattered field in region 0 and let the electric field inside the
scatterer due to the incident wave be E;(T). We express E1(T) in terms of
G10(7,7,). By definition of the index notation of dyadic Green’s function

G10(T,T,) - & is the electric field in medium 1 due to an electric current
source &0 (T —T,)/(wp). In the limit of r, — oo, this corresponds to a plane
incident wave in direction 3, with incident electric field

ezkr,,

lim &y
To—00 o

gtkdor ™ (3.5.40)
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Thus limoo G10(F,T,) - &, is the electric field in medium 1 due to incident
To—

plane wave of (3.5.39). Using the linear property of Maxwell’s equations and
comparing (3.5.40) with (3.5.39), we obtain

= ) otkro _
r}gnoo G10(T,To) « G = 7r7’oEl(r) (3.5.41)
Maxwell’s equations in region 1 are
V x B = iwuH, (3.5.42)
V x Hy = —iwey (F)Ey (3.5.43)
The boundary conditions on S are
AxE=axE (3.5.44)
AxH =nxH (3.5.45)
The time-averaged power absorbed by the medium 1 is
P, = % /V 1 dr wel (7)|E1|? (3.5.46)
Since
V- (E1 x Hy) = iwp|H;|* - iwe}|Eq|? (3.5.47)
it follows that
- /V dr-;-v. [Re(El x H’;)] (3.5.48)

By using the divergence theorem, (3.5.48) becomes the sum of a surface
integral on S and a hemispherical surface integral on Sjoc. Since the medium
1 is attenuative, the hemispherical surface integral on S vanishes. Thus

Pu=—3 [ dSh-Re[Ey x H}] (3.5.49)
2 Js
1 / dS#i - Re [EX‘H‘*] (3.5.50)
2 /s

The second equality in (3.5.50) is a result of boundary conditions of (3.5.44)
and (3.5.45). Now E = E; + E5, H = H; + H,. Hence

Pa=——/dS Re ExH]

=—§/Sd8 Re [T x Hj]—%Re/SdE.[EixF;+ESxH:]

- %Re /S ds - [E x F:] (3.5.51)
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It is clear that
1 .
—iRe/st -E;x H; = —21—17Aocosﬁo (3.5.52)

which is the power impinging upon the half-space medium. In (3.5.52) A4,
is the area of the half-space medium illuminated by the incident beam. By
making use of the divergence theorem and the fact that the upper half-space
is a source field, we can convert the last surface integral in (3.5.51) to be
that at infinity:

-lae/dﬁ.ﬁsxrz:
2 Js
1 . —— 2 | |2 2
= -——Re/ dS-EsxH, = / d¢>/ df sin § ———
2 2n

1

2r
=—— dos / dfssin g ———
4

A, c0s0
D Y6 (8,36)  (3.5.53)

B=v,h

where 7,3%(3, S0b) is the bistatic scattering coefficient defined for active re-
mote sensing with incident polarization é;.
We note from (3.5.39) that

H, = %(gob X Gup)eksorT (3.5.54)
Thus
- %Re/d?-(E- < +Es x )
S
= %Re / dSe~ ks T [a,, i x Hy(F) — %gob X &f - i x Es(r)} (3.5.55)
S

Next we make use of the lower part of (2.2.25). We dot that equation with

éts, Which is a vector that lies in the plane perpendicular to ks. Then from
(2.2.25), for ks pointing into the lower half-space of region 1 we obtain

= / dSe"%-"F{ds A x T (F) = Sk X - 7 % FS(F)} (3.5.56)
S n

Since 3, of (3.5.54) and (3.5.55) points into region 1, comparison of (3.5.55)
and (3.5.56) gives

—%Re/ dS-(EixH.+E,xH,)=0 (3.5.57)
S

Using (3.5.51)—(3.5.57) and (3.5.41), we have
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/ drwe!] (F)|E1|?
A, cosé 2m /2 .
= _"%__"{1 - Z /0 dd)s/o dOsv54(8, sob)}

= 872 lim r? / drwe! |G10(r To) - i) (3.5.58)

To—00
Thus we obtain the relatlon

. 1672nr2 9
r,}}—l-}loo————A p— / drwe] (T )|G10('r To) - Gp|

_1_-_ > / %dqss / d0s78a(8,306)  (3.5.59)

T o
The left-hand side of (3.5.59) is in a form similar to the right-hand side of
the brightness temperature equation (3.5.38).

Let
0(80b) = (80) (3.5.60)
Then for the case of uniform temperature T, comparing (3.5.59) with
(3.5.38) gives

1 27 /2
Tp(3) =T [1-— 3 / dbs / 08, 5in 05 y50 (3, 308) | (3.5.61)
47 G h 0 0

Similarly, by setting & to be

h(30b) = —h(30) (3.5.62)
we get

27
TBr(3) =T [1 — — Z / dd)s/ dfs sin 057y8k (3, Sob) (3.5.63)
H =v,h

Equations (3.5.61) and (3.5.63) are identical to the results of Kirchhoff’s
law and the results that were derived by Peake [1959]. Next we let & = p
polarization, which is a linear polarization with 45° with respect to vertical
polarization and horizontal polarization.

ﬁ=—%<«v<éob)+ﬁ<§ob)) \}iw(*) A(30)) (3.5.64)

Then we let & = R polarization which is right-hand circular polarized.

R= 1 (a3 (308)) = —= (8(30) — ih(3
= 75 (06a) +ih(3ep)) = 75 (9(80) = éh( o)) (3.5.65)
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Then

= R 1 R A =t —* R AL
G- pI* = 5(0(30) = h(30)) - G1o - G1o - (8(35) = h(30))  (3.5.66a)
— a 1 ~ =t =% -~
|Gio- R|* = 5(@(30) —1h(3,)) - Gyo - Gy (9(30) +1h(3,)) (3.5.66b)
Using (3.5.38), (3.5.59), (3.5.66a), and (3.5.66b) gives

UB(3,) =TBu(30) + TBr(3,)
1 2m w/2
- 2T - = S S i s A, Ao
{1 yp Bgu:h/o do /0 dfs sin 05y5,(3, 8 b)}

T 2m /2
==Y / ds / db sin 6,
4r f=vih 0 0

[Q‘Yﬁp(é, Sob) = VBu (3, 80b) — Yan(3, -§ob)] (3.5.67)

VB(-§0) = TB'u (go) + TBh(g‘o)
1 2m w/2
- 2T{1 ~in 5§h/() dos /0 dfs sin 65vsR (3, sob)}

T 2m /2
= Z/O dqss/O dfs sin 6,

B=v,h
[278R(3, 308) = 5u(3, 306) = Yn (3, 30)] (3.5.68)

Equations (3.5.67) and (3.5.68) give the relations of the emissivities of third
and fourth Stokes parameters in terms of bistatic scattering coefficients.

It is interesting to further examine the integrand in (3.5.67) and (3.5.68)
of the third and fourth Stokes parameter brightness temperatures. If we take
scattering amplitude dyad to be given by

T (3, 805) = D(8)(30) fow + D(8)A(Sob) fuh

+ h(8)D(Sob) fhw + A(8)P(S0b) fh (3.5.69)
and if we let
R 47 (| 30 |2
a5, 5) = “L2aL) (3.5.70)

for 8,a = v, h, then it follows readily that

47r<|fﬁv + fﬁh|2>
Acosb;

27p (3, 30b) = (3.5.71)
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4 (| f50 + ifsn|?)

2v8R(3, 30) = T cos (3.5.72)
and
2 [27ﬂp('§a éob) - '7,31)('%7 gob) ’Yﬂh(é § )]
B=v,h
47
= Aeos {2Re(fvvah) + 2Re(frofhn)}  (3.5.73)
> [2v8r(3,30) — ’Yﬁv(S, 30b) — ¥Bh(3, 30b)]
B=v,h
4
= AC:S 7 (2m(foufin) + 2m(fuu i)} (35.74)
Hence
2
TBy(80) = {1 AcosO / dd)s/ df sin O
(01003, 860)) + (U5 30) )] } (3.5.750)
2w
TBh(30) =T{1 Acos& / dd)s/ df sin 0,
(018,30 + (a3, 320) )] } (3.5.75)
27
T{ TonT / ds / 0,5in B [2Re( fuu 3, 30) (3, 8)

+ 2Re( fro (3, 8ob) Fin (3, go,,))] } (3.5.75¢)

A 1 2w w/2 ) o .
VB(so)=T{ yrrre /0 do, /O 0, 5in B, [21m( o (3, 30) F3n (5, 80)

mmm&mm@mﬂ (3.5.75d)

6 Correlation Function of Fields

Because random medium statistics are described by correlation functions, it
will be useful to study the correlation of electromagnetic fields. The correla-
tion of electromagnetic fields can often be related to the correlation proper-
ties of the random medium or the random rough surface.
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We have previously studied the third and fourth Stokes parameters,
which represent the correlation between the vertical and horizontal polariza-
tions. In this section, we discuss other useful field correlation functions for
random scattering.

Angular Correlation Function

The angular correlation function (ACF) describes the correlation of scattered
fields in two different directions. Consider a scattered field in direction I%sl
witAh an incident wave in direction k;;. The scattered field is denoted by
¢(ksl,k 1). Consider another scattered field z[z( 2, z2) in direction kgy due

to incident wave in direction kiz. Then the angular correlation function is
described by

ACF = ( ( sl 1.1)'¢) ( S2a )) (361)

It will be shown in later chapters that if the medium is statistically trans-
lational invariant in the horizontal direction — for example, with random
permittivity e(z,y, z) such that

(e(z1,y1, 21)€(z2, Y2, 22)) = 8(z1 — 22)8(y1 — y2)R(z1, 915 21, 22)  (3.6.2)

where R is some correlation function of the random medium — then the
ACF is zero unless

kir — ks1 = kiz — ks2 (3.6.3)

This can be regarded as a phase matching condition for the angular corre-
lation function for statistical inhomogeneous medium. It is also called the
“memory effect.”

Mutual Coherent Function

Consider an incident wave at a carrier frequency w,. In general the field

u(7, t) is

u(F,t) = Re[ (T, t)e-i%t] (3.6.4)
where (7, t) is the complex field.
P =P+ ";bf when 'll)c = <'¢)> (365)

The correlation function T' is the correlation of the fields at two space and
time points:

[(T1,t1572, t2) = (¥(T1,t1)P" (T2, t2)) (3.6.6)
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It can be decomposed into a coherent part and an incoherent part.

=T +T; (3.6.7)
Lo(T1,t1;72, t2) = ((T1, 1)) (" (T2, t2)) (3.6.8)
Li(71, t1;72, t2) = (Y5 (71, t1)) (¥} (T2, t2)) (3.6.9)

Consider the case that 71 = 7o = 7 and the random medium is stationary
in time. Then I'; depends only on the time difference

I; = Iy(7,7) (3.6.10)

where 7 = t; — t9 is the time difference. The temporal frequency spectrum
is the Fourier transform of the correlation function

o0
Wi(7,@) = / drT;(7, 7)e™" (3.6.11)
and
1 [ .
(7, 7) = 2_77/ dwe_“"tWi(F, w) (3.6.12)

Two Frequency Mutual Coherent Function

The concept of correlation function can be generalized to two frequencies.
Let u(w, T, t) be the field where the incident wave is a time harmonic function
of e™*!, Then

u(w,T,t) = Re(Y(w, 7, t)e ™) (3.6.13)
The two-frequency mutual coherent function is
[(w1,T1, t1;wa, T2, t2) = (Y(w1,T1, t1)Y* (we, T2, t2)) (3.6.14)
It can also be decomposed into a coherent part and an incoherent part
L = (Y(wi1,71,81))(¢* (w2, T2, t2)) (3.6.15)
F=r.+T; (3.6.16)

Relation Between Correlation Function and Specific Intensity

We can write the fluctuating field ¥ ¢(7) as consisting of a spectrum of waves
going in all 47 directions

wr) = [ doiy(r, e (3.6.17)
W) = [ dsidy(ra, e (3.6.18)
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Then
Ly(71,79) = (¥ (T1)9}(T2))
= /d§1 /d§2<¢f(71, 81)P}(Ta, 82))eker e~k (3.6.19)
For fluctuating fields, it is usually the case that

(W5(T1, 31)97(F2,52)) = I(Fa, 81)82(31 — 32) (3.6.20)

where I is the specific intensity, 9 is the two-dimensional angular Dirac delta
function, and 7, = (7 +72)/2. Equation (3.6.20) means that the correlation
function in spectral domain is uncorrelated for two different directions and
the correlation is also zero if 7; and 7y are far apart. Putting (3.6.20) in
(3.6.19) gives

Lf(F1,72) = / d31(Tq, 3)e™* (17T (3.6.21)

showing that the field correlation function is an angular transform of the
specific intensity.
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Geophysical media are very often mixtures of different types of particles
which can be characterized by many parameters. They can be described by
their physical parameters, such as size, concentration or fractional volume,
shape, and orientation. They also can be described by the dielectric prop-
erty which determines the wave propagation velocity and loss in the medium.
The presence of a rough surface is ubiquitous as wave propagation in geo-
physical terrain, such as the ocean-atmosphere interface and the soil surface
within a vegetation canopy. The physical characteristics of a random rough
surface is generally described by its statistical properties, like the height
distribution function and height correlation function. The dielectric proper-
ties of the two different media will determine the reflectance and absorption
of the interface. Because of the applications of microwave remote sensing
to earth terrain, extensive theoretical and experimental studies have been
made on the characterization of earth terrain physical parameters and their
dielectric properties at microwave frequencies [Ulaby et al. 1982, 1986; Tsang
et al. 1985; Fung, 1994]. Along with these studies, a variety of theoretical
terrain models have been derived. As we know, a terrain model is an abstrac-
tion from the often very complex geophysical media. For example, a layered
medium is usually used to model earth terrain, in which scatterers of canon-
ical shapes are generally used for the medium’s constituents. Although they
are simplified models, they provide us with the physical insight into terrain
scattering mechanisms and lead to accurate prediction and interpretation of
remote electromagnetic measurements. In subsequent chapters, the physical
parameters and dielectric properties will be used as input parameters for the
theoretical models. In the following sections we will give a brief description
of the rough interfaces and the particles of geophysical media that are dealt
with in the book and refer the readers to references for detailed statistical
data and experimental measurements.

1 Ice

Ice is the frozen form of liquid water. Natural ice is abundant in the Earth
environment—for example, lakes, seasonal snow, glaciers, and sea ice. Nat-
ural ice is of the hexagonal crystal form and is characterized by the optic
axis of the ice crystal, the c-axis. However, because of the presence of high
concentration of salts in ocean water, the growth behavior and structure of
sea ice is significantly different from the ice grown from fresh water. The
polar climatic and oceanic conditions also greatly influence the formation of
sea ice [Weeks and Ackley, 1982]. Depending on the temperature, history of



§1 Ice 169

development, growth conditions, and constituents of sea water, sea ice may
contain varying amount of salinity, brine pockets, solid salts, air bubbles,
and organic and inorganic inclusions. Sea ice is thus more like a multiphase,
anisotropic composite material.

Ice thickness, salinity, temperature, density, and the concentration of
brine inclusions are important physical properties of sea ice. These properties
are sensitive to the growth conditions and thermal history, which, in turn,
affect the electromagnetic interaction with sea ice medium. According to its
age and thickness, sea ice can be categorized into new ice (0-5 cm), young ice
(5-30 cm), first-year ice (30-180 cm), and multiyear ice (> 30 cm) [Onstott
et al. 1982]. The ice temperature generally follows a linear profile, increasing
linearly from the ice-atmosphere interface temperature to about —1.8°C at
the ice-water interface. The salinity of sea ice, S;, is a measure of the salt
content of sea ice and is defined by [Maykut, 1985]

mass of salt
" mass of ice + mass of brine

A x 103 (4.1.1)
where S; is in °/go or ppt (part per thousand). The ice growth process also
accompanies the bulk desalination. As the ice thickness increases, there is
a decrease in the ice salinity by mechanisms such as brine migration and
gravity drainage, resulting a brine loss to the ocean [Weeks and Ackley, 1982].
Salinity profiles in thinner ice have a C-shape indicating higher salinities at
the upper and lower parts of the ice slab. The density of sea ice is a function
of ice temperature and salinity; empirical relations can be found in [Cox
and Weeks, 1983]. Brine pockets are entrapped brine rejections between ice
platelets during the freezing process. The amount of brine entrapped depends
on the salinity of sea water and the freezing rate. Brine pockets are typically
long and narrow, being on the order of 0.05 mm in diameter. As the ice
changes temperature, internal melting or freezing within the brine pockets
influence the fractional volume of brine inclusions. Empirical relations for
brine volume fraction as a function of ice temperature and ice salinity can
be found in Frankenstein and Garner [1967] and Cox and Weeks [1983]. In
addition to brine pockets, sea ice also contains a great number of air bubbles
with dimensions between 0.1 and 2mm. Thus volume scattering effects of
brine pockets and air bubbles are important for sea ice.

The dielectric properties of ice can be found in Cumming [1952], Evans
[1965], and Ray [1972]. At microwave frequencies, the real part of the relative
permittivity of ice is about 3.2 and the imaginary part varies from 10~ to
0.05. Thus ice is not an absorptive media. Depending on the frequency and
the size of the particles in ice, it can be a strong scattering media. The dielec-
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tric properties of ice also depends on its temperature [Ray, 1972]. Dielectric
properties of sea ice are dependent on the properties of its constituents and
temperature, and various expressions have been derived to express the sea
ice effective permittivity [Weeks and Ackley, 1982]. The loss tangent of sea
ice varies with the ice type, depending on whether it is pure ice, first-year
sea ice, or multiyear sea ice.

2 Snow

Snow refers to ice particles that have fallen and deposited on the ground. As
ice particles reach the ground, the snow metamorphism process commences.
Driven by the tendency of minimizing its surface free energy, snow grains
reduce their surface area-to-volume ratio by forming larger and more rounded
shape. The temperature profile and gradient of snow layer determine the rate
and type of snow metamorphism. The freeze-thaw cycles of snow layer—ice
grains melt during the daytime and the melt water refreezes at night—can
yield clusters or aggregates of ice grains.

Snow is classified as a dense medium because each of the constituents
forming snow can occupy an appreciable fractional volume. Dry snow is a
mixture of ice and air, and wet snow is a mixture of ice, air, and water.
The amount of water in wet snow is given in terms of snow wetness, which
is the fractional volume of water f,, in snow. The amount of ice in snow
can be calculated from snow density M (g/cm3). Suppose that the specific
density of ice is 10% less than that of water; then the fractional volume
of ice in snow f; in terms of M is approximately given by f; = M/0.9.
Typical values of f,, run from 0% to 10%. The value of M usually falls
between 0.10 g/cm3 and 0.30 g/cm?®. Particle diameters of ice and water are
between 0.1 mm and 2 mm. For hydrological applications, it is desirable to
infer the water equivalent from the remote sensing measurements. The water
equivalent W (in cm) is the amount of water that remains when the snow is
melted. If the snow layer is of thickness d, then the water equivalent W is
governed by the approximate relation W = Md.

Particles do not scatter independently when they are densely distributed.
To study the scattering from snow requires a theory of scattering from dense
media. At very low frequencies, when the particle sizes are very much smaller
than a wavelength and scattering can be ignored, the several constituents of
snow contribute to an effective permittivity of snow which can be described
by mixture formulas [Maxwell-Garnett, 1904; Polder and van Santern, 1946;
Bottcher, 1952] and verified by experimental measurements (Cumming, 1952;
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Evans, 1965; Linlor, 1980; Ambach and Denoth, 1980; Colbeck, 1982; Tiuri,
1982]. For dry snow, the real part of relative permittivity varies from 1.2 to
2.8, depending on the snow density. The imaginary part varies from 1074 to
10~2. For wet snow, the real part of relative permittivity varies from 2 to 6,
and the imaginary part varies from 102 to 1, depending on temperature,
wetness, and frequency. Thus it is desirable that the theory of scattering by
dense media should reduce to a good mixture formula at very low frequency.
A study of the geometry and grain structure of snow has been done by
Colbeck (1972, 1979, 1982].

3 Vegetation

Vegetation consists of leaves and stalks embedded in air, such as alfalfa,
sorghum, corn, soy beans, wheat, and so on. The fractional volume occupied
by leaves and stalks per unit volume of vegetation including the air space
is between 0.1% and 1%. The particles in vegetation are nonspherical in
shape with large aspect ratios. Leaves have the shape of thin disks, and
stalks assume the form of long slender cylinders. They also have preferred
orientation distribution. Scattering by nonspherical particles can give strong
depolarization return. Depending on the type of vegetation, the thickness of
leaves are of the order of 0.1 mm to 1 mm and the surface area can vary from
1 cm? to 10% cm?. Stalk diameters vary from 1 cm to 5 cm, and the length
can vary from 5 cm to 100 cm. For geometry and inclination characteristics
of leaves and stalks in sorghum, one can refer to Havelka [1971].

Very little theoretical and experimental study has been done on the
variation of the permittivity of vegetation as a function of moisture and
frequency. One permittivity model that has been used is the following [de
Loor, 1968; Fung and Ulaby, 1978]:

S =€ +id (4.3.1)
60

& =554 m—00 (4.3.2)

1+ (1.85/))
85/ :
& = (e — 5.5)— (4.3.3)
1+ (1.85/\)

€n =5+ 5156V, (4.3.4)
Ve M (4.3.5)

T dy/dy + M (1= dy/ds)

where ) is the free space wavelength in centimeters, V,, is the volume filling
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factor of the dispersed granules in leaves, M is the moisture contents by
weight, d; is the density of the solid material, and d,, is the density of water.

4 Atmosphere

The atmosphere is a dispersed medium with randomly distributed aerosols
and hydrometeors in the air. As electromagnetic waves propagate in the
atmosphere, the wave energy is absorbed and scattered by these liquid or
solid particles. It has great effects in the applications of communication and
remote sensing using electromagnetic waves. The pertinent physical proper-
ties are size distribution, concentration, chemical composition, shape, and
orientation distribution. Aerosols are particulate matter suspended in the
atmosphere, examples include smog, smoke, haze, clouds, fog, and fine soil
particles. Their sizes are generally under 1 um in radius. Hydrometeors are
water particles in solid or liquid form in the atmosphere. Some examples are
mist, rain, freezing rain, ice pellets, snow, hail, ocean spray, clouds, and fog,
whose sizes are generally 1 um or more in radius. Aerosols and hydromete-
ors are not of same size, they are usually characterized by a broad range of
sizes. The electromagnetic properties, such as attenuation and depolariza-
tion, of a volume of aerosols or hydrometeors depend strongly on their size
distributions, composition, and shapes.

Rain is one of the most important hydrometeors. The size distribution
of rain droplets depends on the precipitation rate (rain rate) p, which is
normally expressed in millimeters per hour (mm/hr) [Chu and Hogg, 1968].
Rainfall is made up of roughly spherical water droplets. Raindrops can be
characterized in terms of the diameter 2a, with a falling terminal velocity
v(a). Let n(p,a) da be the number of rain droplets per unit volume having
radius between a and a+da at the precipitation rate p. An empirical rain drop
size distribution given by Marshall and Palmer [1948] is of the exponential
form

n(p,a) = ng exp (—aa) (4.4.1)

where ng = 8 x 10 m™*, o = 8200p~%2! m™1, a is in meters, and-p is in
millimeters per hour. Note that even though there are more particles with
smaller radii, these small particles have a relatively small effect on wave
propagation and scattering,.

To determine the effect of rain on wave propagation, we also need to
know the falling terminal velocities of raindrops, which are dependent on
the drop radius. It has been shown that over the diameter range 1 through 4
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mm, the terminal velocity v (m/sec) can be approximated by [Battan, 1973]
v(a) = 200.8aY?  (a in meters) (4.4.2)

If we know both the distributions of raindrop size and terminal velocities,
the precipitation rate p in millimeters per hour is given by

o0
p =151 x 107 / da v(a)n(p,a)a’ (4.4.3)
0

where v is measured in meters per second, n da is in reciprocal cubic meters,
a is in meters, and 1.51 x 104 = 3600 x 47 /3. Typical values of p are 0.25
mm/hr (drizzle), 1 mm/hr (light rain), 4 mm/hr (moderate rain), 16 mm/hr
(heavy rain), and 100 mm/hr (extremely heavy rain). Another quantity that
characterizes rain is the liquid water content, M in g/m3, using the relation

M= 4?7’ x 10° / da a®*n(a) (4.4.4)
The liquid water content is the mass of water contained in one cubic meter. In
general, raindrops are not of spherical shape, and we must take into account
the effect of raindrop orientation on certain wave propagation phenomena.
Clouds are made up of very small water particles, and their radii are
generally smaller than 100 pm. The median radii are typically 2.5 to 5 pm,
and the number density may vary from 10° to 10° m~3 with a typical value of
108 m~3. Typical liquid water content may vary from 0.03 g/m3 to 1 g/m3.
Thus, generally, the fractional volume occupied by particles is much less than
1 and the atmosphere is a medium with sparse concentration of particles.
References for rain and cloud are Laws and Parsons [1943], Marshall and
Palmer [1948], Medhurst [1965], Blanchard [1972], and Fraser et al. [1975].
The shapes of cloud and rain droplets are discussed in Pruppacher and Pitter

[1971]. The emission and absorption of other atmospheric gases can be found
in Waters [1976].

5 Correlation Function and Pair Distribution Function

Various natural or man-made media are discrete random media in which
inhomogeneities are distributed discretely and randomly. Examples include
vegetation, sea ice, and snow, as described in previous sections, for which the
physical and dielectric properties of particles—for example, leaves, branches,
snow grains, and brine inclusions—differ significantly from those of respec-
tive background media. Because of the great variety of randomness, it is
quite difficult to give an exact microstructure description of discrete ran-
dom media. It is also not easy mathematically to find a rational way of
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describing random structures. Averaging processes are usually employed to
obtain the effective properties of such media. However, the effective physical
and dielectric properties of a random medium cannot be accounted for by
its macroscopic parameters, such as particle sizes and densities, alone. These
macroscopic parameters does not address how the inhomogeneities are struc-
tured in the medium and how the electromagnetic radiation interacts with
these inhomogeneities. To derive the effective medium properties, it will need
statistical information about the spatial and orientation distributions of in-
homogeneities. Both correlation function and pair distribution function have
been used to characterize the microstructure of geophysical random media
[Tsang et al. 1985]. Pair distribution functions and correlation functions are
useful if the scattering properties are expressed in terms of these functions.
For example, in discrete random media, using the quasicrystalline approx-
imation and the correlation ladder approximation, the scattering problems
are formulated in terms of the pair distribution function. In strong permittiv-
ity fluctuation theory, the scattering is in terms of the correlation function.

5.1 Correlation Function

As shown in Fig. 4.5.1, we will consider a two-phase medium with randomly
distributed N particles, which are not necessarily spherical. Each particle is
centered at the position 7;, ¢ = 1,2,..., N, and embedded in a background
medium denoted as region Vj. A stochastic function at position 7, H(7), can

be defined as [Prager, 1961]

~_J0 ifreW
H(F) = {1 7 ¢ Vi (4.5.1)

The function H(7) is a discrete random variable of values 0 or 1, depending
on the position vector 7. With a complete knowledge of H(7), the random
medium can be specified by the following family of joint probabilities
P(Tl,Fg, eeo,TN By, Re,y L, hN)
= Prob {H(r1) = h1, H(F3) = hy,...,H(FN) = hn)} (4.5.2)
where Prob {H(71) = hy, H(F3) = hg,..., H(Tn) = hy)} is the probability
of finding that H(?‘]) = hq, H(Fg) =hg, «--, H(Fn) = h, and
_Jo ifre W
h; = { 1 7 ¢ Vo (4.5.3)

For example, P(71,72,1,1) is the probability that there exist particles at
both 7; and 7y simultaneously, and P(7;,72,0,0) is the probability that
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O
O

Figure 4.5.1 A discrete random medium consists of N particles which are randomly embed-
ded in the background medium Vj. The positions of the particles are given by 71, 7o, ..., TnN.

there are no particles at both 7; and 7.
The first moment or the mean value of H(T) is

1
S1(F) = (H(P) = ) P(F,m)H() = p(7,1) = f (4.5.4)
h=0

The angular brackets (-) are used to indicate the ensemble average, and the
volume fraction of inclusions is given by f. The above equation states that
the mean value of H(7) is equal to the volume fraction of particles. The
second moment or the correlation between H(71) and H(73) is equal to

S2(1,72) = (H(T1)H(72))

11
=Y > P(F1,T;h1, o) H(T1) H(T2) = P(F1,72,1,1) (4.5.5)
h1=0h,=0
that is, the probability of finding two particles at 7; and 7, simultaneously.
For a statistically homogeneous random medium, the translational invariance
implies that Sy(71,72) = S2(|T2 — F1]). Two important facts about Sz(|7|) are

Sy(0) = f (4.5.6)
and
Jim_Sy(17)) = f? (4.5.7)

The correlation function C(7), which has been used in the random medium
model for the calculation of effective permittivities and backscattering coef-
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ficients, is defined as the covariance of H(7') and H(7 + 7) as [Lim et al.,
1994]

C(F) = ([HF) - (HF)] [HF +7) - (HF))])
= (HF)H (' +7)) — f* = S(F) - (4.5.8)
The normalized correlation function R(7) is then given by
C(F) _ $ofF) - 12
co  f-r
where C(0) gives the variance of the random function H(7). The normalized

correlation function R(7) is dimensionless; R(0) = 1, and R(7) tends to be
zero for large separation of .

For isotropic and homogeneous media, the most commonly used R(F)
are of Gaussian and exponential forms:

R(7) = exp (—|F2/1?) (4.5.10)
R(r) = exp (—[7|/1) (4.5.11)

where [ is the correlation length of the medium. If the random medium is
homogeneous but anisotropic, its correlation function may depend on the
direction of the vector 7. For example, an exponential correlation function
of spheroidal form with correlation lengths /, and [, has been used in the
modeling of random media [Nghiem et al. 1990]:

2 2 2
R(7) = exp <— z ;y + %) (4.5.12)
p z

R(F) =

(4.5.9)

Based on (4.5.9), correlation functions have been derived for a random col-
lection of impenetrable and penetrable spherical particles [Lim et al. 1994],

as well as for granular media with spherical shell and ellipsoidal inclusions
[Métzler, 1997].

5.2 Pair Distribution Function

The statistical characterization of the microstructure of a discrete random
medium can also be achieved by way of particle distribution functions. This
model is well-established in statistical mechanics, in which random distribu-
tions of atoms or molecules are characterized by the joint probability density
functions of their positions and types. In the following we define some useful
functions that will be used in later chapters.

Let the N particles in Fig. 4.5.1 be identical, and located respectively
at ¥1,72,...,T7N, in a background medium of volume V. Interpenetration



85.2 Pair Distribution Function 177

of particles is not allowed in this case. The distribution of N particles is
described by the N-particle probability density function p(71,72,...,7n),
and f(71,T9,...,7N)dF1 dF2 --- dFy gives the probability of finding a par-
ticle within the volume d7; centered at 71, a particle within the volume d7s
centered at T9, and so on, and a particle within the volume d7y centered
at 7)y. The probability density function is non-negative, and the integral
of itself over the total volume is equal to unity. The ensemble average of a
configuration-dependent quantity A(71,72,...,7nN), denoted by (A), is given
as

N
(A) = /A('Fl,'fz, ...,7N) p(F1,72,...,TN) H dre, (4.5.13)
a=1

Single-particle and two-particle probability density functions are obtained
from N-particle probability density function by integration over the remain-
ing variables

N
p(Fs) = / P17, ) || e (4.5.14)
a=1
aFi
N
p('?ivrr_j) = /p(FlvF% o )FN) H dra (4515)
g

In terms of the Dirac delta function, the single-particle or number density
function n(!)(7) of the medium is defined as

n(F Z G (4.5.16)

and the integration of n(1)(7) over the whole medium gives the total number
of particles:

/ nMF)dF = N (4.5.17)
The average number density, (n(!) (7)), is equal to
N
(1) / O Fp(F1,7a, . .. H dra Z p(F) = Np(F) (4.5.18)

=1
where p(7) is the single-particle probablhty density function of (4.5.14). If

the medium is statistically homogeneous, the distributions of particles are
equally probable everywhere within the volume V. Hence the single particle



178 4 CHARACTERISTICS OF DISCRETE SCATTERERS AND ROUGH SURFACES

probability density function is p(7) = 1/V. The average number density, ng,
will be denoted by

n —_— E
TV
A two-particle number density function n(?) (7,7) can be defined as
N N
nOFF) =) 67— 7)o — 7)) (4.5.19)

i=1 i=1
I

This function is zero unless there are two particles simultaneous at two
different positions 7; and 7;. The integration of n(?)(7,7) over the variable
7 will give

/ n@F,7)dF = (N — 1)nV)(7) (4.5.20)

where n(J(7) is given by (4.5.16). It is noted that n®(F7) #
nD(FnM)(7), because the occupation of position 7 can be strongly in-
fluenced by that of 7 when particles are densely packed. The average of
two-particle number density function (n(? (7, 7)) is equal to

N
<n(2)(F7F/)> = /n(Q)(FvF,) p(FlaF27 oo aFN) H dFa

a=1

N N
=Y > p(,7) = NN - 1)p(r,7) (4.5.21)
i=1 J:

where p(7,7') is the two-particle probability density function of (4.5.15). In
terms of the two-particle probability density function, the pair distribution
function g(7,7') is defined by

(7)) = (V@) (D) g(r,7) (45.22)
Thus the pair distribution function g(7,7) is proportional to the two-particle

probability density function p(7,7'). For a homogeneous random medium,
(nW(F)) = (")) = no, then

(nAF 7)) = ndg(7,7) (4.5.23)

If [F—7'| — oo, then, p(7,7) — p(F)p(7'), and it is expected that g(7,7) — 1.

The definitions and formulae for the number densities and pair distri-

bution function can be generalized to the cases of mixture or multispecies of

particles and adhesive particles. In condensed matter physics and molecular
liquid physics, the pair distribution functions of atom or molecule positions
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have been obtained from theoretical models, computer simulations, and ex-
perimental measurements [Ziman, 1979]. The applications of these methods
to derive the pair distribution functions for discrete random medium study
will be described in Volume II. For the geophysical remote sensing applica-
tion, snow sections prepared stereologically have been analyzed to determine
a family of pair distribution functions that can be used to calculate the radar
backscatter from snowcover [Zurk et al. 1997].

6 Gaussian Rough Surface and Spectral Density

Since the characterizations of the terrain surface of interest are frequently
very difficult to obtain from field measurements, various geoscience remote
sensing applications require the use of random rough surface models. In a
random surface model, the elevation of surface, with respect to some mean
surface, is assumed to be a stochastic process. To characterize a random
process of surface displacement, it generally requires a multivariate proba-
bility density function of surface heights. For naturally occurring surfaces,
it is reasonable to assume a Gaussian (or normal) height distribution, and
to be stationary, meaning that its statistical properties are invariant un-
der the translation of spatial coordinates. Although realistic rough surface
profiles are not necessarily Gaussian, the use of Gaussian statistics greatly
reduces the complexities associated with such random processes. A com-
plete description of the Gaussian random process is given by its mean and
covariance function alone.

One-Dimensional Gaussian Random Rough Surface

For the sake of simplicity, let us consider a one-dimensional random rough
surface as shown in Fig. 4.6.1. The surface profile is described by a height
function f(z), which is a random function of coordinate x. The coordinates
of a point on the surface are denoted by (z, f(z)). The surface heights assume
values z = f(z), with a Gaussian probability density function p(z) as

2 — )2
p(2) = 02\1&? exp (—(——2—%> (4.6.1)

where o is the standard deviation or root-mean-square (rms) height, and n
is the mean value of the surface height which is usually assumed to be zero.

The joint probability density function p,,,,(21, 22) of two Gaussian ran-
dom variables, z; and 29, is given by [Papoulis, 1984]
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z
h

Figure 4.6.1 One-dimensional random rough surface.

1
122\%1,22) =
Pasen ) = o T O
(21 —=m)*  2C(21 —m)(z2 — m2) 4 2 72)*
o? 0109 o3
2(1-C?)

exp{ —

(4.6.2)

where 71 and 7 are the respective mean values of z; and 23, and a% and a%
their variances. In (4.6.2), C is the correlation coefficient. Let n; = ny = 0,
and let o1 = 09 = 0; in this case, the covariance of the two random variables
21 and z9 is

o0 o0
(z129) = / / dz1 dzg 2129 Dy, 2, (21, 22)
—00 J —00
1 00 22
= dzg z9€x ——2——)
oV2n /_oo 242 p( 202

/°° p 21 [21 — z2C]2
o A oo P 20%[1-C7

1 * 22
=7 / dzy 25 Cexp (———2—> = o2C (4.6.3)
T J—00

- o 202

where the inner integral over dz; is equal to 2oC, which is the average value of
the random variable z; for a normal density with mean 23C. The correlation
coefficient of two random variables z; and zj is generally defined as the ratio
between their covariance and the product of their standard deviations o109
[Papoulis, 1984]. Note that |C| < 1. If C = 0, then 2; and 23 are independent
random variables.
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Characteristic Function

The characteristic function of a random variable z is defined as the average
value of exp(ikz)

o<}

®(k) = (exp(ikz)) = / dz p(z) exp(ikz) (4.6.4)

—00
where k is the Fourier transform variable. Equation (4.6.4) states that the
characteristic function is equal to the Fourier transform of the probability
density function p(z). This function is maximum at the origin, |®(k)| <
®(0) = 1. For a Gaussian random variable 2z with the probability density
function of (4.6.1), the characteristic function is
k%02
®(k) = exp(ikn) exp <——§—) (4.6.5)

The characteristic function of joint Gaussian random variables z; and 29
with the joint probability density function (4.6.2) is equal to

1

(exp [i(k1z1 + kgzg)D = exp [ 2 (k%a% + 2Co109k1ky + U%kg)] (466)

Correlation Function

The correlation function of the random process of surface height f(z) is
defined as

Ry(z1,22) = (f(21) f(z2)) (4.6.7)

It is a measure of the correlation of surface profile f(z) at two different loca-
tions 1 and z4. For the case of Gaussian height distribution with zero mean

and rms height o, we can obtain, from (4.6.3) and (4.6.7), the correlation
function

Rj(z1,22) = 0*C(z1, z2) (4.6.8)

where C(z1, z9) is a function of z; and z9. The correlation function is often
assumed to be Gaussian:

T — T9)?
C(z1,z9) = exp (“—12—2—)—> (4.6.9)

where [ is known as the correlation length. As |27 — zo| > I, C(z1, z2) tends
to be zero, and functions f(z;) and f(z2) become independent, which means
that when two points on a rough surface are separated by a distance much
larger than the correlation length, the function values at these two points are
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independent. Other types of descriptions, such as exponential and fractal,
have also been used for the rough surface correlation functions.

For a stationary random process f(z), the correlation function depends
only on the separation x1 — x3 :

Rf(a:l, :EQ) = Rf(asl - .’1:2) (4.6.10)

For example, the correlation function for a stationary Gaussian height dis-
tribution with zero mean and rms height o, by using (4.6.3) and (4.6.9), is
given by
R = o2 (21 = 2)" 4.6.11
f(z1,22) = 0% exp T2 (4.6.11)

and [ is the correlation length.

Correlation Function of Slope

Given a stochastic process f(z), its derivative, f/(x), is also a stochastic
function. For a rough surface profile f(z), f'(z) corresponds to the slope
function. In the following, we will derive the correlation function of slope
Ry (z1,22)

Rpi(z1,22) = (f'(21) f'(22)) (4.6.12)

in terms of the correlation function Ry(z1, z2).
We first calculate the correlation function of f(z1) and f'(z2) :

(f(fl:1)f’(x2)) — ll_r.r(ly (f(z1)f(z2 + GZ — f(z1) f(z2))
= lim Ry(z1,29 + €) — Ry(z1,23) _ OR;(21,29)
e—0 € 3:1:2

(4.6.13)

where € is an infinitesimal number. Next, Ry (1, z2) is obtained as

(f(z1+€) f'(x2) — flz1) f'(x2))
€
3Rf($1 + 6,.’122) _ 8Rf(m1,:1:2)
= lim Oxg Oxo _ 82Rf(m17$2)
e—0 € 0110z

Ry(z1,z2) = lim

(4.6.14)

that is, the correlation function of slope is equal to the second derivative of
correlation function Rf(z1,z2) with respect to x; and x3. For a stationary
process, R¢(z1, z2) = Rf(x1 — x2), the correlation function of slope becomes

&°Rj(x)

Rf/(il,‘) = - 6172

(4.6.15)
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For the case of stationary Gaussian height distribution with zero mean and
rms height o, using (4.6.11) and (4.6.15), the correlation function of slope is
equal to

2 4z z?
Rf,(:z) = 0’2 (l—2 - -lT> exp <_T2—) (4616)
The mean slope, for this case, is equal to zero,

{(f(z+¢) = (f(2))

(f'(z)) = lim - =0 (4.6.17)
and the variance of slope function equals
2 202
([f'@)]°) = Rp(0) = 55 (4.6.18)

that is, the rms slope is \/ia/ l.
Spectral Density

The spectral density or power spectrum is defined as the Fourier transform
of the correlation function Rf(z) :

(k) = 517; /_ ~ dz Ry(z) exp(ikz) (4.6.19)

where k is the Fourier transform variable. The inverse Fourier transform
yields

Ry(z) = / dk U (k) exp(—ikz) (4.6.20)
—00
At =0, Ry(0) = (f?(z)), which is non-negative. Hence
(o9}
/ dk (k) > 0 (4.6.21)
—00

For the case of stationary Gaussian height distribution with zero mean and
rms height o, using (4.6.11) and (4.6.19), the spectral density ¥ (k) is equal
to

U(k) = b exp (—k—25> (4.6.22)
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7 Soil and Rocky Surfaces

Soil can be regarded as a mixture of water and the bulk material which is a
mixture of sand, silt, and clay. The dielectric constant of the bulk material
is approximately equal to 3, which is generally much smaller than that of
water. The complex relative permittivity of free water with no salinity can
be described by the Debye equation

€ €0 — €co

-e—o = €c0 + m (471)
where ¢g is the static dielectric constant, €, is the optical limit of dielectric
constant, 7 is the relaxation time, and f is the frequency. For details, refer
to Lane and Saxton [1952], Saxton and Lane [1952], and Ray [1972]. The
dielectric constant of water depends on whether the water is bound to the
soil particle or is free. Free water has a much higher dielectric constant than
bound water.

According to the United States Department of Agriculture, the particle
diameter of clay is less than 2um, the particle diameter of silt is between
2 um and 50 um, and the particle diameter of sand is between 50 pm and
2000 pm. Thus, for the same volumetric content of moisture, there is more
free water in sand than in clay. Hence, the dielectric constant of soil is also
dependent on the soil texture. For example, Yuma sand is almost exclusively
made up of sand, and Long Lake clay consists primarily of silt and clay. At
1.4 GHz, the real part of dielectric constant can vary from 3 to 25 and the
imaginary part can vary from 0 to 5 with increasing soil moisture [Lundien,
1971; Newton, 1976; Njoku and Kong, 1977; Wang and Schmugge, 1980;
Schmugge, 1980; Newton and Rouse, 1980].

The measurements of dielectric constants as a function of moisture con-
tent in soils have been carried out over a wide microwave frequency range in
the past several years. Some of these measurements were made for many soil
samples with widely different textures and thus provided systematic stud-
ies on the variation of the dielectric constant with soil texture. As a result
of these studies, two distinct features associated with the relation between
the soil dielectric constant and moisture content have emerged. First,-for all
soil samples the dielectric constant increases slowly with moisture content
initially. After reaching a transition moisture value, the dielectric constant
increases steeply with moisture content. Second, the transition moisture is
found to vary with soil type or texture, being smaller for sandy soils than
for clayey soils. Because of this variation of the transition moisture with soil
types, the plots of the measured dielectric contents versus moisture content
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show differences for soils with different textures. These differences persist
whether the moisture content is determined in percent by dry weight or by
volume basis.

Because of irrigation, the surfaces of the soils are generally not flat. The
surfaces can be classified as smooth, medium rough, and rough [Newton,
1976; Newton et al. 1982]. The surface can also have row structures [Wang
et al. 1980]. Thus, study of scattering by periodic surfaces and random rough
surfaces are important problems in microwave remote sensing of soils.

8 Ocean Surface

The ocean surface consists of irregularly spatial and temporal variations as a
result of extremely complex local and non-local interactions [Phillips, 1977].
Ocean waves can exist over a range of scales, from swell to capillary waves. In-
teractions between different scales of roughness, the presence of non-locally
generated waves which propagate into the region of observation, and the
forces of wind stress and surface tension combine to make ocean surfaces
difficult to characterize. Ocean wave spectra provide some general informa-
tion about the ocean surfaces, and they are important in understanding how
ocean waves interact with electromagnetic waves for practical remote sens-
ing applications, such as the detection of wind speed and direction over the
ocean surface using electromagnetic sensors.

An ocean directional spectrum may be viewed as the distribution of
ocean wave energy density with respect to frequency and direction. Measure-
ments of ocean spectra are pursued basically in two methods: (1) direct mea-
surements through the use of wave height recording buoys within the ocean
wave field or in indoor wave tanks [Wetzel, 1990] and (2) remote measure-
ments based on the photogrammetric or optical techniques and radiowave
backscatter techniques. The direct measurements usually record time series
of sea surface displacements, which can be processed to provide a temporal
frequency spectrum W (w) of the ocean. The temporal frequency spectrum
can be converted to a spatial frequency, or wavenumber, spectrum W (k) by
making use of a particular dispersion relation between w and k for ocean
waves. The wavenumber spectrum is a function of two components of the
surface wave vector k, k; and ky in cartesian coordinates, or k and ¢ in
polar coordinates. Another convenient assumption is made of the separation
of wavenumber and directional spectra such that

W (k, ¢) = S(k)®(4) (4.8.1)
where W represents the spectrum amplitude, k = |k|, and ¢ = tan™! (ky/kz).
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If the wind direction is chosen to be in the Z-direction, then ¢ is also the
azimuthal angle relative to the wind. Thus, with this assumption, the effects
on amplitude and direction may be looked at separately.

A number of analytical representations for ocean spectra have been pro-
posed, based either on ocean or wave tank measurements or on empirical
fits to radar backscatter data through the composite rough surface scatter-
ing model [Valenzuela, 1978; Wetzel, 1990; Apel, 1994]. A brief description
of several commonly used ocean spectral models available in the literature
follows.

It is common practice to truncate (bandlimit) the spectrum between kg
and kg,. Given the bandlimited spectrum between k4 and k,, the rms height
and rms slope can be calculated:

k. 2w
h? = /k dk k /0 do W (k, ) (4.8.2)

The rms slope squared, s2, in the z direction is

k. 2
2= / dkk | dpk?cos® oW (k, @) (4.8.3)
kaq 0
while the rms slope squared in the y direction is
k. 2
s2 = /k dk k /0 d¢ k% sin? oW (k, ¢) (4.8.4)
with
ko 2n
s=si+s= / dk k* / dp W (k, ¢) (4.8.5)
kaq 0

Power Law Spectrum

The power law ocean spectrum is an isotropic wavenumber spectrum given
by [Valenzuela, 1978; Wetzel, 1990]

W (k,¢) = agk™ (4.8.6)

where ag is known as the spectral constant. The k= dependence for the ocean
spectrum has been proposed based on purely physical requirements [Apel,
1994]. Because of the singularity at k = 0, the power law spectrum is only
valid for a specified portion of the ocean wavenumber given by kg < k < kqy.
Although variations with wind speed and azimuth angle are not included in
this simplified model, measured ocean spectra are well-fitted qualitatively by
a truncated k~* spectrum near the Bragg scattering portion for microwave
frequencies.
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For such a truncated power law spectrum, the surface variance is given

by

0 kiw 2 1 1

o= / dk k / d¢p W(k,) = mag <—2 - ——2—> (4.8.7)

ka 0 kdl kdu
Similarly, the total slope variance, or the mean-square slope, is obtained
from

k. 2 k

2 = dk k® dé W (k, ) = 2mag log | -2~

kat 0 kai

Thus, the variance of a power law spectrum ocean is dominated by its low

frequency components, since they comprise the highest amplitude portions

of the spectrum, and the slope variance is determined by the width of the

spectrum. It is noted that this slope variance dependence emphasizes the

need for a cutoff wavelength in the composite surface model, because the

slope variance of such a surface could be made very large by extending the
spectrum into very short wavelengths beyond the Bragg scattering region.

(4.8.8)

Pierson-Moskowitz Spectrum

The Pierson-Moskowitz ocean spectrum [Pierson and Moskowitz, 1964] is fre-
quently applied in oceanography for a fully developed wind-generated sea.
This model is derived based on the assumption that the wind has been con-
stant for an adequate duration and fetch (the effective distance over which
the wind transfers energy to the ocean). As a function of wavenumber, grav-
ity, and wind speed, the form of Pierson-Moskowitz spectrum is

Won(5,6) = 5 oxp - kgfjglgs) (k,9) (48.9)

where ag = 0.0081, 8 = 0.74, g is the gravitational acceleration equal to
9.81 m/sec?, and Uyg 5 is the wind speed, in m/sec, at the altitude of 19.5 m
above the mean sea level [Thorsos, 1990]. The subscript PM denotes the
Pierson-Moskowitz spectrum. In (4.8.9), ®(k,#) is the directional factor,
which can in general be a function of wavenumber k. A cos? ¢ azimuthal
dependence has often been assumed with the use of the Pierson-Moskowitz
spectrum [Thorsos, 1990]:

cos? ¢

O(k,¢) =

The peak of the Pierson-Moskowitz spectrum occurs at the wavenumber

VB/2g/U 5.

(4.8.10)
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Figure 4.8.1 Amplitude of the Pierson-Moskowitz spectrum for along-wind direction and
wind speeds Ujg 5 = 4, 8, and 20 m/sec.

For the Pierson-Moskowitz model, the surface variance is given by

2 * m angs
Opy = dkk/ doWpp(k, ) = ﬁ (4.8.11)
0 0 Bg

which is constant depending on the gravitational acceleration and the wind
speed. The mean-square slope of this spectrum diverges if integrating
k3WpM(k, @) over 0 < k < oo. If we let the lower cutoff wavenumber be

k41, then the mean-square slope becomes
e _ [ 3/27r _ao.( ﬂg2>
SpuM .. dk k A do Wp(k, ¢) 1 E; UL, (4.8.12)
where E;( ) is the exponential integral [Gradshteyn and Ryzhik, 1980; Thor-
sos, 1990].

The Pierson-Moskowitz spectra for along-wind direction (¢ = 0) are il-
lustrated in Fig. 4.8.1 for three wind speeds Ujgs = 4, 8, and 20m/sec. As
shown in Fig. 4.8.1, much of the wave energy is located at smaller wavenum-
bers. Note the changes in the low-frequency cutoff predicted by the spectrum,
the spectrum amplitude increases significantly with the wind speed, and the
peak shifts toward smaller wavenumbers (i.e., longer spatial wavelengths),
indicating a much larger surface rms height at the higher wind speeds. The
spectra at large wavenumbers are essentially unchanged by the wind speed,

and the spectral slope is —4, demonstrating the k~4 power law dependence.
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Durden-Vesecky Spectrum

This ocean spectrum model was proposed by Durden and Vesecky [1985] by
empirically fitting model parameters to radar backscattering data based on
an assumed two-scale rough surface scattering model. The Durden-Vesecky
spectrum is given by

2
exp (—%) k < k;
Wov (k, ¢) = —~ & py (k, §) U3 4.8.13)
DV \k, - 271'](74 DV 7¢ <bku3>a10g1°(k/2) . k ( 0.
2 kj
'

where k; = 2m™!.

In (4.8.13) ap is a constant, originally set equal to 0.004 [Durden and
Vesecky, 1985], but doubling the value to 0.008 has been used [Yueh et
al. 1994, 1997] to achieve a better fit to passive ocean measurements. Other
parameters are § = 0.74, b = 1.25, a = 0.225, g, = g + 7k?, g = 9.81 m/sec?
is acceleration due to gravity, and v = 7.25 x 10~°m3/sec? is the ratio of
surface tension to water density. The subscript DV denotes the Durden-
Vesecky spectrum. u, is the wind friction velocity at the ocean surface in
m/sec, Uyg 5 is the wind speed, in m/sec, at a height of 19.5m. The windspeed
Uy, in m/s at h meters above the ocean surface is related to the wind friction
velocity u, by
Uy h
= 0.4 2 0.0000684/u, + 0.00428u2 — 0.000443

Thus for a measured Uy, at a height h, u, is first determined by using (4.8.14).
In (4.8.13), the directional factor ®pv(k, ¢) is

Uh

lo

(4.8.14)

®py(k, ) =1+ c[1 —exp (—sk?)] cos2¢ (4.8.15)
where the constant s = 1.5 x 1074 m2, and the constant c is given by
(1-R) 2
= i 4.8.16
‘TA+R1-D (48.16)
with
0.003 4+ 1.92 x 10~3U145
R= 4.8.17
3.16 x 10"3U12,5 ( )
> dkk2S(k —sk?
p= (k) exp (=sk’) (4.8.18)

J& dkk25 (k)

and S(k) = 2nrWpy (k, ¢)/®(k, ¢). The low-frequency part (k < k;) of the
Durden-Vesecky spectrum has the Pierson-Moskowitz spectrum shape. The
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Figure 4.8.2 Amplitude of Durden-Vesecky spectrum for along-wind direction and wind

speeds Ujg 5 = 4, 8, and 20 m/sec.

azimuthally varying portion is similar to that in Fung and Lee [1982] and
preserves the ratio of upwind to crosswind slope variances R measured by
Cox and Munk [1954]. The degree of azimuthal anisotropy of the spectrum
is a function of spatial wavenumber, with higher frequency (shorter) waves
being more anisotropic as is needed in the composite surface model to re-
produce measured azimuthal variations.
Clearly, the Durden-Vesecky spectrum is a more sophisticated model
that contains variations with both azimuthal angle and wind speed. Fig.
4.8.2 plots the Durden-Vesecky spectra for ap = 0.004 and three wind speeds
Ugs = 4, 8, and 20m/sec in the along-wind direction (¢ = 0). The exponen-
tial roll-off on the small wavenumber portion is similar to that of Pierson-
Moskowitz spectrum. Note the small increase in spectrum amplitude at the
higher frequencies showing a deviation from a pure power law (k~4) spec-
trum as a function of wind speed. This increase at the higher frequencies
is important, because changes in high-frequency amplitudes directly cause
variations in the Bragg scatter ocean cross section with wind speed in the

composite surface model.
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Donelan-Banner-Jiahne Spectrum

Apel [1994] derived a composite, wide-band ocean surface wave vector spec-
trum model, which he called Donelan-Banner-Jahne spectrum, based on
wave measurements and models from Donelan, Banner, and Jahne and their
collaborators. This spectral model has also been applied with an SPM rough
surface scattering model to match vertically polarized backscattering data
at several frequencies. The Donelan-Banner-Jahne spectrum has the form

Woes(k, @) = 14 Loy [Rro+ SRres] Vais®p (k, 6) (4.8.19)

where the spectral amplitude ag is set equal to 0.000195. L, has a shape
similar to that of the Pierson-Moskowitz spectrum:

k2
L, = exp (—é) (4.8.20)

where k, = 75%2—, g = 9.81 m/sec?, and Uyg is the wind speed at 10m

above the ocean surface in m/sec. The subscript DBJ denotes the Donelan-
Banner-Jahne spectrum. Thus the DBJ spectrum is also based primarily
upon a k~% dependence. The other factors Jp, Rro, S, Res, and Vg5 are
respectively given by

1/2_,1/2)2
o[22
Jp =17 (4.8.21)
1

0= T Ng 4.8.22
Bro = 13071002 (48.22)
S = 10[~4.95+3.45(1—e~/47)] (4.8.23)

k — 400
R.s = 0.8k sech< 150 ) (4.8.24)

E o\ 2

Viis = exp {<%> ] (4.8.25)

These factors are derived to account for its spectral behavior at specific
wavenumber regions, from its roll-off at both high and low frequencies to
its eventual saturation with increasing wind speed. ®pps(k, ¢) in (4.8.19)
describing the azimuthal variation is

®ppy(k,¢) = exp [— (0.14 + 5(kp/k)'3) ¢?] (4.8.26)

which depends on the wavenumber as well as azimuthal angle. Note that the
azimuthal variation of the DBJ spectrum, defined for —m < ¢ < 7, makes
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Figure 4.8.3 Amplitude of Donelan-Banner-Jahne spectrum spectrum for along-wind di-
rection and wind speeds Uig.5 = 4, 8, and 20 m/sec.

the longer waves more anisotropic than the shorter waves, which is distinct
from the Durden-Vesecky spectrum. Note also that the azimuthal depen-
dence of the DBJ spectrum is not that of a stationary Gaussian process,
because the exponential azimuth angle dependence is not origin-symmetric.
For use in stationary process scattering theories, the spectrum must be sym-
metrized as in Apel [1994] by using W'(k, ¢) = [W(k, ¢) + W(k, ¢ + m)] /2.
Figure 4.8.3 plots the DBJ spectrum for three wind speeds Uig 5 = 4, 8, and
20 m/sec in the along-wind direction (¢ = 0). Behavior similar to that of
the Durden-Vesecky spectrum is observed, with the difference in the high
frequency roll-off of the DBJ spectrum which is not included in the Durden-
Vesecky spectrum. This distinction is not expected to have effects on scat-
tering below frequencies of 30 GHz (k = 628.3 m™!) since the corresponding
Bragg wavenumbers lie below the beginning of the DBJ high-frequency roll-

off.
Composite Model and Hydrodynamic Modulation
In studying the electromagnetic wave interactions with ocean waves, a cus-

tomary way is to divide the spectrum given by W (k, ¢) into large-scale waves
and small-scale waves. To do that, one has to define a two-scale cutoff kg4
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such that
_ [ W(k,9) if k < kg
Wi (k = ? 4.8.27
1k, ) {O otherwise ( )
_ 0 if k < ky
Wk, 9) = {W(k‘,qS) otherwise (4.8.28)

where W, denotes the large-scale spectrum and W, denotes the small-scale
waves. The cutoff k; is dependent on the frequency of the electromagnetic
wave because large-scale or small-scale is from the point of view of the wave-
length of the electromagnetic wave. Thus k4 is not an intrinsic parameter of
the ocean but is instead a parameter used in electromagnetic scattering. For
a particular electromagnetic wave frequency, the results of scattering and

emission should not be too dependent on the choice of k4 for the electro-
magnetic model to be useful.

Let C; be the correlation function of the large-scale roughness
o0 oo
e2Ci(z,y) = / dk, / dk, exp (~iksz — ikyy)Wilke, ky)  (4.8.20)
—00 —00
The variance of the slope in the z and y directions are, respectively,
o0 o0
02 = —02C3,(0,0) = / dky / dky k2 W(kg, ky)
N —00 —00
oo 2T
= / dk k* / d¢ cos® ¢ Wi(k, ) (4.8.30)
0 0

afy = —02Cl,,(0,0) = /

o0

(o o]
dk, / dky k2 W (ks, ky)

[’} 2T
= / dk k3 / d¢ sin? ¢ W(k, ¢) (4.8.31)
0 0

Let fi(z,y) be the large-scale height function, let s, = 0f;/0z, and let s, =
0fi/dy; then the correlation functions of height and slope are, respectively,
given by

<fl(1:7 y)fl(m/a yl)> = 0'201(‘77 - '77/7 Y- yl) (4832)

and

(558y) = —02Cizy(0,0) = / dk, / dk, koky Wi(ks, ky)
—00 —00

oo 2 s
- /0 dk k3 /0 dé Sm;d’ Wik, ¢) =0 (4.8.33)
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if Wi(k, ¢) depends on cos m¢ only. The joint probability density function of
the slope of the large-scale structure is

1 s _ 8
p(sx, Sy) = m exp "'0-_2 - E‘Z— (4.8.34)

The hydrodynamic modulation creates short scales that are more concen-
trated on the leeward faces of large-scale waves. A hydrodynamic small-

scale spectrum Ws(h)(k, @, sz) is thus used instead of W (k, ¢). The relation
is [Yueh, 1997]

W (k, 8, 52) = hWi(k, 9) (4.8.35)
where
1 —0.5sgn(sg) if ;Tx > 1.25
h = ) (4.8.36)
1-0422 if |22 < 1.25
Os, o,
where sgn(s;) = 1 if s, is positive and sgn(s;) = —1 if s; is negative. This

gives a larger Ws(h) when s, is negative, and it gives a smaller Ws(h) when
s, is positive giving stronger ripple on the leeward side of large waves. The
introduction of hydrodynamic modulation further adds asymmetry to the
ocean surface.
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In remote sensing, the model of a layered medium with reflective bound-
aries for each layer is the simplest model. In this chapter, we will study the
scattering and emission by layered media using two different approaches: the
incoherent approach and the coherent approach. The incoherent approach
is based on radiative transfer [Chandrasekhar, 1960; Ishimaru, 1978; Fung,
1994]. The coherent approach is based on the Maxwell equations and the
fluctuation dissipation theorem discussed in Chapter 3.

1 Incoherent Approach of Radiative Transfer

In this section, we calculate the emission from a layered medium (Fig. 5.1.1)
using the incoherent approach of radiative transfer theory. In Fig. 5.1.1, we
illustrate a layered medium where in the lth layer the permittivity is equal
to ¢ and the temperature is equal to ;. In a layer with permittivity €, the
specific intensity obeys the equation

% = —Kol + K, CT (5.1.1)
where C = K /2 Re(¢)/e,. The left-hand side of the equation denotes the
differential change of specific intensity with distance along its propagation
direction. The first term of the right-hand side is the absorption term where
Kq is the absorption coefficient k, = 2Im(w,/f0€). The second term is an
emission term that is proportional to absorption coefficient because of the
reciprocity of emission and absorption. One can easily verify that the par-
ticular solution of (5.1.1) is CT, which is the blackbody radiation result. If
the propagation direction is at an angle # with respect to z direction, then
dI/ds = cos0dI/dz.

Consider the Ith layer in the emission problem of Fig. 5.1.1. Then (5.1.1)
holds with absorption coefficient £k, = 2Im(w,//i0€;), temperature 1; and
C, = Kn?/)?, where n; = y/Re(€/e,) is the index of refraction. Solving
(6.1.1) gives for the lth layer

Iul(el)

— Ale—natsec(hz + T (5.1.2)
C
Idlc('al) = Bjeretsectiz 4 (5.1.3)
l

where I,;(6;) and I4(6;) denote, respectively, the upward-going specific in-
tensity and downward-going specific intensity at angle 6;. Similarly for the
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Region 0 €0 To

Region 1 €1 T,

Region n €n T,

Regiont=n+1 €t T:

Figure 5.1.1 Configuration of a n + 1 layered medium.

(I + 1)th layer, we have

Iu(l+1)(el+1) — Al+le—nﬂ“+1)se00;+1z + 1"l+1
Ci1
Id(l+1) (61+1) — Bl+lel€,a(1+1) sec9,+1z + ’1"l+1
Cit1
The matching of boundary conditions at z = —d; gives
nf
La(6r) = riday(61) + (1 - Tl);z‘g—lIu(l+l)(9l+l)
+
_ nl2+1
Ly Or41) = ridueny Or1) + (1= 1) — 5~ Ta(61)
l

where 6; and 6,4, are related by Snell’s law.

nysin @ = nyyq1sin 4y

201

(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)

In (5.1.6) and (5.1.7), r; is the Fresnel reflectivity at z = —d;. For vertical
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polarization

2
ry = ni4+1 COS@; — TNy COS 9l+1 (5 1 9)
ny41 cos b + ny cos B4 o

and for horizontal polarization

nycos @ — nyyq cos b4 2
T =

(5.1.10)

nycos ) + nyyq1 cos by
When 6; or 6;,; exceeds the critical angle, r, = 1. Note that reﬂect1v1ty
from below d; and from above d; are the same. The extra factors of n; 2/ nl '
and n?, | /n? are the result of a divergence of beam factor. However, since
Ci+1/Cr = nl+1/nl , the factors cancel. From (5.1.6) we have

Lu(6:) _ Idl(91) n}
1—-r)——1I 0 5.1.11
Ci o T ( Tl)nlgHCl w(+1) (Oi41)  ( )
Idl(gl) Iu(l+1)(el+1)
= +(1—-r)——— 5.1.12
C (=) Cit1 ( )
Similarly,
Ta41)(O141) Lu41)(B141) L4(6))
=r +(1-r 5.1.13
Ci1 T om (1=m) Cy ( )
In the last region, region t, we have
Iut
= = 5.1.14
ST (5.1.14)
and in the top region, region 0, we obtain
Lo
— =0 5.1.15
= (51.15)

Using (5.1.4)—(5.1.5) and (5.1.12)—(5.1.13), we have

Alelﬂial sec O,d, + ﬂ — rl(Ble—K,a( sec Old, + 1"[)
+ (1 = ) [Apypefearnsecbind Lo (5.1.16a)

Bl+1e-—lca(z+1) secfi41d; + n+l — ,,.l(Al+1ena(z+1) secO41d; + ﬂ+l)
+ (1 —r)[Be~rasctd LTy (5.1.16b)
Suppose there are n + 1 layers with n + 1 boundaries (Fig. 5.1.1). Equations

(5.1.16a) and (5.1.16b) hold for the n — 1 of boundaries | = 1,2,...,n — 1.
For the boundary at 2 = —dp = 0, since B, = 0, we have

Bi+T) = 'I‘Q(A1 + Tl) (5.1.17)
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and at the boundary at z = —d,,, since A; = 0, we obtain
Aperersecindn L T = p (Bpe Fondnseeln 4 Ty 4 (1—7,)Ty  (5.1.18)

Equations (5.1.16a)—(5.1.16b) and (5.1.17)—(5.1.18) provide 2n equations for
the 2n unknowns A;, By, = 1,...,n. The equations can be cast into the form
of a banded matrix equation and can be solved speedily using the banded
matrix technique [Golub and Van Loan, 1996; Peterson et al. 1998].

However, we note that the radiative transfer theory has the following
deficiencies which could be important in some problems: (a) The angle 6
is only well-defined for slightly absorptive medium with Ree¢; > Ime; (b)
evanescent waves are not included, thus evanescent wave tunneling through a
thin layer is not accounted for; (c) coherent wave interference from reflection
giving rise to interference fringes are not acccounted for.

2 Wave Approach

2.1 Reflection and Transmission

In this section, we solve for the reflected and transmitted wave amplitudes
by a layered medium using the wave approach [Kong, 1990]. Any incident
polarization can be expressed as a linear combination of the horizontal (TE)
and vertical (TM) polarizations. The reflection coefficient is expressed in a
recurrence relation, and the amplitudes of waves in each layer are obtained
using the propagating matrices.

Consider a stratified medium with boundaries at z = —dy,...,—dn,
with dyp = 0 (Fig. 5.1.1). The (n + 1)th region is semi-infinite and is labeled
t, t = n+ 1. In any region [, the medium is characterized by permeability
and permittivity ¢; which can be complex. A plane wave is incident upon the
stratified medium; the horizontal and vertical polarizations are treated sepa-
rately. The plane of incidence is determined by the z axis and the incident &
vector. We will illustrate the horizontally polarized incident wave case since
the solutions for the vertically polarized incident wave can be obtained by
duality with the replacements E — H, H — —F, and € < p.

For a horizontally polarized incident wave, the electromagnetic field com-
ponents can be expressed in terms of a single component H,. The Maxwell
equations yield, in any region [,

(V2 +k}—k})H, =0 (5.2.1)

1

Hy =%
ki — K,

\2 [%Hu} (5.2.2)
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Fl_]_ VJ. X [zle] (5.2.3)

k k2
where k; = w(we)Y?, k, = (k? — |k1]%)/2, &, is the component of the
incident wave vector k in the z-y plane, and V| and V_2L are the two-
dimensional del and Laplacian operators in the z-y plane. For a TE wave
with H, = Hpe~**+%¢*+7+ incident on the stratified medium, the total field
in region ! can be written as

H, = (Aleik"z + Ble_ik“z) e’%*'FL (5.2.4)

There is no subscript  for k) because by phase matching, k; values in all
regions are equal. We note that in region 0 where [ = 0, we have

Ao = RH) (5.2.5)

By = Hy (5.2.6)
In region t where [ = n + 1 = t, we have

Ar=0 (5.2.7)

B, =TH, (5.2.8)

We now determine R from the boundary conditions. At the interface
z = —d; which separates the [ and the [ + 1 regions, the tangential F, and
H, fields must be continuous. We obtain

ki (Az e thid _ By eik"d') = k(1) (A1+1 e~ tharnedh

— Bij eik““"d’> (5.2.9q)
1 (Az e—ikudi 4 B eiklzdl) _——— (Al+1 o—ikatn.di
+ By v (5.2.9b)

There are n 4+ 1 boundaries, and at each boundary there are two equations
such as (5.2.9). We therefore have 2n + 2 equations to solve for the 2n + 2
unknowns A; and B;, [ =1,2,..., n and Ag and B;. Expressing A; and B,
in terms of A;y; and B4, we find from (5.2.9)

Ale—ikudz
[ k . .
= -;— uZI (::1)2 [Az+1e"zk“+“‘d’ + Rl(z+1)Bz+1€1k“+”'d‘} (5.2.10a)
Bleiklzdl

- k - ' .
l Mi41 + (I+1)2 [Rl(l+1)Al+le._ku+mdl +Bl+1ezk(z+nzdz] (5.2.100)
2 ki, |
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where

Hi1kee — k),
w1k + kg,

is the reflection coefficient for horizontal polarization in region [ at the in-

terface separating regions ! and [ + 1. Forming the ratio of (5.2.10a) and
(5.2.10b), we obtain

Al+1 e—i2k(1+;),dl+1 ei2k(1+1),(d1+1—d1) + Rl
A ikd, _ B
By A

B4

Note that for the last layer we have A;/B; = 0. Thus Eq. (5.2.12) is a
recurrence relation that expresses (4;/B;)e”"2%=% in terms of (A;41/Bi41)-
e~ 2ka+n=dit1 which can in turn be expressed in terms of (A;19/Bit2):
e~2ka+2:dit2 and so on, until the transmitted region t is reached where
A¢/B; = 0. We can obtain the reflection coefficient for the stratified medium
Ry, = Ap/ By by using the following procedure. Since A;/B; = 0 and t = n+1,
we first compute (A,/By,)e 2*n:4» by using (5.2.12). Next we calculate
(An—1/Bn-1) e~ 2tk(n-1:dn-1 and so on, until the zeroth region is reached
and Rj, = Ag/By is calculated.

A dual procedure applies to the derivations for vertically polarized
waves. The results are simply obtained by the following replacements: ¢, —
i, i — €, By — Hy, and H; — —Ej.

(1+1)

(5.2.12)

—12ka41)zdi41 R, et2karnz(diy1—di) +1

(I+1)

A. Reflection from a One-Layer (Half-Space) Medium

The reflection coefficients are given by

R, — P'tkoz - llloktz

= 5.2.13a
h llftkoz + Hoktz ( )

for horizontal polarization and

€tkoz - Eoktz

= 5.2.13b
€tko, + €oktz ( )

v
for vertical polarization. In Fig. 5.2.1 we illustrate r, = |Rp|? and r, = | Ry |2
as a function of the incident angle ; for u = , and ¢ = 3.2(1+:0.1)€, which

corresponds to permittivity of ice. The Brewster angle effect is exhibited for
the case of vertically polarized waves.
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Figure 5.2.1 Reflectivity as a function of observation angle for a half-space medium with
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Figure 5.2.2 Reflectivity as a function of observation angle for a two-layered medium with
€1 = 3.2(1 +40.1)¢,, d1 = 50 cm, €; = 80¢,, and frequency at 1 GHz.
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Figure 5.2.3 Reflectivity as a function of frequency for a two-layered medium with ¢; =
3.2(1 +0.1)€o, d1 = 50 cm, and €; = 80¢,.

B. Reflection from a Two-Layer Medium

The reflection coefficient for a two-layer medium is

_ Rg + Ry ek

1+ Roi Ry ei?kr-ds
In Fig. 5.2.2, we illustrate 7, and 7, as a function of observation angle for
Pt = p1 = po, €1 = 3.2(1 +40.1)eo, dy = 50 cm, and €, = 80¢, which
corresponds to permittivity of pure water at the frequency 1 GHz. We show
in Fig. 5.2.3 a plot of reflectivity as a function of frequency for a two-layer
stratified medium. The interference pattern is a result of constructive and
destructive inteference of the upward and downward traveling waves. Other
cases with large number of layers will be illustrated in later sections.

(5.2.14)

2.2 Dyadic Green’s Function for Stratified Medium

We first establish expressions for the dyadic Green’s function of a strat-
ified medium. Consider a point source located above a stratified medium

(Fig. 5.2.4). The medium in region [ is characterized by permittivity ¢. In
region 0, where the source is, we have the primary wave Gp which is the
solution for unbounded medium and then the response wave Gg which is
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z to radiometer
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Regiont =n+1 Ty(2) Ho, €t
Figure 5.2.4 Geometrical configuration of problem.
due to the response of the layered medium.
Go(7,7) = Gp(F,7) + Gp(r, ™) (5.2.15a)
For7#7
Gp(7,7)
¢ T PO R ik-(7—7) /
) -8? / kL - [e(kz)e(kz) + h(kz)h(kz)] e for z > 2
- 1 3 2 K. (77
s / i [e(=k2)e(—k2) + h(~k)h(—ko)] T for 2 < 2

(5.2.15b)
where &, h, and K are as defined in Section 1.2 of Chapter 2. Since the

layered medium occurs for z < 0, we need to use the expression of Gp(7,7)

for z < z' to establish the expression for Ggr(¥,7'). Also Ggr(,7') has no
discontinuity Hence we let

Crlr.7) = 5og / a1y =[BT Ee(k)e®e(—k.)e R
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+ RTM ﬁ(kz)eiE'FiAz(—kz)e‘i?'Fl] (5.2.15¢)

RTE RTM

where and are reflection coefficients. In order that the boundary
conditions can be matched at z = —d;, [ = 0,1,...,n for all 7, the dyadic
Green'’s functions in other regions must assume the following form

Val i = 1 o ik, T A 1K, T 4 —iK7
Glo(F,F/) =m /dk_{_-];{ [Alel(klz) etk + Biei(—ki,) e K- ] é(—k;)e iK-T
+ [C’lﬁ,(klz) e T 4 Diby(~ky) ei?v?] h(=k,) e-m"} (5.2.16)

in region [/, and
= 1 1 = —_,
G (7,7) = =53 / dk, — P {TTEét(—ktz) KT g(—k,) e KT
+ TTM by (= ky) €K7 R(—k,) e—im’} (5.2.17)

in region t.2 The coefficients RT®, RTM 4, B, C,, D;, TTE ,and TTM are
related
through boundary conditions.

The boundary conditions for the dyadic Green’s functions at each
boundary are continuity of 2 x G and of 2 x V x G. Using (5.2.16), we
find that

Apemthidt 4 Brethisdi = 4 emtkarndi 4 gy eikarnadi (5 9 18)

ki, [Al e—‘iktzdl B, elkzz j, _ k(l+1)z [Al—l-l e —ik(41)-d

— B e"“<l+1>zdl] (5.2.19)
% [Cl e—-zklzd, _ Dl ezkl,dl] — k:(l‘*'l)z [Cl+1 e—ik(z“)zdl
l (1+1)

= Dija eik"*”‘d’} (5.2.20)
kl [Cl e——ikl:dl + Dl eiklzdl] — k(l+l) [Cl+l e—ik(H-l)xdl

+ D eik““)‘d’] (5.2.21)

with 49 = RT? By =1,A;, =0,B; =TTE, Cy = RTM Dy, =1, C; = 0,
and D, = TTM,

The wave amplitudes can now be determined using the propagating
matrices. The reflection coefficients RT® and RTM are dual of each other and
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can be calculated by the recurrence relation of (5.2.12). However, because
we are deriving the electric dyadic Green’s function, the amplitudes C;, Dy,
and TTM are not dual of 4;, B, and TTE. We define

klz - k(l-{—l)z

—_— 5.2.22a
ki, + k(l+1)z ( )

Ry =

€141k — €k(41);

Sig+1) = (5.2.22b)

€1 1kiz + €k41),
Ry41) and Sj41) are the reflection coefficients for TE and TM waves, re-
spectively, between regions [ and [ + 1. The wave amplitudes in regions [ + 1
and [ are related by the TE and TM propagating matrices.

AH—I e—ik(1+1)zd1+1 T —TFE -Al e“ikzzdt ]

Bl+1 eik((+1)zd1+1 = V(l+1)l Bl elklzdl (5'2'23a)
and

Cl+1 e—ik(z+1)zd1+1 ] —TM -Cl e—ikudz 1

Dl+1 eik(l+1),d1+1 = V(l+1)l Dl e’ikudl (5’2'23b)

=TE
where V1, is called the TE forward propagation matrix and is given by

—TE 1 ki,
vV = -
D=2 (1 * k(t+1)z>
[ e—tka+nz(dip1—di)

I
R(l+1)l etk (diy1—di) eikasns(dip1—di) ] (5.2.24a)

and, similarly,

sT™M 1k <1+6(l+1) ki )
EDET 2 k) & kiy:

[ e—ik(z+1)z(dt+1'—dl)

S(l+1)l e—ik(z+1)z(d1+1—dz)

ikat1)z(dip1—di) etk (dip1—di) ] (5.2.24b)

S(l+1)l e

Using reciprocity and k; — —k, and the property that &(—kz, —ky,k.)
= —é(kz, ky, k;) and h(—kz, —ky, k) = h(kz, ky, —k.), we have

= =t z dki 7= —ik,
Gu(F,7) = Gy(7,7) = W/—k_{elk ok, 2)e ko7 (5.2.25)
Z

_ _ i [dFL g — o xm
Goi(F,7') = Gy(7,7) = @/k—jelk Tor(kL, 2 e *+TL (5.2.26)
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where
Ja(ky,2') =é(k,) [Alél(—ku)eik"z' + Bzéz(kzz)e_ik“Zl]

+ h(k.) [leu(—kzz)eik“z' + Dzﬁl(kzz)e_ik“zl] (5.2.27)

Tos(k L, 2') = e(k,)ey(ke)e ™= TTE 4 h(k,)he(key)e™*=*TTM (5.2.28)

Numerical solution of the Green’s functions of layered media for arbitrary
field point can be done by performing numerical integration of Sommer-
field integral. In the past, this was usually done by computing the mixed
potentials in the spatial domain [Mosig, 1989; Michalski and Mosig, 1997).
Recently, it is shown that the electric field dyadic Green’s function of lay-
ered media can be computed in the spatial domain by using the Sommerfield
integral with extractions [Tsang et al. 2000]

For remote sensing, the observation point 7 in region 0 is in the far-field.
It is useful to have a far-field approximation for G (7,7) with 7 > /. We

may evaluate a)l (7,7) by the stationary-phase method. The exponent is
kot + kyy + (k2 — k2 — k2)22

Then the stationary point is at

ke = ksinfcos ¢ (5.2.29q)
ky = ksinfsin ¢ (5.2.29b)
k., = kcos@ (5.2.29¢)
where
x = rsinfcos ¢ (5.2.30a)
y=rsinfsin¢g (5.2.300)
z=rcosf (5.2.30c)
This gives the asymptotic result of
Go(F,7) = Z:; (k1,2 ek Ty (5.2.31a)
— ikr _
Gou(r,7) = ——Fou(k1, #) e (5.2.31b)

where the value of k; = k,& + k9 in Go(kL,2') and Go,(kyi,2) is to be
evaluated at the stationary phase point given by (5.2.29).
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2.3 Brightness Temperatures for a Stratified Medium with Tem-
perature Distribution

Using the result of fluctuation dissipation theorem in Chapter 3, we have

[55,}23] =, ;67;02; Z / / dz dy dz wef (2)Ti(2)

[v(so) GoFo, )-Gmm,—)-«v(éo)} (523
h(3,) - Gol('r'o,r) G (To,T) - h(30)

where 501 is the dyadic Green’s function for stratified medium with source
point in region . Using the asymptotic formula of (5.2.31), we have

1672 'r;r
A, cos b, ///dmdydz""6 Tz(z)Gm(ro, T): GOl(ro,r)

cose / LA 5000, ) T, 2)  (5.2.33)

Hence, using (5.2.27) and (5.2.28) in (5.2.33) gives

€ "‘dl 1
Tan(k,w) = — 0 Z 6’ / d2' Ti(2)
|Al &(—ku) €7 + By ey(ky)e e (5.2.34)
) k t ] —di_1
TBv(k’w) = 0 L dlel(zl)
cosb, = €, J_q,
. L A oo ]2
'Cl hl(—kzz) ethi=2 + Dy hl(klz)e_m“z (5.2.35)

Carrying out the integrations in (5.2.34) and (5.2.35), we find the brightness
temperature as observed from a radiometer at an angle 8, to be

TBh(eo)
n
__k Z &7 |44 (ezk;;d, _e2k{’zd,_1) lBl| ( e—2kiLdi _e—2k{’zdl_1)
" cosf, 260 K, k”

:Ax
GAB] ¢ ik a —iokp iy _ SATBL (iokidi _ ik diss
— (e —e - (e —e
1z

lz

k &Tt \re?2 —2%d,
e 5.2.36
cos B, 26,k 7" e ( @)
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for horizontal polarization, and

non 2 2
e Ti(lkiz|” + kz)
Tpu (6 " cos 9 Z 2¢,|ki|?

k” k//
2
+ |ki.|* = K2\ C\D; (e—izk;,d, _e—i2k;,d,_1)
|klz| +k2 ikiz

ki |* — k2 Ci D (ei2k§zd, _ ei2k;,d,_1>
‘klzl +k92; Zk;z

k e/ To(|kee| + £2) (TTM |2 g2k,
cosb,  2eoky,|ki|?

{|Cl| ( 2%k;.d, _e2k,”,d,_1) |Dl| ( —2k'dy _ e~2k{;d,_1)

(5.2.36b)

for vertical polarization where k, = ksm0 In the derivation of (5.2.36),
we made use of the identities 2k}, k. = w?ue) and |ks,|* + k2 = w2u(elk,, +

+.)/ki,. The procedure for evaluating these expressions is as follows: (1)
Both reﬂection coefficients RT® and RTM are evaluated by the recurrence
relation method as given in (5.2.12). (2) The propagation matrix formalism
of (5.2.23) and (5.2.24) are used to calculate the upward and downward wave
amplitudes A;, B;, C;, and D; in each layer, as well as the transmitted wave
amplitudes in the bottom layer TT® and TTM. That is, A, = RTE, B, =
1, C, = R™ and D, = 1 are known from step (1), we can use (5.2.23a)
and (5.2.23b) to calculate Ay, By, C; and D and then As, By, Cy and Do,
and so on. (3) The temperature T; and permittivity ¢ in each layer are used
to perform the summation with the wave amplitudes previously obtained,
as done in (5.2.36a) and (5.2.36b).

When the medium is of constant temperature T, then the brightness
temperatures are given simply by

Tsr(6,) = (1 — |RTEH) T (5.2.37a)
TBo(6,) = (1 — |[RTMP) T (5:2.37b)

The solution of a stratified medium is an important one because inhomo-
geneous permittivity and temperature profiles can be conveniently approxi-
mated by a stratified medium by including a sufficient number of layers. Thus
with the formalism in this section, brightness temperatures for a stratified
and/or continuous profile can be calculated.
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Illustrations

To examine the dependence of the brightness temperature on the inhomo-
geneity of the subsurface medium, we represent the permittivity and tem-
perature profile by using the following functions:

€1(2)

€o

= (6 +10.6) + B(3 + i0.3) e** (z > —d)

e =€(—d) (2<-d) (5.2.38)
T(z) = T, + AT €% (z > —d)
Ti=T(-d) (2<-d)

where a, 8, a,d are parameters controlling the permittivity profile, and 75,
AT, b, and d are for temperature profile. In the calculation, the profiles from
z = 0 to z = —d are discretized into 500 fine layers. The region from z = —d
to —oo are at constant values. The brightness temperatures Tgy, and Tg, as
functions of observation angles are plotted in Fig. 5.2.5. The parameters are
a=18=-1,d=30cm, a =002 cm~!, b=0.05cm™!, T, = 280 K,
and AK = +20 K. It is interesting to observe a maximum for vertical
polarization similar to the Brewster angle for a uniform half-space medium.

In Fig. 5.2.6, we plot the brightness temperature as observed from nadir
as a function of frequency. The parameters are the same as those in Fig. 5.2.5,
except for b = 0.1 cm™! and 0.3 cm™! instead of b = 0.05 cm~!. We see
that the brightness temperatures for the two temperature profiles approach
the same value at lower frequency and saturate at high frequency. This is
because the main contribution to the observed brightness temperature at low
frequency is from the interior region with z < —d where the temperatures are
the same for different cases. For high frequency the contribution is mainly
near the surface region where the temperatures are different.

In Fig. 5.2.7, the brightness temperatures as observed from nadir are
plotted as a function of frequency in logarithmic scale. The parameters for
this case are « = 0, 8 = 1,d = 30 cm, a = —0.06 cm™, b = 0.1 em™L,
T, = 280 K, and AT = +20 K. We see the fluctuations of brightness tem-
perature. That is due to the interference of the different reflected waves.
The permittivity profile (3 +¢0.3) exp(—0.06z) has a smaller imaginary part
and has less attenuation than that used in Figs. 5.2.5 and 5.2.6. For this
profile, the exact solution can be obtained in terms of Bessel functions. The
result calculated with the stratified model has been shown to agree with that
calculated from the exact formulas.
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Figure 5.2.5 The brightness temperature as a function of observation angle for horizontally
polarized (TE) and vertically polarized (TM) waves.
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Figure 5.2.6 Brightness temperature as a function of frequency.
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Figure 5.2.7 Brightness temperature as a function of frequency (continuous change case).
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Figure 5.2.8 Brightness temperature as a function of frequency (abrupt change case).
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In Fig. 5.2.8, we see more interference effects, which is obtained by using
a permittivity profile that has abrupt change at z = —d

el(_z) = (6 +¢0.6) — (3 + ¢0.3) e** (z > —d)
606 (5.2.39)

2L =(6+1i0.6) (2<—d)

€o
with the parameters of d = 10 cm, a = 0.01 cm™!, and 0.05 cm™!. The same
temperature profile used is given by T, = 280 K, AT = +20 K, and b =
0.1 cm™!. It is shown that the interference effect decreases as the frequency
increases. That is because the wave with higher frequency experiences more
attenuation and has smaller multiple reflected waves. The beating frequency
of 1 GHz is on the order of ¢/(2,/€;d), which corresponds to a phase delay of
27 for a round trip between z = 0 and z = —d. We see that the parameter
a plays an important role in the interference since it controls the magnitude
of abrupt change in permittivity at z = —d. Larger values of a will cause a
smaller abrupt change at z = —d and will result in less interference.

3 Comparison Between Incoherent Approach and Coherent
Approach

In this section, we compare the results between the coherent model and
the incoherent model. The incoherent model is established on the basis of
conservation of energy instead of wave field and was described in Section
1. The transmission and reflection of wave intensity at boundary between
layers are considered. Since the wave nature of the fields is neglected, it is
an approximate method.

We consider the case that the temperature is uniform at 295 K and the
permittivity profile is given by

61(2) _ . _ . .01z 2 —
D = (6+i06) - (3+i08) L (22 —d) (5.3.1)

€ = (6 +140.6) (z < —d)

where d is the thickness and is taken to be 10 cm. The profile from 2z = 0 to
z = —d is discretized into 300 layers.

The brightness temperatures as calculated by using coherent and inco-
herent models are plotted as a function of frequency in Fig. 5.3.1. We see
the interference effects in the results of the coherent model, but not in that
of the incoherent model. The interference effects decreases as frequency in-
creases, and the results of the two methods approach the same value at high
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Figure 5.3.1 Comparison of brightness temperature as a function of frequency between
coherent and incoherent models for an abrupt change profile.
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Figure 5.3.2 Comparison of brightness temperature as a function of observation angle
between coherent and incoherent models for an abrupt change profile.
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Figure 5.3.3 Comparison of brightness temperature as a function of observation angle
between coherent and incoherent models for continuous change profile.

frequency. The agreement at high frequency is due to less contribution from
reflected waves which have large attenuation at high frequency. We also note
that a TE wave shows more interference effects than a TM wave at observa-
tion angle of 45°. This is because a TE wave has larger reflectivity than a TM
wave. In Fig. 5.3.2, the brightness temperature as a function of observation
angle at 1 GHz is plotted. It is shown that the difference in the results by the
two methods depends on the observation angle, showing larger differences at
higher observation angles. This is because the reflectivity of each boundary

approaches unity when the wave is incident at a large angle, particularly for
a TE wave.

Instead of using the abrupt change at z = —d in the permitt‘ivity pro-
file, we next consider the case when the profile is continuous at z = —d.
That is, we let €; = ¢(—d). However, there is still discontinuity in the deriva-
tives of the profile. The results calculated by the two methods are shown
in Fig. 5.3.3. There is less interference compared to the results shown in
Fig. 5.3.1, since more gradual change in permittivity creates less reflection.
The results by coherent and incoherent models are quite close to each other
except for very low frequency. It can be concluded that an incoherent model
is a good approximation of the coherent model when the interference cre-
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ated by reflected waves is not important. The validity of incoherent model
depends not only on the wave frequency but also on the permittivity profile
and the observation angle. In general, it can be used in the cases of gradual
change in permittivity profile or at high frequency.

4 Applications to Passive Remote Sensing of Soil

The study of microwave emission from soils is a practical problem, because
it is closely related to the remote sensing of soil moisture. The thermal emis-
sion from soil is sensitive to the moisture content of soil, but less sensitive
to the cloud cover and surface vegetation in the microwave frequency range,
especially at longer wavelengths. This gives microwave remote sensing a fa-
vorable position compared to other techniques for soil moisture sensing from
space.

Soil is a mixture of dry soil and water. Dry soil is usually composed
of sand, silt, and clay at various percentages for different kinds of soil. The
dielectric constant of the soil-water mixture can be obtained by direct mea-
surement or by using an empirical formula with parameters determined by
experiment. There are several mixing formulas for soil-water mixture [Wang
and Schmugge, 1980]. One of the commonly used formula is given as follows:

€= Weez + (P —W,)ea + (1 — Pler + z’an (W < Wy)
W.
€x = € + (€w — ei)W:'y (W, < W)

€ = Wieg + (W, — Wy)ew + (P — Wo)ea + (1 — P)er +iaW2 (W, > W)
€&z =€+ (ew —€)y (We>Wy) (5.4.1)

where €, €4, €;, and ¢, are the complex dielectric constants of water, air, ice,
and rock, respectively, P is the porosity of dry soil, and W, is the moisture
content (cm3®/cm3). The transition moisture W;, conductive corrections a
and ~y are parameters that are determined by measurement. They depend
on the soil type. For Zaneis loam soil, W; = 0.22, o = 8.0, and v = 0.4. In
the calculation, the other parameters are taken to be P = 0.5, ¢, = (1 +40),
€ = (3.2+10.1), and €, = (5.5+10.2). The dielectric constant of water ¢, is
calculated by using Debye formula [Ulaby, 1975] as given by

€wd — €woo
= _— 5.4.2
Cw = Cwoo T (54.2)

where f is frequency (Hz), €0 is static dielectric constant of pure water,
€woo 1S the high frequency (or optical) limit of €,, and 7, is the relaxation
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time (s). They were determined by measurement [Lane and Saxton, 1952;
Stogryn, 1970; Klein and Swift, 1977] and given by

€woo = 4.9 (5.4.3)
€wo(T) = 88.045 — 0.4147 T + 6.295 x 1074T% 4 1.075 x 10773 (5.4.4)

217, (T) = 1.1109 x 10710 — 3.824 x 10712T
+6.938 x 1071472 — 5,096 x 1071673 (5.4.5)

where T' is water temperature in °C. Because €,,0 and 7, are functions of
the water temperature, the dielectric constant of water is also temperature-
dependent besides being frequency-dependent. Therefore, the dielectric con-
stant of soil is also temperature-dependent.

In Fig. 5.4.1, we plot the dielectric constant of Zaneis loam soil at tem-
perature of 295 K as a function of frequency for moisture content of 5% and
30%. There is only a small change in the dielectric constant as a function
of frequency for dry soil (5% moisture). The large change for the wet soil
(30% moisture) is due to the dominant contribution from water and shows
a similar pattern as that of water. In Fig. 5.4.2, the dielectric constants are
plotted as a function of soil moisture content. We see that both the real and
imaginary parts increase as the moisture content increases.

The imaginary part of dielectric constant is related to the attenuation
of wave propagation. The attenuation is usually characterized by the optical
depth defined as 1/(2ke”) with the imaginary part of dielectric constant €”.
In Fig. 5.4.3, we plot the optical depth of the soil as a function of moisture
content for frequencies of 0.25 GHz, 1.42 GHz, 5.0 GHz, and 10.69 GHz.
We see optical depth decreases as the moisture content increases. For low
frequency, the optical depth is larger, which means that a low-frequency wave
can penetrate into the deeper region of soil. At a frequency of 0.25 GHz, the
optical depth ranges from 30 cm to 90 cm, depending on moisture content.
At high frequency, optical depth is smaller and has stronger dependence on
the moisture content. At 10.69 GHz, the optical depth is only on the order
of millimeters, and it changes from 1.8 cm to 0.31 mm as moisture content
is changed from 2% to 35%.

To examine the characteristics of microwave emission from soils, we first
study the soil of uniform profile with temperature of 295 K. In Fig. 5.4.4,
the brightness temperature is plotted as a function of moisture content at an
observation angle of 45°. It shows that the brightness temperature decreases
as the moisture content increases. This can be explained by the increase in
reflection and decrease in the emission as the value of dielectric constant of
soil increases and as the moisture content increases. The difference between
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Figure 5.4.3 Optical depth of soil as a function of moisture content.
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Figure 5.4.5 Brightness temperature as a function of observation angle for uniform profile.

1.42 GHz and 10.69 GHz is small in this case.

In Fig. 5.4.5, the brightness temperature is plotted as a function of ob-
servation angle for moisture content of 5% and 30% at 1.42 GHz. We see that
the Brewster angle for 30% moisture is larger than that for 5% moisture, due
to larger dielectric constant for high moisture. For a TM wave, the bright-
ness temperature of high moisture can be larger than that of low moisture
at a large observation angle, which is not the case shown in Fig. 5.4.4.

The properties of inhomogeneity profiles of soil are also important in
microwave emission. There can be a variety of moisture and temperature
profiles, depending on soil types, location, weather, surface vegetation, and
other natural factors. Simulated moisture and temperature profiles are used
for illustration. It is assumed that the inhomogeneous profiles occur only in
the region from z = 0 to 2 = —d and that the region below —d is uniform.
In practice, the choice of d is also dependent on the wavelength so that d is
much larger than optical depth.

The six moisture profiles shown in Fig. 5.4.6 are typical profiles. Profile 1
may occur during rain. Profiles 2-5 can represent various stages of drying of
the soil surface for different soil types. Profile 6 can happen when a subsurface
water table exists.

Six temperature profiles are shown in Fig. 5.4.7. Profiles 1-4 and 6 can
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Figure 5.4.7 Temperature profiles for the calculation of brightness temperatures.



226 5 SCATTERING AND EMISSION BY LAYERED MEDIA

represent stages of diurnal heating and cooling of different soil surfaces.
Profile 5 is a profile chosen to investigate the sensitivity to subsurface tem-
perature anomalies, which may occur in area of geothermal activity.

In the calculation, the profiles from z = 0 to 2z = —d are discretized
into 500 fine layers. The thickness of each layer is much less than the wave-
length, and the change of the dielectric constant of soil in each layer is very
small. The brightness temperatures as observed from nadir as a function of
frequency are shown in Fig. 5.4.8 for the six moisture profiles with the same
temperature profile 6. We see the main trend of increasing brightness tem-
perature as frequency increases. There are two reasons for this. One is that
the dielectric constant has a smaller value at high frequency, which causes
less reflection and more emission as shown in Fig. 5.4.4. The other reason is
that the contribution to brightness temperature for high frequency is mainly
from the near surface region where the temperature is higher than the deep
region for the temperature profile 6. The brightness temperatures for pro-
files 3, 4, 5, and 6 are very close to each other at high frequency since the
moisture content near the surface for these profiles are about the same. The
relatively dry moisture profiles have large value of brightness temperature.
Curve 6 has oscillations which is due to the interference between different
reflected waves, since profile 6 has a sharp increase of moisture near z = —d.

The dependence of brightness temperatures on temperature profiles is
obtained by fixing at moisture profile 3. In Fig. 5.4.9, we see that curves 1,
2, 3, and 4 are quite close to each other at low frequency. There is not much
difference between curves 3 and 6, and there is no discrimination between 2
and 5 for high frequency. Again, it shows that the main contribution comes
from a near surface region for high frequency and from an interior region
for low frequency. The emission at lower frequency becomes less sensitive to
surface temperature variations.

In Figs. 5.4.10 and 5.4.11, we plot the brightness temperatures for the six
moisture profiles with a fixed temperature profile 3 as a function of average
moisture content for average depth ranges of 0 to 1, 0 to 2, 0 to 5, 0 to 10,
and 0 to 30 cm. These plots show that an observed brightness temperature
can correspond to different moisture contents in the range of 15% moisture
change depending on the average depth. The best linear correlations between
brightness temperature and average moisture content are found to be 0 to
10 cm for 0.25 GHz and 0 to 1 cm for 1.42 GHz. These average depths for
good correlation may vary for different soil types and temperature profiles. In
general, the moisture profiles and temperature profiles are correlated. They
jointly contribute to the brightness temperature.



84 Applications to Remote Sensing of Soil 227

300 T

g

[N
3

5

]
=]

Brightness Temperature (K)

180 ) L
10" 10° 10' 10°
Frequency (GHz)

Figure 5.4.8 Brightness temperature as a function of frequency for the six moisture profiles
shown in Fig. 5.4.6. Temperature profile 6 is used.
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232 6 SINGLE SCATTERING AND APPLICATIONS

In this chapter we study single scattering. We first consider the case
of single scattering by a conglomeration of particles. Then we analyze the
SAR technique and examine processing algorithms on the basis that the
target background response consists of single scattering. We also study active
remote sensing of a random medium based on single scattering.

1 Single Scattering and Particle Position Correlation

Consider a scattering medium consisting of N scatterers centered at 7,72,
...,7n (Fig. 6.1.1) . For the sake of simplicity, let each scatterer be a point
scatterer with scattering amplitude f. They occupy the region between z = 0
and z = —d. Let the incident wave be

P = ek (6.1.1)

where
ki = ksin 0; cos ¢;& + ksin 6; sin ¢;i) — k cos 6;2 (6.1.2a)
= kig® + kiyl — ki’ (6.1.2b)

Then under single scattering, the scattered field from particle j centered at
T is

KI5 .
T (6.0.3
J
Thus the total scattered field is
N L
Yo=Y fro—ereT (6.1.4)
= Ir =Tl

In the far-field observation direction of ks where
ks = kl%s = ksin 6, cos ¢sZ + k sin 6, sin @5y + k cos 052
= ksz® + koyl + ks 2 (6.1.5)
the scattered field is given by

ikr N - =
bs(ks, ki) = f 67 ) eilkiha s (6.1.6)
i=1

where 14(ks, k;) denotes scattering from direction k; to direction ks.
First we calculate the coherent scattered field (¢5). From (6.1.6) we
obtain

ikr N P
(Ys) = f 67 D (eilkika) Ty (6.1.7)
i=1
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Figure 6.1.1 Scattering by a slab consisting of N point scatterers.

Let the cross-sectional area of the slab be A and the lateral dimensions of
the layer be L, and Ly. Thus A = L;Ly and V = Ad is the volume. The
probability density function of the single-particle position is uniform. For 7
within the layer we have

_ 1
P = (6.1.8)
Using (6.1.8) in (6.1.7), we obtain
eikr N S 1
(¥s) = f— > / dr; ei<’°f—’“s>ﬂ-‘7 (6.1.9)
j=1

It is important_to note that (6.1.6) before the averaging is a deterministic
problem where the solution is possible only if all the 7;’s are specified. The
summation cannot be carried out unless all the 7;’s are specified. However,
upon taking average as in (6.1.9), 7; becomes a dummy integration variable
so that each term under the summation becomes identical. Thus
ikr R | ikr - =
(o) = FE—N / drj B RIT 5 = f o, / drje'®=k)7 - (6.1.10)
r r
and no = N/V is the number of scatterers per unit volume.
We can decompose k; and ks into perpendicular and vertical directions
ki =1k —ki,2 (6.1.11a)
ke =koy + ksp3 (6.1.11b)

Then

r

eikr 0 o tk) Le (keak)
- —URiz 52 )25 . pW\Riz—FRyz)T;
(s) = f no/_ddzje ]'[_L dzj e i
2
Ly

2

. dyJ ei(kiy"ksu)yj (6112)

T2
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(kia: - ksz)Lx

eikr 1 — eilkiztksz)d 2sin

e . 2
<¢S> B f T ot (kiz + ksz) kiz — ksz
2Sin ( 1y 2 Sy) Y
kiy — k?sy (6.1.13)

In the limit L., L, — oo, we have delta functions

ihr L i(kistk,.)d
e 1—e
W) e )

For ksz = kiz, ksy = kiy, it means that ¢, = ¢; and 6, = ;. Thus the coher-
ent wave is specularly reflected. Next we calculate the angular correlation
function

4m25(kiz — ksz)6(kiy — ksy) (6.1.14)

2 N N

s (K, kin )93 (Ksz, |f | =35 kR T gmitkamka) T (6 15)

7j=11=1

Note that for the case of ki = ki1 and kso = kg1, the angular correlation
function becomes the usual scattered intensity. The summation of (6.1.15)
can be decomposed into [ = j and [ # j. Thus

"rbs(EslaEil)"p:(—Es%EQ) 'ft {Z i(En—-E,,l—Eiﬁ--’;sz)'Fj

=1

N N -\ _
+Zzez ll—ksl)"'J'—"’ 'Z_k"z)'rl} (6116)

j=11=1
l#5
Let p(7;,7) be the joint probability density function of two particle positions
7; and 7;. An assumption for the joint probability function is
lim p(rj, 71) = p(7;)p(T1) (6.1.17)

75 =71 —

That is, the two particle positions are independent if the two particles are
far apart.
We let
= T Tl
p(rjvrl) = g( 1‘/2 ) . (6118)
where g is known as the pair distribution function and asymptotically equal

to unity. The pair function is only a function of 7; — 7; if statistical transla-
tional invariance is assumed.
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Thus, taking the ensemble average of (6.1.16), we have

2 (N o
<¢S(ksl’kll)¢:(k32,k12)> = I,rf_l{Z/dF] p(Fj)eZ(’Cil‘ksl—ki2+ksz)-7'j
j=1

N N
+2.2 / dr;dr ei("“"““)'F"‘“’“"”’“”’)'F‘p(ﬂ,Fz)} (6.1.19)
=1 1=1
£

Upon integration, 7; and 7; become dummy integration variables. Then

N N N
Y.-N Y S oNN-1)
j=1

j=1I=1
1]

Equation (6.1.19) becomes
TN T T /17 i(Fis—Fa—Fig+Fua) 7,
<¢s(kslvkil)¢s(ks2aki2)>2‘1:'2— no/‘ﬁ'—je TR R
N(N — T T om T T e
+————(1‘\£2 ) // dr;dr) g(Fj—Fz)e’(’““"‘*‘)"f"(’“”‘k“)'”} (6.1.20)

Since the pair function asymptotically becomes unity, we decompose
g(7; —7) into [g(F; —7;) — 1] + 1 in the second term in (6.1.20), so that

(Vs (ks1, kir )Pk (ksg, ki2))

2
= lrf—l{no/dﬂ €7

+ N(]X\;; g // drjdry [g(7; — ) — 1]eiFa—F)Timika k)T

+ N(N - 1) dF. ei(zn—zn)'ﬂ dr, e"i(ziz—.’;»ﬂ)'?l 6.1.21
V2 J

|

where A
q= Eil - 76_51 — EiQ + ESQ (6.1.22)

Since N > 1, the last term in (6.1.22) is the product of the coherent field
and a complex conjugate of the coherent field by using (6.1.10). We also let
Tj — T, =T, T;+ T = 2F 4 for the second term. Integrating over [ dFa gives
V. Thus
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(ths(ks1, ki1 )1k (Ks2, kiz)) — (Ws(Ks1, Ki1)) (42 (Rsa, Kiz))

2

+n2 / dF 4 / dr [g(F) — 1]T7 e"(E"“E””LE"“Eﬂ)E}

|fl {no/d—A equA [1 +'no/ dr [g ]ei(Eil—En-l—Eg—Ew).;]}

(6.1.23)
Let
ki — kg1 + kio — kg2
2

Then using [drg = [%_dza [%_dya ff 4924 and performing the integral
n (6.1.23), we obtain

(s(ks1, ki1 )9s (ks2, kio)) — (¥s(Ks1, ki) ) (002 (Bsa, kiz))
_e—zq,d
_ e IH{amsa S = i)} 6129

z

p= (6.1.24)

where H (p) is the Fourier transform of g(7) — 1 and is known as the structure
factor [McQuarrie, 1976; Ziman, 1979; Hansen and McDonald, 1986]:

H(p) =/oo dr [g(F) — 1]eP™ (6.1.26)
—00
g, = — kcosb;; — kcosOs; + kcosbio + kcosfs (6.1.27)
gz = ksin 0;1 cos ¢;; — ksin 041 cos g1 — k sin 0;9 cos ¢;o
+ ksin 62 cos ¢s2 (6.1.28)
qy = ksin 6;1 sin ¢;1 — ksin 651 sin ¢51 — ksin 65 sin ¢;o
+ ksin 69 sin ¢ (6.1.29)

Thus ¢, = 0 and g, = 0 imply that
sin 0;1 cos ¢p;1 — sin Bg1 cos g1 = sin B;9 cos ;o — sin Ogo oS Pgo (‘6.1.30)
sin 6;1 sin ¢;; — sin O sin g1 = sin O;9 sin P;o — sin Ogo sin pgo (6.1.31)
In wavevector notation, g; = 0 implies that
Eil_L - Esl.L = 751'2.]_ - ES2J_

This condition is known as the “memory effect” and is a result of trans-
lational invariance of the medium characteristics [Feng et al. 1988]. It is a
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phase-matching condition for statistical field averages [Zhang and Tsang,
1997).

2 Applications of Single Scattering

2.1 Synthetic Aperture Radar

There are many well-known texts on radars [Skolnick, 1980, 1990; Lev-
anon, 1988] and synthetic aperture radars [Hovanessian, 1980; Mensa, 1981;
Jakowatz Jr. et al. 1996; Soumekh, 1999] . Here we shall treat the subject
from the point of view of single scattering.

If the antenna size is L, the antenna beamwidth will be o = A/L. If
the antenna is at a height h above the earth, then the footprint, the spatial
extent of the beam on earth, is

hA

9z = ha = T (6.2.1)
For example, for h = 100 km, A = 0.2 m, and L = 2 m, we have
gz = 10 km (6.2.2)

This is large. However, in radar scattering, both the amplitude and phase of
the wave can be measured. By appropriate phase compensation (focusing),
one can achieve much better spatial resolution.

Let the synthetic aperture radar (SAR) antenna be located at

Ts = (mm Ys, Zs) (6'2'3)

and let the flight path be along the z-direction at a height h above the
surface (Fig. 6.2.1). The incident angle of the wave from the antenna to the
surface is ;. Thus

zs=h ' (6.2.4)
ys = htané; (6.2.5)
Tg = Tgo + UL (6.2.6)

where x4, is the z-coordinate of the antenna at ¢ = 0 and v is the speed of
the aircraft. Let the antenna size be of size L x L so that the beamwidth is

A

= - 6.2.7

a=% (6:27)
The footprint sizes are Az and Ay on the surface with

gx = aR; (6.2.8)

gy = asect; R, (6.2.9)
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L.

e

h

Figure 6.2.1 Flight path of radar over surface.

where
Rs = Vy2 + h? = hsec; = y; cscb; (6.2.10)
The incident wave on the surface is
eikR
where
R(t) = V(z —z5)? + (y — ys)? + (2 — 2,)? (6.2.12)
_ 2 2
w(z,y) = exp [iﬂ%) - y—2] (6.2.13)
92 92

We have assumed a Gaussian amplitude distribution on the surface. Note
that in the amplitude weight function, the footprint moves with the flight
path. This means that the SAR is side-looking all the time. The radar signal
is a pulse with center frequency w,. The pulse can provide range resolution
in the y-direction. Thus the frequency range is from w = w, — 7B to w =
wo + mB. This gives range resolution of ¢/B in the y-direction, where c is the
speed of light. Note that we have inserted the ¢t dependence in R because z;
is a function of t. If a Taylor expansion is made for small (z — z;), vy, and z,



§2.1 Synthetic Aperture Radar 239

then
R~ /g2 +h2 [1 = %’2;:—;2”] = R, — ysiné; — zcosf; (6.2.14)
so that )
eikR ~ eikR_;—ikysinO,-—ikzcosG,- (6215)

which is that of a plane wave. Let there be N scattering objects within the
footprint of the antenna on the surface. The locations of these objects are
given by

Tn = (Tn, Yn, 2n) (6.2.16)
n=1,2,...,N. Let the radar be monostatic measuring backscattering sig-
nals. The received scattered wave will be

N
Y@, t) =Y Pen(w, 1) (6.2.17)
n=1
where
¢ikRan o
wsn(w7 t) = R fn(_ki, kz) d’inc(Fn) (6218)
Ron = [Ts — T (6.2.19)

The quantity fn(—fci, k,) is the backscattering amplitude of the nth scatter
with k; = —sin 6; — cos §;2. Putting (6.2.11)—(6.2.13) in (6.2.18), we have

1 R (zn —5)® Y2
Yo(w,t) =Y == fn(—ki, k;) e2*Ronexp | - 2_=80 _ n 6.2.20
R2 92 g2
n=1 S x

where we have approximated the amplitude of 1/R2, ~ 1/R2. Note that
the received scattered wave is a function of w, the frequency of the incident
wave, and t, the time along the flight path. The complex signal ¥s(w,t) is
recorded as a function of w and t.

Next, we can process the signal by focusing at a location. Multiply

¥s(w, t) by a reference signal

VE(Tos t,w) = e2ikRee (6.2.21)
where
Rso = [To — T (6.2.22)
To = (Zo, Yo, 20) (6.2.23)
Let

P(t,w) = ¢s(w,t) Y5 (Tos t,w) (6.2.24)
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Then we integrate P(t,w) over w and t. This is a correlation integral

ly  we+Bm tf  wo+Bm

C(7,) = /dt / dw P(t,w) = /dt / dw s(w, t) i (Toy t,w)
to w,—Bm to w,—Bm
(6.2.25)
where B is the bandwidth of the signal and (o, tf) is the time window of the
flight path that the received signal is processed. Note that the ¢ in (6.2.24) is
not the ¢ in the time harmonic signal but the ¢ associated with the flight path
of the antenna. Typically, ¢ is of the order of seconds to minutes, whereas ¢

in the pulse signal is of the order of microseconds. Thus,

1 - P2y 2ik(R,—R (zn —25)* 2
C(FO) = E_i //dt dWan(—kz, k'l,) e ? ( sn so) exp ________g_z_____g_’g_
s n=1 T

(6.2.26)

If we examine the integral, we can see that there is a strong phase fluctuating
factor

&(Foit,w) = 2k(Ren — Reo) (6.2.27)

Thus the integral only gets a significant contribution from the integrand
when 7, ~ 7,. Thus C(7,) “images” the scattering from a scatterer close
to 7. Thus when C(7,) is plotted against z, and y,, we obtain an image
of the scene. The integration in (6.2.26) can be computationally intensive
because one has to perform a two-dimensional integral over ¢t and w for many
Tos. The computing time can be reduced by introducing some simplifying
approximations to permit the use of FFT. In a limited region around 7,,

|R3n - Rzo| < Rgo (6228)
Rz‘n — Rgo R.Zn — R.Zo Rzn — Rgo
Ron = Rao = piip® o —0p =50 o —Sip- (6.2.29)
Thus
= Rgn — R.go
q)("'o, t, U)) =k T
k
= —[@ -+ G-+ (- D)
+224(20 — Tn) + 2s (Yo — Yn) + 225(20 — zn)] (6.2.30)
Let

Az =z, — 2 (6.2.31)
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Ay =yo—yn (6.2.32)
Az=12,—2, (6.2.33)
Hence
_ k
O(7o;t,w) = A {—Az(zn + z0) — Ay(Yn + Yo)
S
— Az(zn + 20) + 2z Az + 2ys Ay + 22,A2}  (6.2.34)
Putting the flight path coordinate of (6.2.4)—(6.2.6) in (6.2.34), we get
®(7p; t,w) = k(an + byu) (6.2.35)

where

1
ay, = E-{Az[?zso — (T + 70)] + AY[2ys — (Yn + ¥o)]

+ Az[22 — (2 + zo)]} (6.2.36)

by =2Az (6.2.37)
vt

u=g (6.2.38)

Putting (6.2.27) and (6.2.35) in (6,2.26) we have

wg+ﬂB

C(Fo) =7 / dk / duz fn u A zk(an+b u)

wo—7DB

c

_ _ 2
exp [_ (mn Tso URS) _ _Z_/_y_l_jl

5 (6.2.39)

92 92

Suppose we first integrate over u. Because the footprint limitation is repre-
sented by the beam pattern and the Gaussian function in the integrand, we
roughly will have

‘xso + URsi < gz

or
—09z — Tso gz — Tso
—_ < u< = 6.2.4
7 <u< R (6.2.40)
But g, = ARs/L, hence
A A
_Rsf + Tso <u< RsL Tso (6241)

R R



242 6 SINGLE SCATTERING AND APPLICATIONS

Using (6.2.41) to replace the integration limits of du in (6.2.39) gives

wotnB A_Zso
c c L 3 N y2
-\ _ 1. L\ oik(an+bau) _In
C(7,) = o / dk du " fu(—ki, ki)e exp ( g2>
wo—nB _A_Tso n=1 Yy
c L Ry
(6.2.42)
Integration over u will give a dependence
wo+mB
c f N 2
C(F.) = / dk'S" fu(—ki, ) exp <-—g)
vits o inB n=1 Y
gikan o —ikbn 352 ;Tn sin <k:bn%> (6.2.43)

Since b, = 2Az = 2(z, — z,) and we have a sinz/z-type dependence, it
means that the scatterer location must be within a certain distance of z, :

== (6.2.44)
or

20z = 2|z, — zp| <

Bt

=X (6.2.45)

where X is the SAR azimuth resolution. Thus the spatial resolution in the
cross-track direction is of the order L instead of the much larger size of g,.
This marks the success of synthetic aperture radar. We next approximate
the term

2 A 2 . (2mb,
kb—nsm (kb"f) ~ . sm( 7 ) (6.2.46)

where k, = w,/c is the wavenumber of the center frequency. Without loss of
generality, we let xs, = 0. Thus

wo+mB

_ c - - w2\ 2 . [2nb,
C(”'g) = R / dk e Z fn(——k‘i, k,) exp —g—2 W sin I
s n=1 Y o¥n

wo—nDB
¢

(6.2.47)
Integration over k then gives
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_ c - 2
C (7o) = = an(~—kl,k,)exp (_y_g)
S n=1 9y
2sin (——ﬂ-Ban)
ikoan, c 2 . (2nb,
e - b sm( T > (6.2.48)

We note from (6.2.36) that a,, is dominated by the y-dependence because y,
is large. From (6.2.36) -

0~ 2ysAy
n — Rs
From (6.2.48) and (6.2.49), the spatial resolution in y-direction (range direc-
tion) is

B ([ 2ys|Ay| cRs
— | =) < = < =
c ( R, =7 Ayl < 2By |Ay] <

a result that is well known from radar theory.

We have illustrated the purpose of synthetic aperture radar based on
correlation analysis. Equation (6.2.50) is also useful for the processing of
SAR data known as correlation processing to produce image of the scene. It
is an example of imaging radar.

We note that

(6.2.49)

< 23 5 (6250)

|Ay|sind; = Ar < ﬁ =R (6.2.51)

where Ar is the range, and R is known as the range resolution. In view of
(6.2.45) and (6.2.50), it is customary to write the SAR point target response
to be given by

W(r,z) = sinc (7;) sinc (%) (6.2.52)

Spotlight SAR

Note that (6.2.13) describes a footprint that moves with the flight path. For
Spotlight SAR, the footprint remains constant on the flight path (Flg 6.2.2).
For simplicity, assume that

cikR
winc= R ’U)(.’L‘,y) (6253)
where
[ cl yz] (6.2.54)
T,Yy) =exp|——5 — =5 2.
w(z,y) P2 P
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Figure 6.2.2 Spotlight SAR footprint is kept constant during flight path.

For this case the incident direction is

k; = —sin#; cos ¢; T — sin 6; sin ¢; § — cos b; 2 (6.2.55)
where
s = R, sin6; cos ¢; (6.2.56a)
ys = R sin0; sin ¢; (6.2.56b)
zs = h = Rgcosb; (6.2.56¢)
Rs = /22 + y2 + h? (6.2.57)
Ts = Tgo+ VL (6.2.58)

Note that for this case the incident direction changes with ¢. Then

N

Ys(w,t) = 2 fal—hiy ) €2 Ren exp _Zn _ U (6.2.59)
S b n=1 Rg n (3] (2 g:12: gg i
Again, we have
C) = [[ dudes, )93 s, (6.2.60)

and the phase factor is
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245
B(Foit,w) = -_{ — AZ(Zp + To) — Ay(gn + o) — Az(2n + 20)
S
+ 22, Az + 2y, Ay + 2z3Az} (6.2.61)
Suppose at t =0
P
Ts = Tgo = _"2‘ (6262)
and at t =ty
P
Ts = Tso + vtf = 3 (6.2.63)
Now let
1
an = R#{ — Ax(z, + o) + Ay2ys — (yn + yo)]
S
+ A2[22 — (20 + zo)]} (6.2.64)
2Ax
by, = R (6.2.65)
Also change variable of integration from ¢ to zs. Thus
wotmB E
o) =S [ a [ d ki, o) e(antonzs) ””?‘ Ui
(To) = ” ) Tg an iy ki)e exp o2 E
e 3

(6.2.66)
We assume that |z,| is much smaller than h. Then

Ry~ +\/y2 + h? (6.2.67)
which is independent of z,. Then the integration over dz; in (6.2.66) gives
wo+mB
C(7) = —

2 2
c ika, _m" — y_n 2 _P_
” / dk nE_ Fr(—=ks, ks ) €% exp [ P ] T, sin (kbn 2)

Thus the spatial resolution in the z-direction is

(6.2.68)
klbnlg <m

(6.2.69)
Using (6.2.65) in (6.2.69) gives

AR,

6.2.70
<% =72p (6.2.70)
Thus the spatial resolution in the z-direction is several times bigger than \
depending on the ratio of R,;/P
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Figure 6.2.3 Circular SAR.

Circular SAR

For circular SAR, the flight path is circular and the footprint is also kept
constant (Fig. 6.2.3). Then

k; = — sin 6; cos ¢; & — sin 6; sin ¢; § — cos 6; 2 (6.2.71)

For simplicity, we shall take the footprint to be circular. The location of the
monostatic radar is

s = Rgsin 0; cos ¢; (6.2.72)
ys = Rssin 6; sin ¢; (6.2.73)
2¢ = h = R4 cos ¢; (6.2.74)

Let the circular footprint size be Gaussian amplitude distribution with radius
g. Then

PYs(w, t) = n; Vo Fn(—k;, k;) e2*Rom exp [— n "} (6.2.75)
Again the phase factor is
k
®(Toi t,w) = E{ — Az(Ty + o) — AY(Yn + Yo) — Bz(20 + 25)

S

+ 2z, Ax + 2y Ay + 2zsAz} (6.2.76)
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For this case, we assume that R, sin 6; is much bigger than g. Hence, we can
approximate (6.2.76) by

®(Fo; t,w) = %’E{%Am + y Ay + zsAz} (6.2.77)
Thus
0= [t [ 3 ol Ress |- R+ s+ 2,89)
" s (6.2.78)

The circular path has radius R, sin §;. Thus we can transform the integration
variable from t to ¢; :

vdt = R sin 6; do; (6.2.79)
Then (6.2.78) becomes
Resimgs [T &
cRssinb; -
C(To) = ——— / dk/d@Z:lfn(—k k
0 n=

wo—nB
C

- exp [i2k(sin 0; cos ¢; Ax + sinb; sinp; Ay + hAz)] (6.2.80)

Let
Az = Apcos¢ (6.2.81)
Ay = Apsing (6.2.82)
where
(Az)? + (Ay)? (6.2.83)
The d¢; integral in (6.2.80) can be performed as
w2+1rB
2
o(r,) = Hasinbi / dk/dthfn o)
woonB n=1
hA
- exp [z'2k: (sin 6; cos(¢i — d)Ap + 7 z) ]
. . < h
= 2meRysinb; / de fn(—ki, ki) exp <z2k ——Az) Jo(2kApsin 6;)
v R

(6.2.84)
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This gives a spatial resolution of

A
2kApsin§; < Ap < ° 6.2.85
psind; <m = Ap< Isin6; ( )

2.2 Interferometric SAR

Interferometric synthetic aperture radar (InSAR) is a technique for estimat-
ing topography with high spatial resolution and height accuracy [Graham,
1974; Zebker and Goldstein, 1986; Rodriguez and Martin, 1992]. The basic
idea is to examine the SAR response at two antenna positions. The separa-
tion of the antennas’ positions is known as the baseline.

Consider a second antenna position for the radar in Fig. 6.2.4 so that
we have the configuration of Fig. 6.2.4 here. The position of antenna 1 is

TA, =Ysy+ h2 (6.2.86a)
with direction
74, =siné; § + cosb; z (6.2.86b)
The position of antenna 2 is
Ta,=Ta, +B (6.2.87a)
with
B = Bcoséf)— Bsiné 2 (6.2.87b)

where £ is the angle the baseline makes with the horizontal direction and B
is the length of the baseline. The looking angles of both antennas are both
approximately equal to 6;.

Consider backscattering from a scattering center at 7 = (z,y, 2) and let
the scattering amplitude be f(z,y, z;6;). Then, the incident wave at z,y, 2
due to antenna 1 is

eikn
Yine(z,y,2) = (6.2.88)
o
and the scattered wave is
e2ikrl
s = Tf(za Y, %5 91) (6289)
o
where
T = [Ta, — 7| (6.2.90)

To = \/yg + h2 = |FA1| = hsecb; (6291)

As discussed in Section 2.1, the SAR point target response factor is, as a
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r-..antenna 1

antenna 2

h — Bsin

ys + Bcos&

Figure 6.2.4 Interferometric synthetic aperture radar: two-antenna configuration.

result of coherent processing of image,

. (TN . (TX
W (r, z) = sinc <§) sinc (—)?> (6.2.92)
where R = ¢/(2B) and X = L/2. Thus we write the coherent response as
up = /dFe2ik’"1f(x,y,z;9i)W(r1 —TA,T) (6.2.93)

where integration over dr¥ contains summation over all the scattering centers
within the SAR pixel. Similarly, for antenna 2, the coherent response is

uy = / dr P72 f(2,y, % 0:)W (r2 — T4y, 7) (6.2.94)

where
ro = I;Az — F' (6.2.95)
ra, = [Fa,| (6.2.96)

For InSAR processing, we can take the correlation (uju3) of the two
signals u; and ug. Thus

() =/dF/dF/<e2ik|FA,—'r'|—2ik|'FA2—F’|f(F; 0:) f*(7.6:)
W(Fa, =7l —ra, 2)W*([Fa, — 7| —ra,,z))  (6.2.97)

Because of random phase due to the random position of the scattering cen-
ters, the integrand is zero unless ¥ = r. Also let

|F (700> = o(7,6:) (6.2.98)
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be the bistatic scattering cross section. Thus
(urag) = [ dr e o, 0)W (74, = 71 = ray &) W (Tt = 71 = s,

(6.2.99)
Let

A= TA, —TA, (6.2.100)
Using (6.2.87a) in (6.2.100), we have

A =\/|Fa, + B| =74, ~ 4, - B = B(cos¢sinf; —sin& cos 6;)
= Bsin(6; — £) (6.2.101)
On the other hand,

=TA, —T Ta, —Ta, +T T4, =0 =T (T4, —74,) (6.2.102)

ba—ip =iy mtB . Tat+B
Ay A2 Ay TA, Ay o+ A
. - 1 A
erx_(FAl'*_B)—(l—_‘)
To To

- 2) -2 22

[ To To To

B (’f'Al ) B) ,f‘Al

-t
To To

= rlo{ﬁ —74,(74, - B)} (6.2.103)
Let
B, =B —#4,(7a, - B)
= Bcosé§ — Bsin€ 2 — (siné; § + cosb; 2) Bsin(6; — §)
= B{(cos§ — sin @; sin(6; — £))y — (sin& + cos 0; sin(0; — 5))2}
= B(cos(ﬁi — &)y cosb; + zsin b; cos(0; — f))

= Bcos(#; — £)(gcosb; + zsinb;) (6.2.104)
and B; = Bcos(6; — £). This implies
. Bcos(8; =€)

Fa, —Ta, = -—T—-—(g} cos §; + zsin0;) (6.2.105)
o
Putting (6.2.105) in (6.2.102) gives
B cos(6;

—¢) (y cosB; + zsin 6;) (6.2.106)

o

T1—T2=A—
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Putting (6.2.106) in (6.2.99) gives

(uguy) /// dzr dydz exp [2zkA 2ikB COS(G —9) (ycosB; + zsin6;)

|7'A -—TI—’r‘Al, ) (|7”A2 —7’] T'Az,:l:) 0‘(7,0,‘) (6.2.107)

We further assume that

o(7,6;) = o(z,6;) (6.2.108)

In the arguments of the SAR response function W, we further assume that
[Ta, = 7| — 74, = =T - 74, = —ysin; — zcosb; (6.2.109)

[Ta, —T| —ra, =& —T -4, = —ysinb; — zcosb; (6.2.110)

Thus, we have

(ugul) = ek /// dz dy dz exp [— 2ikB. (ycosb; + zsin 91')}
TO

in 6; 0;
- sinc? [W(y sin 6; + z cos 6;)

inc? (™2 o (2.6,
R ]smc (X>a(z,9,) (6.2.111)

The Fourier transform of sinc is a rectangular function. Let

flkz) = {1 for |ka| < % (6.2.112)

0 otherwise
be the rectangular function and let
k. X 2m
Jz for |ky| < =
D or |kz| < e

filks) = { (1 | 2r

0 otherwise

be the triangular function. Then
[ e %sincﬂ% e=ikeT — £ (k,) (6.2.113)

is the inverse Fourier transform relation. Hence using (6.2.113) in (6.2.111),
we have

(urus) 2"“AX/dy'/dz exp[

b; b;
- sinc? [ 7(ysin ;zcos )

(y cosb; + zsinb;) |

] o(z,0;) (6.2.114)

Let
y' = ysiné; + z cosb; (6.2.115)
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Then
. e2ikA 00 ,
(wquy) = S, X/_oo dy /dza(z, 6;)

/ _2ikB 0;
- sinc? (%—) exp{ oL [COS “(y — zcos6;) + zsin Oi] }

To sin 0;
= ¢**2 5(1 - |a,R|) 6(a,) ~ (6.2.116)
where
_ kBy
a, = ———) (6.2.117)
a, = ) (sin® 0; — cos* ;) (6.2.118)
and
RX
S = 2.
Snd; (6.2.119)

is the pixel size and
5(a,) = / dzo(z,0;) e1%* (6.2.120)

Thus we see that (uju3) depends on &(a,), which is a Fourier transform
of the height-dependent backscattering cross section. The Fourier transform
variable is a,, which depends on the baseline. For example, if o(z,6;) =
00(2m)d(z — 2m), where z,, is a mean height, then 7(a,) = e~**, Thus the
interferometric SAR can be used to retrieve height information.

2.3 Active Remote Sensing of Half-Space Random Media

Consider a plane wave, E;, incident upon a half-space random medium
(Fig. 6.2.5). The random medium is characterized by permittivity e;(7),
which is the sum of a mean part (e;) and a fluctuating part €, the en-
semble average of which vanishes. The medium above the random layer is
homogeneous, and all regions have permeability u.

The electric fields in regions 0 and 1, denoted by E and E respectively,
satisfy vector wave equations as follows:

VxVXE-KE=0 (6.2.121a)
VxVxE, -k E=QFE; (6.2.121d)

where
Q(7) = wiueis(7) (6.2.121¢)

and
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Figure 6.2.5 Active remote sensing of half-space random media.

k2 = wlulel (F)) (6.2.121d)

The solution to (6.2.121a) and (6.2.121b) may be written in terms of dyadic
Green'’s functions for bounded media:

E

E © / d3'l‘1 GOl ) Q(Fl) . El (71) (6.2.122(1)

Fi = E1 +/ d37'1 Gll (F,Fl) Q(Tl) '—El(Fl) (62122b)
Vi

where B and E§°’ denote the unperturbed solutions of E and E; when

the permittivity fluctuation €; ¢(7) vanishes in (6.2.122a) and (6.2.122b), and

G(()l) and G§1 are layered-media dyadic Green’s functions in the absence

of permittivity fluctuations as given in Chapter 5. We solve (6.2.122a) a&d
(6.2.122b) iteratively. The first-order solution is obtained by replacing E;

under the integral sign by E( ) Hence FE = E( ) 'Eﬁ”, with

1 =(0) _\ =50,

B ()= | &nGo (7)) B () (6.2.123)
and V; is the lower half denoted as region 1. This approximation is often
referred to as the first-order Born approximation—after Max Born, who
applied the technique in quantum mechanical potential scattering problems.
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First-Order Scattered Intensity

Forming the absolute square of ES) and ensemble averaging, we obtain the
first-order scattered intensity in the form

G / &r, / dTQGm 7 71) - B (7p)

=(0)* 0 - —

Cor (772) B (m)(QQ (7)) (6:2.124a)
where (Q(71)Q*(T2)) is a two-point correlation function. For a statistically
homogeneous medium, the correlation function depends only on the separa-
tion of the points 71 and 75. That is,

(Q(r1)Q*(T2)) = C(T1 —T2) (6.2.124b)

Thus, only fields scattered from fluctuations separated by distances less than
or comparable to the correlation length will significantly contribute to scat-
tered intensity. We note that the observation point 7 in (6.2.124a) is in the
far field in region 0. Hence, the far-field approximation can be made for

the Green’s functions in (6.2.124a). The far-field dyadic Green’s function

a—((n)(r 71) can be calculated by using the saddle point method [Born and

Wolf, 1975]. Let the observation point be at (7,85, ¢5), so that
kis = kos + kys) (6.2.125)

with kzs = ksin 0, cos ¢, and kys = ksinf,sin ¢,. Then, in the far field we
have

—(0) etkr — _
o1 (7, 71) = H exp(—ikis - T1) (6.2.126)

47r
where

= k
H = XOlsé(k ) (klzs) + YOlsh(kzs)hl(klzs) (6-2-127)

-Els = E.Ls + 2k1.s (6.2.128)
kas = (k? — k2, — k2,)'2 (6.2.129)
krzs = (K3, — k2, — k2,)'/? (6.2.130)

where Xo1 = 1+ Ro; and Y1 = 1 + Sp;. The expressions for Ry; and Sp;

follow directly from Egs. (5.2.22a) and (5.2.22b). The subscript s in Xo1s

and Yp;, indicates that the k, values are those of the scattered direction.
Let the incident field be in direction (6;, #;), so that

kii = ke + kyid (6.2.131)
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with kz; = ksin8; cos¢;, and ky; = ksin8;sin ¢;. In the following, we shall
illustrate the case where the incident wave is horizontally polarized. The

analysis for a vertically polarized incident wave will be similar. The incident
field is

Ei = Boé(—ks) etz eFue (6.2.132)
where k,; = k cos8;. The unperturbed field in region 1 is
— 0 _ N - -.F
B\ (7) = Bo Xoui e1i(k1ss) ¢ (6.2.133)

where k1,; = (k%m — k2sin? t91~)1/2 and ki; = k; — 2k1; and the i in Xoi
denotes that the k, values are those corresponding to the incident direction.
Substituting (6.2.126), (6.2.127), and (6.2.133) into (6.2.124a) and using
(6.2.124b), we obtain

=) 2 | Fol?
BV P =15

[X01sé(kzs)é1(klzs)

2

k - - .
+ H—YOISh(kzs)hl(klzs):l : XOli eli(klzi) (62134)
m

where
B = / drg | dry C(To—T) expli(k1i—kis) -Ta+i(Ky—Fy;) -To] (6.2.135)
Wi Wi

The correlation function may be expressed as the Fourier transform of
the spectral intensity & :

o0 = e —
C(T1 —Ta) = ki, / dB ®(B) e =T2) (6.2.136)
—o0

where ¢ is the variance of permittivity fluctuations, and k},, is the real part
of kim. Substitution of (6.2.136) into (6.2.135) ylelds

Q(k.’t‘t kxs k T S 182)
B = 4n? ASK / dg, — y :
T ﬂ (klzz + klzs + BZ)(klu lzs + ’Bz)

with A as the target area. Residue calculus can be used to perform the
integration in (6.2.137). Since we are interested in low-absorption areas with
ki, < ki, most of the contribution of the integral comes from the residue

(6.2.137)

of the pole at 8, = —ki,; — k},,. There may be other poles in the integrand
of (6.2.137), but their residues are much smaller. Hence
— — b*
B ~ 47> ASkfS, Dlfsi = koo ki’f ky,’;’ f2i ~ M) (6.2.138)
(klu klzs)

We use superscripts / and /7 and to denote real and imaginary parts, respec-
tively. The case of vertically polarized wave incidence can be studied in a
similar manner.
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Backscattering cross section

10° 1 1 1 1 1 L L

0 10 20 30 40 50 60 70 80
Incident angle (deg)

Figure 6.2.6 Backscattering cross section as a function of incident angle. The frequency is
10 GHz. €1 = €,(2.075 + 0.0025), § = 0.27. The solid lines are opj and the dashed lines
are Oyy.

The bistatic coefficients 'yag(fcs, k;) can be calculated. For the case ¢; =
0, they are

I kS sin? 0 keskizskizi|? ]
Y Y 12 s - xshvlzsihvlzy
l Ols Olz| k8 Ti (k2 +k53)
Yov 2 2
Yho 8 ki T2 k1zi75— k2 Xo1sYoui| sin® ¢,
Yoh COSQ( 124 + lllzs) k 2
Thh klzsk2 YOlsXOh‘ sin’ és
L |X013X01i| cos? ¢

(6.2.139)
where the argument of the function ® is the same as in (6.2.138). We illus-
trate the numerical results for the correlation function

C(F) = 6k}, exp(—r/r,) (6.2.140)
and for the corresponding spectral density
3

&(B) = To (6.2.141)

w21+ BT
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In Fig. 6.2.6, we plot, as a function of incident angle, the backscattering
cross section 0, = Y3a(0s = 0i, ¢s = T+ ¢;) cos 6;. It is noted from (6.2.139)
that op, = o,, = 0 in the backscattering direction so that depolarization
is absent. We see from Fig. 6.2.6 that o decreases as 6; increases. In this
case, Oy, is slightly larger than oy, because the transmissivity of vertically
polarized waves at the interface is larger.
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Radiative transfer theory is an important method to treat multiple scat-
tering in medium consisting of random discrete scatteries. Classic books on
the subject include Chandrasekhar [1960]; Ishimaru [1978]; Case and Zweifel
[1967]. The theory has been extensively applied [Tsang et al., 1977; Tsang
et al. 1985; Fung, 1994; Ulaby et al. 1990; Burke et al. 1979]. In this chapter,
we derive the equation that governs the propagation of specific intensity in
a medium containing random distribution of particles. The particles scatter
and absorb the wave energy, and these characteristics should be included
in a differential equation to be satisfied by the specific intensity. This equa-
tion is called the radiative transfer equation. There are three constituents
of the radiative transfer equation. The extinction matrix describes the at-
tenuation of specific intensity due to absorption and scattering. The phase
matrix characterizes the coupling of intensities in two different directions due
to scattering. The emission vector gives the thermal emission source of the
specific intensity. Since the specific intensity is a four-element Stokes vector,
the extinction and phase matrices are 4 x 4 matrices and the emission vector
is a 4 x 1 column matrix. For spherical particles, the extinction matrix is
diagonal and is a constant times the unit matrix. The emission vector has
the first two elements equal and the last two elements equal to zero. For non-
spherical particles, the extinction matrix is generally nondiagonal and the
four elements of the emission vector are all nonzero. The resultant equations
are called vector radiative transfer equations to distinguish them from the
scalar transfer equation.

We also define phase matrix as the averaged scattering cross section per
unit volume of space where the volume is larger than many wavelengths
and also large enough to include many particles. In this new definition, the
coherent wave interactions among particles within wavelength scales can be
included, and the collective scattering effects of particles in the neighbor-
hood of each other are included. This is unlike the classical definition in
which only the single-particle scattering characteristics are included in the
phase matrix definition. Likewise, the extinction coefficient is defined as the
average extinction cross section per unit volume of space, and the absorption
coefficient is average absorption cross section per unit volume of space.

1 Scalar Radiative Transfer Theory

Radiative Transfer Equation

Radiative transfer equation is an integro-differential equation that governs
the propagation of specific intensity.
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Figure 7.1.1 Specific intensity I(3) in direction 3 in and out of elemental volume. Many
particles are inside the elemental volume.

Consider a medium consisting of a large number of particles (Fig. 7.1.1).
We have I(7, 3) at all 7 and for all § due to scattering. We consider a “small”
volume element dV = dAdl, and dl is along the direction 8. The small vol-
ume element is centered at 7. We consider the differential change in specific
intensity I(3) as it passes through dV (Fig. 7.1.1). The differential change
of power in direction 3§ is

AP = —I;n(3)dAdQ + Iouy(5) dAdD
= —I(F,3) dAdQ + I(7 + di3, 3) dAdQ (7.1.1)

Radiative Change In Medium Containing Many Particles

The volume dV contains many particles that are randomly positioned. The
volume dV is much bigger than A% so that random phase prevails and the
input and output relation of dV can be expressed in terms of intensities
instead of fields. Thus dV/, though called a “small” volume element, is really
“not that small.”
There are three kinds of changes that will occur to I(7, 3) in the small
volume element:
(i) Extinction that contributes a negative change
(ii) Emission by the particles inside the volume dV that contributes a posi-
tive change
(iii) Bistatic scattering from direction & into direction 3 that contributes a
positive change



262 7 RADIATIVE TRANSFER THEORY

For the extinction, since k. = extinction coefficient = extinction cross
section per unit volume of space, the differential change of power from ex-
tinction is

dP® = —k dVI(7,3)d (7.1.2)

If we let £(7,$) be emission power per unit volume of space per unit solid
angle per unit frequency, then

dP) = £(7,3)dVdQ (7.1.3)

To derive the change due to bistatic scattering, we note that p(s,§’)
bistatic scattering cross section per unit volume of space. Let I(7,3’)
the specific intensity in direction §'. Since I(7, §') exists in all directions &,
we have

o
& |

dPE) = [ (7, §)dVp(3,§) dVdQ (7.1.4)
4w
where integration on d€?' is over 4r directions.

Equating the sum of (7.1.2), (7.1.3) and (7.1.4) to (7.1.1) gives

I(F+dl3, 3) dAdQ — I(F, §) dAdQ = -Zf dldAdS)
S

= —kedVI(F, §) dU+e(F, §) dVdQ+ [ I(F,§)dYp(3,8)dVdQ (7.1.5)
4

where dI/ds is the rate of change of I(7, ) per unit distance in direction 8.

Since dV' = dAdl, from (7.1.5) we obtain
aI(r,3) = —kel(T,8) + E(F, 3) +/ d¥'p(3,8)I(7,3") (7.1.6a)
ds .
Equation (7.1.6a) is known as the radiative transfer equation.
We note that dI/ds is the rate of change of I in direction 8, which is
also § - VI. Thus we can write (7.1.6a) as
dI(7,3)
ds
The position and direction vectors 7 and § are independent variables in
I(7,3). In general, T = (z, y, z). The direction § = (6, ¢) has two independent
angular variables 6 and ¢. Hence there are five independent variables in the
dependence of I. As defined in Section 4 of Chapter 3, the flux vector is

= 5. VI(F,3) = —kI(F,3) + £(F, 3) + / dYI(F, §)p(3,3) (7.1.6b)

F(F) = . dQ I(7,38)s (7.1.7)
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and the scattering coefficients and absorption coefficients are

K = / dQp(3,3") (7.1.8)
4
Kg = Ke — Ksg (7.1.9)
Multiply (7.1.6b) by d§2 and integrate over 4w, we have

/ 40 5 - VI(F, )
/dQV (I(7,3)3) = V - (/dQ 1(?,3)3) _V.F(7)

——me/dQI(F,§)+/dQS(F /dQ/dQ’ (7, %) p(3,8)
- ——ne/dﬂ I(7,3) +/dQ E(F,3) +/dﬂ’ I(F,8)ks (7.1.10)
Using (7.1.9) in (7.1.10) gives

V.-F(F) = /dQ I(F /dQ E(F,3) (7.1.11)

Thus the net outflow of power flux from a point is the angular integration
of emission minus the absorption of incoming radiation from all directions.
Scattering only redistributes power in different directions and does not affect
net energy outflow.

For the case of thermal emission, consider the case of

KT
3
I=Ig={ v 1 arbitrary v (7.1.12)

2 hv
exp KT -1

where K is the Boltzmann constant. Then from (7.1.6a) we obtain
0= —kIp +E(F,3) + / 4V Ip p(5,8) = —kolp + E(F,3) + kslp
Hence

E£(7,8) = ralp (7.1.13)

Thus the radiative transfer equation with a thermal emission term at
microwave frequencies is

KT
ac—i—I(F, 8) = —keI(T,8) + Ka—yg + /dQ’ p(3,8) I(7,3) (7.1.14)
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If one uses independent scattering, then as indicated in Chapter 3, we have
Ke = Mo0t, Kq = Mo0q, and p(3,3') = no|f(3,3')|%, where oy, 04, and f(3, )
describe single-particle scattering properties.

Passive Microwave Remote Sensing

Passive microwave remote sensing of the earth measures the thermal emis-
sion from the atmosphere and the earth with a receiving antenna known as
a radiometer (Fig. 7.1.2). Let the atmosphere and the earth be at tempera-
tures T' and T3, respectively. Also let x, be the absorption coefficient of the
atmosphere. We make the following assumptions and observations:

(i) The water droplets in atmosphere are absorptive, and absorption domi-
nates over scattering. We thus set p(8,3’) = 0 so that ke = Kq.
(i) I(7,8) = I(z,y,z,0,¢). However, by symmetry, I is independent of
z,y,and ¢. Thus we let I(z,6) be the unknown.
(iii) Note that 0 < § < 180°. It is convenient to divide I(z,6) into upward
and downward going specific intensity.

For 0 < 6 < m/2 we have
I,(z,6) = I(z,0) (7.1.15q)
I4(2,0) = I(z,m—0) (7.1.15b)
since

$=sinfcos¢Z + sinfsin¢py + cosf 2

dl,
PYe cos H—C-i— for I,
§-VI(T,8)=5- (a—z) = ZdI (7.1.16)
z —cos0—=2 for Iy
dz
Thus the radiative transfer equations become
dl, KT
cos O—E = —Koly + na—)\2— (7.1.17a)
dly KT
— COs OE = —I‘&aId + K?a—xz— (7117b)

The boundary conditions for the radiative transfer equations are as follows:

(i) at z =0, top of the atmosphere
Ij(z=0)=0 (7.1.18)
(ii) at z = —d, the boundary that separates the atmosphere and the earth
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Figure 7.1.2 Passive remote sensing of the earth.
surface,
KT:
L(z=—d) =rly(z = —d) + 2(1 —7) (7.1.19)

where KT5/)? is the blackbody specific 1ntens1ty for the earth. The Fres-
nel reflectivity r depends on 6 as well as polarization as noted previously.

The solutions of (7.1.17a) and (7.1.17b) can be expressed in terms of the
sum of particular and homogeneous solutions.

I, = Ii 2T + Aerasechz (7.1.20a)
I= Iif + Beresect: (7.1.20b)

where A and B are constants to be determined. Imposing the boundary
condition (7.1.18) on (7.1.20b) gives

-KT
P=
so that
KT
Ii=—5(1- grazsect) (7.1.21)
Imposing (7.1.19) on (7.1. 20a) and (7.1.21) gives
KT _ KT2
)‘2 +A +/~:adse00 )\2 (1 nadsec9) (1 ) (7'1.22)
Thus
KT KT:
A= _%e—nadsecO + T_Xé_e—nﬂdseCO(l _ en,,dsecO) + /\22(1 _ ,,,)e-n,,dsece

(7.1.23)
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Putting (7.1.23) in (7.1.20a) gives I,. The measured specific intensity
by the radiometer is I,,(z = 0). Thus

measured [ =I,(2 =0) = %—g— + A
— _Ii_zT (1 _ e—nadsece) + % (1 _ e—n,,dsecG) re—nadsece
n K:\TQ (1 _ r)e—fcadsece (7124)

The first term is the emission of a layer of thickness d with absorption
coefficient x,. The second term is the downward emission of the layer that
is reflected by the earth. It is further attenuated as it travels upward to
the radiometer. The last term is the upward emission of the earth that is
attenuated by the atmosphere. It is convenient to normalize the measured I
to a quantity with units of temperature. The brightness temperature Tpg is
defined by

measured |

T = K/ 3z =T (1 _ e—nadsece) +T (1 _ e—nadseca) re—fadsectd

+ Ty(1 — r)e adsect (7.1.25)

Examples:

(1) d = 0 so that there are no atmospheric effects. Emissivity is defined by
eg=1—-1g where B =vor h
Thus
TB = T2(1 - 'I“g) = eﬂT2

Let permittivity be 81¢, and 75 = 300 K. Then at 8§ = 0°, r,, = r;, = 0.64,
e, = e, = 0.36, and Tg, = Ty, = 108 K. At § =90°, r, =7, =1, so
that e, = e, = 0 = Ty, = Ty = 0. However, at the Brewster angle,
6 =60p =tan"19 =83° r, =0, and e, = 1 so that T, = 300 K. (See
Fig. 7.1.3.)

(2) Let kod = 1, 8 = 0°, T = 280 K, and T5 = 300 K and reflectivity is
the same as in Example 1. Then e~%<¢ = 0.3678, T(1 — e *=4) = 177 K,
T(1 — e "d)re~" ¢ = 42 K, and Ty(1 — r)e " = 40 K. Thus, T, =
Ter = 259 K.

Absorption and Temperature Profiles

Usually the atmosphere has an absorption profile k4(2) and temperature
profile T'(z) (Fig. 7.1.4). Let us first consider the emission of a layer of
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Figure 7.1.3 Brightness temperature as a function of observation angle for the case of
d=0.

thickness d. Then
(ilIz = —secOky(2)], + sec0—=— (Z)

Multiply (7.1.26) by exp ( f 4 Ka(z "\dz' sec 9) to give
%{5 exp (/ d2'ka(2") sec 9) + sec Ok, (2) 1, exp </ d2'ka(2') sec 0)
—d 4

= sec Hf(_fgna(z) exp (/ dz'kq(2") sec 0)
—d

- iz [Iu exp ( /_ d d2'kq(2) sec 9)] (7.1.27)

Integrating (7.1.27) over z from z = —d to z = 0 gives the following, noting
that I,(z = —d) =0,

I.(z = 0) exp </O Ka(z ’)secadz>

/ dz secB )na(z ) exp (/ dz'kq(2") sec 0)
Thus

IL,(2=0) = sech_Z dz Ke(2)—5— }\2(2) ( LO dz'kq(2') sec 9) (7.1.28)

Ka(2) (7.1.26)
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radiomete/r}’\ z

ka(2), T(2)

Figure 7.1.4 Emission from a layer with absorption profile k4 (2) and temperature profile

T(2).

Thus the brightness temperature of a layer of atmosphere with an absorption
and temperature profile is

0 0
Tg = secH/ dz Kkq(2) T(2) exp (—/ d2'ko(2') sec 0) (7.1.29)
—d 2z

Equation (7.1.29) should be compared with the first term of (7.1.25). The

integrand k,(z)T(z) represents emission at z. The factor exp(— fzo d2'kq(2)
sec @) represents the attenuation from z to 0 as the upward radiation travels
from 2 to 0.

For the case of the presence of the earth beneath the atmosphere, we
can generalize (7.1.29) easily to have a one to one correspondence with the
terms in (7.1.25). This gives

0 0
T = secH/ dz kq(2) T(2) exp (—/ dz' kq(2') sec 0)
—d z

0
+ 7 exp (—/ d2"Kq(2") sec 0) secl
~d

'/—Z dz Kq(2) T(2) exp (— /zd dz’na(z')sec())

+ To(1 —r)exp (— /_(; dzkq(z) sec 9) (7.1.30)

The exponential factors are a result of attenuation along the appropriate
path lengths.
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2 Vector Radiative Transfer Theory

The scalar radiative transfer equation can be generalized to the vector elec-
tromagnetic propagation. Using the property of incoherent addition of Stokes
parameters, the vector radiative transfer equation for specific intensity is
given by

dI(F,3) = R

d—s, = —Re(F, 8)I(T, 8) — Kag(T, 8)I(F, 8) + Je

- / d¥ P(r,3,8) - 1(7,8) (7.2.1)
4m

where P(7, 3, §') is the phase matrix giving the contributions from direction &'
into the direction . In (7.2.1), . is the extinction matrix for Stokes param-
eters due to the scatterers, J. is the emission vector, and ka4 is absorption
coefficient for the background medium which is assumed to be isotropic. In
general, extinction is a summation of absorption and scattering. For non-
spherical particles, the extinction matrix is generally nondiagonal, and the
four elements of the emission vector are all nonzero. In active remote sensing,
a wave is launched by a transmitter onto the medium. In the following sec-
tions, expressions for the phase matrix, extinction matrix, and the emission
vector shall be derived for the case of independent scattering. They can all
be expressed in terms of the scattering function matrix.

2.1 Phase Matrix of Independent Scattering

The phase matrix of a collection of particles including coherent collective
scattering effects will be treated in later chapters. In this section, we treat
the cases of independent scattering.

The Stokes matrix relates the Stokes parameters of the scattered wave
to those of the incident wave, whereas the scattering function matrix relates
the scattered field to the incident field. For the case of incoherent addition
of scattered waves, the phase matrix will just be the averages of the Stokes
matrices over orientation and size of the particles. Thus, we shall study the
Stokes matrix of a single particle.

Consider a plane wave

E = (8:Eo, + hiEp,) €57 = & E, e®:7 (7.2.2)
impinging upon the particle. In spherical coordinates we have
k; = sin 6; cos ¢;& + sin 0; sin ¢;i + cos 8;2 (7.2.3)

¥; = cos 0; cos ¢; T + cos b; sin ¢;§ — sin 6;2 (7.2.4)
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h; = —sin ¢;% + cos ¢;f) (7.2.5)

In the direction IAcs, the far-field scattered wave E, will be a spherical wave
and is denoted by

ES = (Evs'i}s + Ehsils) (7.2.6)
with
kg = sin 6 cos ¢s + sin O sin ¢ + cos O3 (7.2.7)
Dg = €08 Os cos P + cos O sin i) — sin 62 (7.2.8)
hs = — sin ¢s& + cos P (7.2.9)
The scattered field will assume the form
ikr __
E, = —F (0,64 6:,60) - & B (7.2.10)

where f(()s, ¢s; 0;, $;) is the scattering function matrix. Hence
[Evs ] — & [fvv(gsv ¢s; 91’) ¢z) f‘vh(087 d’s; aia ¢z) ] [Em ] (7’2.11)
Eps r | fro(Os, s;0i, i) frn(0s, @s; 05, 0:) | | Eni
with
Fab(8s, P53 04, 63) = ds - F (85, bs;0:, 63 - bi (7.2.12)
and a,b = v, h. To relate the scattered Stokes parameters to the incident

Stokes parameters, we apply the definitions in Chapter 3:

- 1 = —
Is= 3 L0, ¢s;0i,¢3) - I; (7.2.13)

where T, and I; are column vectors
(1, ]
I

I,=|" 7.2.14
U. ( )

I,=1|" (7.2.15)

and f(Bs, ¢s; 0;,¢;) is the Stokes matrix.
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L(0s, ¢s;0:, ¢:) =
| foul? | fun? Re(fopfov) =Im(f3, fov)
| Fho? | Fhnl? Re(fpy, fro) ~Im(fno 1)
2Re(fuoufr,) 2Re(fonfpr) Re(foufpp + fonfh,) —Im(foufhp — fonfhy)
QIm(fvvf}tv) 2Im(fvhf}:h) Im(fvvf;:h + fvhf}tv) Re(fvvf}th - fvhf}tv)
(7.2.16)

Because of the incoherent addition of Stokes parameters, the phase matrix
is equal to the average of the Stokes matrix over the distribution of particles
in terms of size, shape, and orientation. For example, for ellipsoids with axes
a,b, ¢ and orientation Eulerian angles «, (3, v, with respect to the principal
frame, the phase matrix is

P(6,4,6', ¢

/da/db/dc/da/dﬂ/d'yp(a b,c, a,B,7) L(6,$:6',¢') (7.2.17)

where p(a, b, ¢, , 3,7) is the probability density function for the quantities
a, b, ¢, a, B, and . If the particles are all identical in shape and orientation,
then

P0,¢;6',¢") =n,L(6,¢;6,¢) (7.2.18)
The phase matrix of small spheres, small ellipsoids, and random media were
treated in Chapter 3. The relation of scattering amplitudes to T-matrix was
discussed in Chapter 2.

In many problems of practical application, the scatterers are assumed to
have an axis of symmetry. In the following, we describe how the scattering
amplitudes of the body frame can be transformed to that of the principal
frame for such axisymmetric objects.

Consider an incident plane wave in the direction §; impinging on the
axisymmetric object with axis 2,. The subscript b denotes body frame with
2,7, and 2, as axes. The axis of symmetry 2 is at an angle with respect to
the principal frame z, ¢, and 2 :

2p = sin B cos aZ + sin Bsin ay + cos 52 (7.2.19)
Let the incident electric field be given by
E' = (Eybidyi + Envifui) (7.2.20)
ki = 3; = sin Oyizy + cos Oy % (7.2.21)
p; = €08 Op; Tp, — sin Op; 24, (7.2.22)

i = (7.2.23)
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Since the scatterer is rotationally symmetric, we have chosen §, to coincide
with hg;. In (7.2.20), without loss of generality, we have let incident direction
to be in the 2,-; plane.
Computer codes are generally set up to calculate scattering amplitudes
in the body frame with
Ups = €OS Opg COS PpsZp, + €OS B¢ sin PbsUp — Sin Ops 2y (7.2.24)
hps = — sin dpsip + COS Ps b (7.2.25)
ks = 8, = sin Oy, cos ¢ps2p + sin O, sin dbsTp + cosOps3,  (7.2.26)
The scattering amplitudes in the body frame are

Suyvs (Obs, BPbs; Obiy Pbi = 0)
Foohs (Obss Dbs; Ovis b6 = 0)
Fhyoy (Obss Pbs Obis Pbi = 0)
Fhyhy (Obs, Bbs; Obiy Pbi = 0)

To transfer between the body frame and the principal frame, the following
2 x 2 matrix relation can be easily established. Let k;, 9;, hi, ks, s, and Ay
be given by (7.2.3)-(7.2.5) and (7.2.7)-(7.2.9):

[fvv(93’¢s§0i>¢i) fvh(08a¢s;0i,¢i):| _ I:i:;s - Upg 7:’3 . }:Lbs]
fh'u(osa ¢8;0i7 ¢z) fhh(057 ¢s;9,,¢z) hs 'i}bs hs . hbs
g [fvw"(obs’ @b 00y @b = 0) b, (Bbs, Db Oviy B = 0)}
s (Bbs, Bbs; Oi, bi = 0)  fhyh, (Bbs, Pbs; Ois Pbi = 0)
Dpi = D Opi - f:li
8 [hbi -0;  hy - hi] (7.2.27)

Note that the angle 6; can be related to 6; and ¢; by using (7.2.21) and
(7.2.3). It depends on the orientation of the body axis 2, as represented

by the orientation angles o and 8 of (7.2.19). Similarly, 65s; and ¢ps can be
related to 6, and ¢ by using (7.2.19), (7.2.26), and (7.2.7).

2.2 Extinction Matrix

For spherical particles the extinction matrix is diagonal

ke 0 0 O

= _ 0 Ke 0 0

=10 o x o (7.2.28)
0 0 0 ke

For nonspherical particles, the extinction matrix is generally nondiagonal.
The extinction coefficients can be identified with the attenuation of the co-
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herent wave, which can be calculated by using Foldy’s approximation (dis-
cussed in Volume III).

Let E, and E}, be, respectively, the vertically and horizontally polarized
components of the coherent wave. Then the following coupled equations hold
for the coherent field along the propagation direction (6, ¢). Let the direction
of propagation be denoted by § with $(6,¢) = sinfcos ¢Z + sinfsin ¢y +
cosfz.

dﬁ” = (ik + Myy)E, + MypEp, (7.2.29)
%— = MpyEy + (ik + Mpp)En (7.2.30)

where s is the distance along the direction of propagation. Solving (7.2.29)
and (7.2.30) yields two characteristic waves with defined polarization and at-
tenuation rates. Thus, for propagation along any particular directions (6, ¢),
there are only two attenuation rates. In (7.2.29) and (7.2.30)

——(fiu(6, ¢; 0, 8))  jl=v,h (7.2.31)

where the angular bracket denotes average to be taken over the orienta-
tion and size distribution of the particles. For example, for ellipsoids with
probability density function p(a, b, ¢, , B, ), the average is

(f]l(9 ¢v9 ¢

/da/ db/ dc/%da/ dﬁ/zwd'yp(abcaﬁ,'y)

x fiu(6, ¢; 0, ¢; a, b, c; a, B, 7) (7.2.32)
Note that in (7.2.31), the scattering amplitudes are calculated in the forward

direction, showing the clear relation with the optical theorem.
Multiplying (7.2.29) by E} and adding to its complex conjugate gives

227rno

M; =

;;‘ig{lEul?} = 2Re(Myy)|Eo|? + 2Re(M,, EXEp) (7.2.33)

Using the definition of Stokes parameters I,,, I, U, and V, (7.2.33) takes the
form

o — 9Re(Muw)Ty + Re(My)U +Im(Mo)V (7.2.34)

Similar differential equations can be derived for dIy/ds, dU/ds and dV/ds
by making use of (7.2.29) and (7.2.30)

‘fiﬁ = 2Re(Mpp)In + Re(Mpo)U — Im(Mp,)V (7.2.35)
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d
_d% =2Re(Mhy) Iy + 2Re(Myp) 1

+ [Re(Myy) + Re(Mpp)|U — [Im(Myy) — Im(Mpr)]V (7.2.36)
& = 2lm(My) L, + 2m(Myn) Iy
+ [Im(Myy) — Im(Mpp)]U + [Re(Myy) + Re(Mip)]V (7.2.37)

Identifying the extinction coefficients in radiative transfer theory as the at-

tenuation rates in coherent wave propagation, we have the following general
extinction matrix for nonspherical particles:

Ke
—2ReM,, 0 —Re(Myn) —Im(M,p)

0 —2Rthh —Re(M;w) Im(th)
—2ReMy, —2ReM,, —(ReM,, +ReMy,) (ImM,, —ImMy,)
2ImMy, -2ImM,, —(ImMy, —ImMp,) —(ReMy, + ReMpy)

(7.2.38q)
In terms of forward scattering amplitudes,
2Im(fvv) 0 Im(fvh) —'Re(fvh)

k| 2Im(fre)  2Im(fon)  Im(foo + fan) Re(foo — fhn)
2Re(fry) —2Re(for) Re(fuh — fov) Im(fou + fan)
(7.2.38b)

Equations (7.2.29) and (7.2.30) can be solved by seeking solutions of
the form exp(iK's), where K is the effective propagation constant. There are

generally two eigensolutions and two eigenvalues. The eigenvalues are given
by

Ki=k- %[Mw + My + 7] (7.2.39)
Ky=k- -;-[Mw + Myy — 7] (7.2.40)
where
1/2
r= { (Mo = Min)? + 4Mp, Mo} (7.2.41)

We shall take the sign of the radical such that in the case of small coupling
terms M, and Mp,, r has the sign of My, — Mpp,. With this convention, K
and K, will be close to vertical and horizontal polarizations, respectively.
The eigenvectors are column matrices, [1,b1] and [b, 1], respectively, with

2th

bl: Mvv_Mhh'*"r

(7.2.42)
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_ 2M,n

- —Myy + Mhh =T
Thus, generally there are two characteristic waves in coherent wave prop-
agation. In the case M, = My, = 0, K; and K3 reduce to vertically and
horizontally polarized waves, respectively.

To solve the set of Egs. (7.2.34) through (7.2.37) for coherent wave prop-
agation of Stokes parameters, we seek solutions with dependence exp(—/s).
Solutions of (7.2.34) through (7.2.37) give four eigenvalues and eigenvectors
of the Stokes parameters. The eigenvalues are denoted by (31, 82, 83, and 4.

b (7.2.43)

51(6, ) -
B(3) = ZE:: z; = —(ReMy, + ReMyy) + % _rr—+r7’:
| 84(6, ¢) r+r
[ 2ImK;
_ g (7.2.44)
K} — 1Ko
| 2ImK,

We shall represent the eigenvectors by a 4 x 4 eigenmatrix E with column j
as the eigenvector for 3;, j = 1,2, 3,4. The eigenmatrix is

1 b% bo |bo |2
b1 2 b b 1
2Re(b1) 1 + by b} 1+b%by  2Re(bo)
—2Im(by) —i(1—byb}) (1 —biby) 2Im(bg)

E@®,¢) = (7.2.45)

We have inserted the (8, ) arguments for 3; and E to indicate that the two
quantities are generally angular-dependent. The eigenvalues 31 and B4 and
their eigenvectors are real, whereas (B3 and (3 and their associated eigen-
vectors are complex conjugates of each other. This ensures that the Stokes
parameters are real quantities.

2.3 Emission Vector

In this section, we derive the emission vector for passive remote sensing of
nonspherical particles. The fluctuation-dissipation theorem of Section 5.3 of
Chapter 3, is used to calculate the emission of a single nonspherical particle.
The thermal emission of a conglomeration of particles is then introduced as
a source term in the radiative transfer equation. Generally, all four Stokes
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Region 0

Figure 7.2.1 Emission of a single nonspherical particle in direction 7(6, ¢).

parameters in the vector source term are nonzero and are proportional to
the absorption coefficient in the backward direction.

Emission of a Single Nonspherical Particle

Consider a single nonspherical particle centered at the origin (Fig. 7.2.1). The
permittivity of the particle is €; = €}, + i€). The particle occupies volume
Vp, which is enclosed by the surface S,. To calculate the thermal emission
in directions 7(0, ¢) with

7(0,¢) = sinfcos ¢ + sinfsing § + cos b 2 (7.2.46)

we make use of the fluctuation-dissipation theorem. The thermal electro-
magnetic radiation of the particle can be attributed to an equivalent current
source in the particle J(7,w), which has the following statistical covariance
[Eq. (3.5.32)]:

M s WSNF-T)  (7.2.47)

T (= T __é
(J(r,w)J (T' ’w» - ﬂ_wes ehu/KT -1

where K is Boltzmann’s constant, T' is the temperature of the particle, v
is frequency, and h is Planck’s constant. At microwave frequencies, we can
further assume that hv < KT. The relation between quantities in the time
domain and frequency domain is

i@ t) = /0 ” dw J(7,w) e~ (7.2.48)

We use regions 0 and 1, respectively, to denote the regions outside and
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inside the particle. The electric field in region 0 is

E(F,w) = iwu/ df'ﬁ()l(?,?';w) CJ(7,w) (7.2.49)
VP

where 601 (7,7;w) is the dyadic Green’s function with unit dyad source at
7. The radiation power flow P in solid angle d) in direction # for angular
frequency Aw about w is

P = lim r%dQ / dw / d/ O E O v (7..50)
=00 Aw  JAw 2n

with n = \/7 as the characteristic impedance of region 0. Evaluation of

the emlssmn of all four Stokes parameters requires the calculation of & -

(E(F,w)E"(7,«')) - B with o, 8 = v, h, where 9 and h represent vertical and

horizontal polarization vectors, respectlvely Using the symmetry relation of

dyadic Green’s function

Cou(7,7;w) = Gyl T w) (7.2.51)

the locations of source and observation point can be interchanged. Hence,
using (7.2.47), (7.2.49) and (7.2.51) in (7.2.50),

(B )
r—00 217

. 2“}3/“‘2 " N2 =t _ =%t ,
= lim ——€,KTé(w —w')r / dr G1o(F,T;w) - Go(T, Tyw) (7.2.52)
T—00 'r’Tr VP
To calculate lim,_ o ﬁlo(F’ ,T;w), consider problems (A) and (B)
(Fig. 7.2.2) with unit amplitude electromagnetic plane wave incident on the
particle in the direction #, which is in the opposite direction of 7.

fy = —i = i(m — 0,7 + @) (7.2.53)

The subscript b denotes backward. The polarizations of the incident wave
in problems (A) and (B) are, respectively, a, and by. The field in region 0
is a sum of incident and scattered field, E = E; + E;, and the field in the
particle is denoted by E;. It follows that

zkr

lim Gio(F,Fw) - @ = — B\ (7) (7.2.54)
T—00

4rr

A similar relation exists for lim,_, o 510 . lA)b. Using these relations in (7.2.52)
gives
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incident wave incident wave
polarization a; / polarization by
F(A),H(A) E(B) —H-(B)

Figure 7.2.2 Problem A: Plane wave incident on the nonspherical particle in the direction

7p = —f and with incident polarization d,. Problem B: Plane wave incident on the particle
in direction 7} and with incident polarization by.

lim ap - (F(F,w)ﬁ*(?,w’» ) Bb r2
T—00 27]

KT 0w — w)nwe"/ d"E( )(_') E4 BB (7'"') (7.2.55)

= 27a2

where A = 27/k is the wavelength. The integral in (7.2.55) is related to the
absorption of electromagnetic radiation in the particle. Hence, emission in
direction 7 is related to absorption in direction 7. To calculate the integral
in (7.2.55), we note from the Maxwell equations that

e BN T _ —-;-v- [ngn <P L BB HY‘)] (7.2.56)

By making use of (7.2.56), the integral in (7.2.55) can be converted to a
surface integral over S,. Making use of the continuity of tangential fields on
Sp, we have

| o B @) B @)
Ve

=3 [ & [BO) <T@+ B ) B )
Sp

_ _%/ ig . [—E—(A)(F') % H(B)*(Fl) +E(B)*(F’) X —H—(A)(FI)] (7.2.57)
Seo

where S, is a spherical surface at infinity. In arriving at the equality in
(7.2.57), we have made use of

V. [ EW x FP* L BB « ﬁ‘*‘)] =0 (7.2.58)
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in region 0 and the divergence theorem.
To evaluate the surface integral at infinity in (7.2.57), we note that

ENF) = ay T (7.2.59)
BB (7 = by emikioT (7.2.60)
On S, the far-field solutions of the scattered fields can be made use of.
zkr
B ) = Za Faral#,73) (7.2.61)
B)s -zkr A A
EB* ) = Z B F3(#, (7.2.62)

where foo(?,7p) with o/, @ = v,h stands for scattering amplitude from
direction 7 and polarization &; into direction # and polarization &'. Using
(7.2.59)-(7.2.62) in (7.2.57), we find that the product of incident field of (A)
with incident field of (B) vanishes on integration. The integral of the product
of scattered fields of (A) and (B) reduces to an angular integration of product
of the scattering amplitudes. The integral of the product of incident field
with scattered field can be calculated by the method of stationary phase.
The stationary-phase point is at ' = 8y, ¢' = ¢ with

Op=7—0 (7.2.63)

=T+ ¢ (7.2.64)
which is the direction of the incident wave and is opposite to the direction
of emission so that

7, = sin 0y cos ¢px + sin Oy sin Gp7y + cos Op 2 (7.2.65)

The result is

/d"we”E( ) B ()

271

=4 [fg'b(;‘b, 7b) (B{l, ~ap) — fpra(Tb, Tp) (B{) . Bb)]
ﬂl

-2 / Y fgra(¥', ) fo (7, ) (7.2.66)
ﬁl

From (7.2.50), the emission of the four Stokes parameters are, respec-
tively,

P = lim 7240 [ dw [ do' = (EE@EC)) D —iutriars (7.2.67a)
T—00 Aw Aw 2n
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h M E(F EF / . j . .
Py = lim r2dQ / do [ o PAEOOECW)) b i (7.9 67
T—eo Aw Aw 277
S AEBFEFNEF SR ]
P3 = lim TQdQ/ dw dw' 2Re v <E(T’w)E(T’w )> h e-zwt-{-zwt
r—oo Aw Aw 2n
(7.2.67¢)
[+ . F(7 FE(7 / . 2 . .y 1
Py = lim r2dQ/ dw | dw' 2Im - (E(F,w)E(T,o) - h p—iwttiw't
T—eo Aw Aw i 277 |
(7.2.67d)
Note that
fp = —F (7.2.68a)
Op =10 (7.2.68b)
by = —h (7.2.68¢)

The emission by the particle in the forward direction 7 is related to the
absorption by the particle in the backward direction. However, for the po-

larization vectors, one has to bear in mind that there is a positive sign in
(7.2.68b) and a negative sign in (7.2.68c).
From (7.2.67a) and (7.2.55)

P
B dQ/Awd“’/Aud“"%‘s(w — W) / ar' (B () - B (7

AwKT —=A —Bx ,_,
= dﬂw’f’UJC;’ /;/p dF’ (El (F’) . E1 (r’))

) ap="0p,by ="y

) (7.2.69)
Using (7.2.66) in (7.2.69) with b = a = v gives
AwKT {27ri

P = dQW T( oo (Tb) 7p) = fou (b, rb))

- [ (i + e 0F) ) @20)

Next, we illustrate P3. Note, however, that there is a minus sign differ-
ence due to (7.2.68b) and (7.2.68c)

_ " 1 (BA =1\ | ToB* (=
Py = —dQ 5 wel /V ar (E1 ) - E (r)) o (127)

Gy ="0p,bp=hy

Using (7.2.66) and (7.2.71), we have
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Py = _dQAwKTR {Q‘M

o % (f;h(';'ba 76) — fho(Tby f'b))
/ oy f,,,,(*' i) £ (7 78) + fro(#, 74) f,‘:h(f",f'b)]} (7.2.72)

Similarly, we can calculate P, and Pj.
Thus, in summary,

Pi(7) Oar (i)
Py (7 A KT | 0g(F
2| _ Bw o KT | oua() (7.2.73)
Ps(7) 27 A2 | —a,3(7p)
P4(f') —-O'OA('f‘b)
where o), s represent absorption cross section in direction 7, and

Tar(F) = 4—7rImfm,(f~ 7) — / dﬂ’[|fw(f~’,?)l2+|fhv(i~',1‘~)|2] (7.2.74a)

Gaa(7) = —Imfhh(% #) — / A (1o, D) + i, P)P] (7.2.740)
o) = 2R { 22 [5,6,7) - (7,7

- [ A [l DI + il D7) | (270
@) = 2 { [ £5,6,5) = fua5,7)]

= [ A [l P85+ S ) fin89)] b (r2740)

We recognize that 0,1() and o,2(7) are, respectively, the absorption cross
sections of vertically and horizontally polarized waves in direction 7.

Radiative Transfer Equations for Passive Remote Sensing of Nonspheri-
cal Particles

To derive the thermal emission source term in the vector radiative trans-
fer equations, consider a cylindrical volume of cross-sectional area AA and
length As containing n, particles per unit volume. The emission power for
the first component of the Stokes parameter AP; in direction 3 is, in view

of (7.2.50) and (7.2.67),

APi(3) = no AAAs ﬂdg K Taal(sb) (7.2.75)
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where
8 = —38 (7.2.76)
Using the definition of specific intensity I(3), we have
A
APy (3) = AIL(3) dQ -5%“3 AA (7.2.77)

Comparing (7.2.75) and (7.2.77), we have AI;(8) = n, As0a1(35) KT /A2, so
that the emission vector in the radiative transfer equations is

F(3)CT (7.2.78)
with
K
C=13 (7.2.79)

Other components of the Stokes parameters can be calculated similarly. The
emission term can be inserted into the vector radiative transfer equations,
which assume the following form

dT(F,%)_ = A\ TF/= A T/ A — I ra Al TFr= Al

0 = —Re(8) - I(7,8) + F(3)CT () + | dQY P(5,8") - I(7,8") (7.2.80)

where % (8) is the extinction matrix and P(3,4’) is the phase matrix. The
emission term is

K'al(gb) Ual(gb)

Saiay Iiag(gb) _ Ua2('§b)

F(3) = ras(@n) | =" | —ous(a) (7.2.81)
—Kaa(8p) —0q4(5p)

Using also (7.2.38) and (3.2.32) in (7.2.74) and (7.2.81), the elements of F(s)
can be expressed in terms of extinction matrix elements and phase matrix
elements

a1 (3) = Fet1(3) — / dY[PL (5, 8) + P (3, 3)] (7.2.82a)
Kaz(8) = Kena(3) — / AV [Pia(¥',8) + Paa(3, 3)] (7.2.820)
na3(§) = 2’%13(5) + 2K623(.§) — 2/dQ’[P13(§/, 3) + P23(§', 3)] (7.2.826)

kat(8) = —2niera(8) — 2ena(8) + 2 / AV P(8,8) + Pu(¥.,3)]  (7.2.82d)

where k.;; and P;; are, respectively, the ij element of %e and P with i,j =
1,2,3,4.
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2.4 Boundary Conditions

At a boundary separating two dielectric media, there are boundary condi-
tions relating the Stokes parameters of the two media. We discuss here the
boundary conditions for a planar dielectric interface.

Consider a planar interface separating dielectric media 1 and 2 and
a plane wave incident from medium 1 onto medium 2 along direction E:i
(Fig. 7.2.3). The incident wave generates a reflected wave in direction k,
and a transmitted wave in direction IAct. We have three orthogonal systems
(’l’)i, }}i, If’i)a . . . R R R
(Or, by, kr), and (D4, he, ki), With h = 2 x k/|2 x k| and © = h x k. For
the incident wave

By (0B + ) i (7:28%)

. 1 . ) .

H; = ;’_(hiEm' — 0 Ep;) =" 1e (7.2.83b)
1

where k, = kysin#;, k1, = k1 cosb;.

Y,

Figure 7.2.3 Geometric configuration for planar dielectric interface: derivation of boundary
conditions.
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The reflected and transmitted waves are

E, = (9,512Ewi + hy R1gEp;)etr=tik1=2 (7.2.84a)
-1 . o

H, = ;—(hrSmEm — Or RypEp;)e=tikie> (7.2.84b)

1
Ft = (ﬁt%YmEm’ + fltXmEhi) etk —ika.2 (7.2.850,)
1
I7 1 .1 ikex—iks. 2
H, = (h—YisEui — tn— X1z Eps ) =2~ (7.2.85b)
m 2

where R4 and S are reflection coefficients and X7 and Y75 are transmission
coefficients for horizontally and vertically polarized waves, respectively:

ki, —k

Ry = Sz =R _ o 7.2.86
27 Kip o+ k2 12 ( ‘1)
ki, — €1k

ek + €erka,

We also define reflectivity and transmissivity rgi12 and tgy2 :

rai2 = |Ri2l> = 1 - th1o (7.2.87a)
ro12 = [S12]* = 1 = tu1o (7.2.87b)

From (7.2.83) we know that the plane wave Poynting vector for the
incident wave is Sp; = Syi + Shi, where S,; and Sy, signify the vertical and
horizontal polarization components, respectively, with S,; = lEv'iI2/ M, Shi =
|Exi|?/m. Similarly, for the reflected wave, Sy, = 7412 and Spr = rh125hi.
For the transmitted wave, from (7.2.85) we have

2
Svt= 17_2' 12l n_lsvi (7288(1)
m 2
St = | X1a/? ;’%Sm (7.2.88b)

for 6; less than the critical angle. Specific intensity is defined as power per
unit area per unit solid angle and per unit frequency. Let d2 denote dif-
ferential solid angle. Using Snell’s law, it follows that dQ; = d§),, ¢; = ¢,
and

Vezsinb; = (/e sinb; (7.2.89)
Differentiating (7.2.89) and multiplying the result with (7.2.89) give
€9 cos B, )y = €1 cos 6; dS); (7.2.90)
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Using (7.2.90), (7.2.88) takes the following form for the specific intensity
relation between incident and transmitted waves

€
Ig = ﬁtﬂm Ig; (7.2.91)

with 8 = v, h. Equation (7.2.91) relates the first two components of the
Stokes parameters for the incident and transmitted intensities at a plane
boundary. We note that there is a divergence of beam factor ez/€; for the
transmitted intensity.

The relation between the incident and reflected waves for specific in-
tensities are I, = ry12ly;, and In, = rp120h;. The final relations between
the incident and reflected Stokes parameters and between the incident and
transmitted Stokes parameters assume the following matrix form:

I, =Tu ) T; (7.2.92)
with
rv12(0i) 0 0 0
= 0y 0 rri2(6i) 0 0
Tul) =1 0 Re(SuRl,) —Im(SupRi)| (29
0 0 Im(SuR’{z) Re(SlgR’{fz)
and
T, =T(6:) - T (7.2.94)
with
_tvlg(ai) 0 0 0 ]
0 tria(6:) 0 0
= € cosé N cos @ .
T12(0i) = ﬁ 0 0 05 z: Re(Y12X12) _00809: Im(Yme)
COS U * COs Uy *
i 0 0 cos 8; Im(¥12X3) cos 0; Re(Y12X75) _
(7.2.95)

Equation (7.2.95) applies when 6; is less than the critical angle. For 0; larger
than the critical angle, T12(6;) = 0.
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In this chapter, we discuss solutions for the radiative transfer equations
and illustrate the solutions for different kinds of scattering media. In the
absence of scattering, the solutions can be readily obtained and such solu-
tions are shown in Chapter 7. For cases where scattering exists, solutions are
more complicated since scattering couples intensities among different direc-
tions. The iterative approach is convenient for the case of small albedo or
small layer thickness. It also gives physical insight into the multiple scatter-
ing processes since there is a one-to-one correspondence between the itera-
tive order and the order of multiple scattering. For cases of general albedo
and thick layers, the discrete ordinate-eigenanalysis method can be used
for problems with homogeneous profiles. In this method, the continuum of
propagation directions is first discretized into a finite number of directions
by means of quadrature and the resulting system of equations is then solved
by eigen-analysis. When the media have inhomogeneous profiles, the method
of invariant imbedding can be employed. The boundary value problem is re-
formulated into an initial value problem with slab thickness as the variable.
The initial value problem is conveniently solved by stepping forward in slab
thickness. Diffusion approximation is useful when upon multiple scattering,
the intensities have been diffused almost uniformly into all directions.

1 Iterative Method

1.1 Iterative Procedure

In the iterative method, scattering is treated as a small perturbation. Con-
sider a plane wave impinging upon a slab of scatterers occupying the region
—d < z < 0 (Fig. 8.1.1). The slab of scatterers overlies a dielectric medium,
and the reflectivity of the boundary at z = —d is given by r(0).

incident Az
specific
intensity
0;
r z=0
¢ e 4 e °, Tt 0 0 .o .
L] hd L] ° ° L[] [ ] ° N
* e ) o ° : c : : . e .
o * o’ ¢ o * . ¢ )
. ® o0 *e . .
[ L] [ 2= —d

Figure 8.1.1 Plane wave impinges upon a slab of scatterers.
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Let p(0, ¢;6',¢’) be the phase function of the scattering layer. The ra-
diative transfer equations are

z 27
cosoﬂ’ﬁ = — Kely + /2 d@’ sin 0’/ dé'p(8,4;6', ¢ I,(0', ¢
dz 0 0
H 27
+ / d0'sing | d¢'p(8,d;m— 0, )40, 4)  (8.1.1)
0 0

z 27
—cos 0—d—Ii = — Kelg + / df’ sin ¢ do'p(m —6,6;60,¢I,(0', 8"
0

dZ 0

Z 2m
+ / de’ sin 6’ dé'p(m —0,¢;m — 0, ) [4(6',4') (8.1.2)
0 0

The boundary conditions are

Ii(2=0,0,¢) = Fyé(cos @ — cos 0;)d(¢ — ¢s) (8.1.3a)
I(2=—-d,0,¢) =rlj(z = —d,0,9) (8.1.3b)

The central idea is perturbation theory. If there is a small parameter e,
then the nth-order term is of the order O(e"). Let f(™ be of order n and let
g™ be of order m. Then f(")g(m) is of order n + m, since €*t™ = "e™.

To solve the radiative transfer equation, we write I,, and/y in perturba-
tion orders

I, = I’I(J,O) + Iz(tl) + II(L2) + 1183) 4. (8.1.4)

where I,S") is the nth-order solution of I, and Ié") is the nth-order solution
of I;. In applying perturbation theory, the phase function is regarded as the
small parameter. That is, we assume that scattering by random medium
is a small quantity. The iterative approach converges quickly if ® < 1 or
ked < 1. Substituting (8.1.4) and (8.1.5) in (8.1.1) gives
d
cos 9 [Iéo) F IO 4 1@ 4. ] = —k, [150) 4+ I 41 4 ]
3 27
+ [Fawsng [ aspo.60,4)
0 0
[10@,¢) + 1@, ¢) + IO, ¢) + -]
-;l 2
+ / df’ sin ¢’ dé'p(8, ;7 — 0, ¢)
0 0

0@+ 1@+ 1P@ ] @16)
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Similar equations can be obtained by putting (8.1.4)—(8.1.5) in (8.1.2). Bal-
ancing Eq. (8.1.6) to zeroth-order gives

cos@dd IO = _k 1O (8.1.7)
Similarily,
- cos@j I(O) /-ceI((iO) (8.1.8)
The boundary conditions for the zeroth order solutions are

19(2 = 0,6, ¢) = Fod(cos 8 — cos 6;)5(¢ — ¢1) (8.1.9)
IOz = —d,6,¢) = r(0) I (z = —d, 6, $) (8.1.10)

Solving (8.1.7) and (8.1.8) gives
IO = peresect= (8.1.11)
1) = Beesects (8.1.12)
Matching boundary conditions at z = 0 and z = —d using (8.1.9) and

(8.1.10), we have
B = Fyé(cos8 — cos0;)6(¢p — ;)
and
A = r(8;)Fod(cos 0 — cos 8;)8(¢p — ¢;)e™ e se0bd
Thus the zeroth order solutions of the intensities are
I = r(6;) Fob(cos § — cos 6;)8( — gi)e =420 (8.1.13)

I = Fyb(cos 8 — cos 6;)6(¢p — i)’ %= (8.1.14)
Balancing (8.1.6) to the first order gives
arl)

cos@

% 2
= — kWM + / d0'sin6 [ d¢'p(9,¢:0', ¢\ IO, )
0

Z 0

% 27
+ [T aorsing' [ as'p(o.0im - 0, )IPW. )
0 0
2

= — R dW 4 / P d0'sind [ dd'p(6, ;6,4
0 0

- 1(0;) Fod(cos 0 — cos 0;)8(¢' — ¢y)e e secO:(z+2d)
-’% 2
+ / df’ sin ¢’ do'p(6,¢;m — 0, ¢)
0 0
- Fyb(cos @ — cos6;)6(¢’ — ¢pi)erect= (8.1.15)
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Thus

Iy
= Rl +7(0:) Fop(0, 663, gi)e 202

+ Fop(8, ¢; 7 — 05, ¢i)e"™ %" (8.1.16)

To solve (8.1.16), we have particular solutions and homogeneous solutions.
Particular solutions have the same z dependence as the source term on the
right-hand side.

For the term with e~ secti(z+d) e let

11(11) — Ke Fesec 0:(z+2d)

cos@

Then substituting in (8.1.16) gives
rFop(6, ¢; 6i, ¢i) cos b;

Ke(cos 8; — cos @)

K =

Thus this particular solution is

I,l(tl) _ 7‘(9i)F0p(97 ¢7 Oi, ¢1) cos 01: e~ Mo SeC 0;(2+2d) (8117)
Ke(cos 8; — cos )
Similarly for the <592 term the particular solution is
o = Fop(6, ¢;m — 0i, §i) cosbi ., seco. (8.1.18)

Ke(cos 0 + cos 6;)

The solution I{” is the sum of the two particular solutions of (8.1.17) and
(8.1.18) and the homogeneous solution,

_ Fop(6, ¢;m — 0;,¢;) cos b; .
(1) — K, sec 0z 0P\, 95 iy Y1 i _K,sec;z
L Ce + Ke(cos @ + cos 6;) ¢
N (0;)Fop(0, ¢; 0;, ¢;) cos 6; o Fe 50c 0, (+2d)

Ke(cos 8; — cos6)

(8.1.19)

where the first term is the homogeneous solution.
For downward intensity, we have

% 27
—cosf ad—lj,” = —r IV + / d¢'sin@ | dé'p(m —6,;6,¢) IO, ¢)
z 0 0

-’23 27
+ / d0'sind' | dé'p(m — 0,6 — 0, I, &) (8.1.20)
0 0

—cos B 10 = — K I 4 plr — 6,505, 90)r () Foe ™ >o0u=42
V4

+p(m — 0, ¢; T — 03, ¢;) Foer= 0= (8.1.21)
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We calculate I c(il) as the sum of two particular solutions and a homogeneous
solution,

I(l) De"e zsecf + (Tl' 0 ¢’ 91,(]51)1"(9 )FO COSG, e~ e sec 0; (z+2d)
Ke(cos @ + cos 6;)
p(m — 0, ¢;m — 0;,¢;)Focosb; o sechiz

Ke(cos 8; — cos )

To get C and D of (8.1.19) and (8.1.22), we impose boundary conditions for
the first-order solutions

Iz =0,0,¢) = (8.1.23)
IW(z=—d,8,¢) = r(0)I(1) (2= —d,0,9) (8.1.24)
Imposing (8.1.23) in (8.1.22) gives the solution for D

D= ( -6 ¢, 0w¢l)r(9 )FO COoS 01 —21c sec 6,d
Ke(cos 8 + cos 8;)
_ p(ﬂ' — 03 ¢1 017 ¢1)F0 Cos 91'.

Ke(cos 8; — cos )
Putting (8.1.25) in (8.1.22) gives

70 _ p(m — 0, ¢;0;, ¢;)r(6;) Fo cos b; [e_nﬂ sec 0; (z+2d)

+

(8.1.22)

(8.1.25)

— eftezseC 0—2k. sec 0,-d:|
d Ke(cos 8 + cos ;)
p(’/T -0 ¢’ 91a¢1)F0 COSG [ 0; s 0]
K secV;z __ _KezseC 8.1.26
+ Ke(cos 0; — cos 6) 1© ¢ ( )
Next we impose boundary condition at 2 = —d as given by (8.1.24).

Solving gives the solution for C
Fop(9, ¢; = 0,;, ¢1) COS gi e—-ncd(sec 0+sec6;)
Ke(cos @ + cos 6;)

r(oi)FOP(e, ¢; oia ¢z) COS 971 e—ncd(sec 6+sec¥,)
Ke(cos6; — cos0)

r(6)r(6:)Fo cos Oip(m — 8, 4363, ¢i) _y.dsecod
Ke(cos 8 + cos 6;)

. [1 _ e—nﬁd(sece—i—sec()i)] e—n,dsece,-

r(0)Focos Oip(m — 6, ;7 — i, ¢i) _r.dsec
Ke(cos 0; — cos 6)

. [e—ncdsecai _ e—ncdsece] (8-1-27)

C=-
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The exit output first-order scattered intensity Y (z = 0) is, from (8.1.19)
and using the solution of C from (8.1.27),

Focos0;p(0, ¢; ™ — 6;, ¢;) _ ,
(1), — 0 ip ) (2 K.d(sec 6+secb;)
Loz =0)= Ke(cos @ + cos6;) [ —¢ ]

cos §; 7‘(9 )1 0P(0 ¢7 9“ ¢1) —nedsec() ( —nedsece,- —ncdsece)
+ —e
Ke(cos8; — cos f)

7(0)r(0;) Fo cos 0;p(m — 6, ¢; 0;, ¢;) o—rdsecd
Ke(cos @ + cos 6;)
. [1 — e—Ned(Seco+SeCB,)J e~ feedsect;

T(O)FQCOSO,I)(W 0,¢;m — 0u¢1) o~ fedsect
+
Ke(cos 8; — cos 9)
. [e—ncdseco, _ e—nedseca] (8128)

1.2 Integral Equation for Scattering Problems

In radiative transfer equation, one can normalize the distance by using the
optical distance:

T = KeZ (8.1.29)
Also let p = cosé.
Consider a specific intensity impinging in the direction 6;, and ¢ = 0

as in Fig. 8.1.1. Let 74 = k.d and p; = cosf;. We also normalize the phase
function by

p(p, b1, ¢')

Ke

P, o, 1, ¢') =

The radiative transfer equation becomes

dl, 1 ' 2 / AT g
WG rmd) = = Lurmd) + [ i [ a8 [pulun it )l i, 8)

(8.1.30)

+ (i, 65—/, ¢ ) a(T, 1 ¢’)] (8.1.31a)
1 2w
“#%ﬂ(ﬂ#, ¢) = — Iy(T, 1, ¢>)+/ dy' | de' [pn(_#,¢;ﬂ’,¢/)Iu(T,p,,(b’)
T 0 0
+ (=t 5 =, &) La(T, 1, ¢')] (8.1.31b)

The boundary conditions are
ILi(t=0,p,0) = Fod(p — 1i)0(d — i) (8.1.32a)
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Iu(T = —Td, Ky ¢) = T(M)Id(T = —Td, K, ¢) (8132b)
A method of solving (8.1.31a)—(8.1.31b) is to set up integral equations. Let

1 2m
Surind) = [l [ a8 [pun 6118, 6Lt )

+ pnlp, 5 — ', ) g (7, 1, ¢’)} (8.1.33a)

It acts as the source term for I,, and is a result of scattering. Similarly, let
1 27
Su(rn )= [ [ d (- 0114, 6l b, 9)

+ pa(—1, 65 =4, ) a(r, 1, 9] (8.1.335)

be the source term for I; as a result of scattering. Then (8.1.31a) and
(8.1.31b) become, respectively,

ﬂ%('r, K, ¢) = _Iu(Tv K, ¢) + Su(T, Hy ¢) (8134&)
dl
_p'd_:('ra K, d)) = _Id(Tv /J,,QS) + Sd(Ta/L:d)) (8134b)

Both (8.1.34a) and (8.1.34b) are first order differential equations with
source terms. Multiplying (8.1.34a) by e™/# and integrating from —74 to T
gives

T /
Lt 8) = Tul=ras s )™ [ de___._Su(T/;“’ D) el

o (8.1.35a)
Multiplying (8.1.34b) by e~/ and integrating from 7 to 0 gives

0
T, 1, 8) = L0, e + [ dr'Su(r', m @) (81.350)
Putting boundary condition (8.1.32a) in (8.1.35b) gives

0
Id('ra H, ¢) = Fo(S(,u - [L,')(S((ﬁ - d,i)e‘r/ui + / dT’Sd(T', ,U'v¢)e_(T -7)/p
T

(8.1.36a)
Using (8.1.36a) and (8.1.32b) in (8.1.35a) gives

L(r, s @) = r()e™ T+ [Foé(u — )3 — di)e T/

—Tq

0
+/ dr'Sy(r', p, p)e= (7 H/ “]
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T /
N / g SulT };u’ $) ~(r=)/ (8.1.36b)

—Tq

Equations (8.1.36a) and (8.1.36b) are the coupled integral equations for
IL,(7, 1, ¢) and I4(7, u, ). Writing the solutions as

I,=19 +71, (8.1.37a)
L=1+14 (8.1.37b)

where I 1&0) and [ 1(10) are known as reduced intensities and Z,, and Z, are diffuse
intensities, we obtain

I (7, 1, 8) = Fod(p — i)5( — i)e™/™ (8.1.38a)
IO (7, 1, 8) = Fod(p — p)0(¢ — di)r(ua)e™H¥9)/me - (8.1.38b)

These are known as the reduced intensities because they correspond to the
incident wave in direction (u;,#;) that is attenuated (reduced) when they
propagate. They have the Dirac delta functions of angular variables because
they only propagate in the original directions. Putting (8.1.31a) and (8.1.31b)
in (8.1.36a) and (8.1.36b) gives the diffuse intensities

0
Ty(r 1, 4) = / dr' Syl p, ¢)e= (7~ (8.1.39%)

0
Tu(ry @) =7(p) | dr'Sa(r', p, p)e= T+ +2ma)/k

T /
+ / g7 ST 0) tr—r) (8.1.39b)
—Td /J'
Substituting (8.1.38a) and (8.1.38b) into (8.1.33a) and (8.1.33b) gives
S, =80 4+8, (8.1.40a)
Sq= S + 84 (8.1.400)

where
SO (7, 1, ) = /0 1 dy’ /O - de' [pn(u,cﬁ; W, VIO (7,1 ¢)
+pulis &=, IO (r 1 ¢)] (81.41a)
Su(T, 1, 8) = /0 1 dy /0 " dg¢' [pn(u,¢;u’,¢')1u(ﬂ w,¢')

+ pn(p, &3 —1', ) La(T, 1 ¢’)] (8.1.41b)
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1 2
$POmd) = [t [ a8 [on (- tist IO r9)
+ Pa(—p & —1, ) (7,41 d>’)] (8.1.42a)
2
Su(r, 1,6 /du P AL

+ pn(_ﬂv ¢; ":u' ) ¢ )Id(Ta /J ) ¢,)] (8142b)

Equations (8.1.41a) and (8.1.42a) represent the first-order solutions of S,
and Sy as single scattering of the reduced intensity. Equations (8.1.41b) and
(8.1.42b) represent S, and S, as single scattering of the diffuse intensity.
Substituting (8.1.38a)—(8.1.38b) into (8.1.41a) and (8.1.42a), it readily
follows that the Dirac delta functions cancel the angular integration to give

SO, 1,8) = {pali, 65 i, di)e™H 2 Wi (1) Fy

+ Pality 63 =iy $5)e™ ™ Fo } (8.1.43q)
S (r, 1, 6) = {pn(—u, &3 i, pi)e” THI e (1) Fy
+ Pn(—t, & — i, $i)e”/ ""Fo} (8.1.43b)

Balancing (8.1.39b) to first order gives the first-order diffuse upward intensity
as

0
IO(r, p, ¢) =r(p) / dr'SV (7!, g)e= (T H2 1

d /S( )(T /~L7¢) e—(‘r—'r’)/,u

+ (8.1.44)
—Td lj‘
The first order exit intensity is
IO = 0,1,8) =r(w) [ 'SP, ¢yl
1y
0 (1)
+ [ S ) (8.1.45)
—Td l“L

The bistatic scattering coefficient is

47}‘ T (r =0, 1, 6) (8.1.46)
0

Y(p, &5 iy b)) =

1
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Figure 8.1.2 Four scattering processes for single volume scattering in the presence of a
reflective boundary.

Using (8.1.43a) and (8.1.43b) in (8.1.45), integration over dr’ can be per-
formed. Using (8.1.46) then gives the first-order solutions of bistatic coeffi-
cients.

1
4T M (i
7(1)(#)¢v /‘i7¢i) = 'u—“ i | T pn(H,Qb, _u57¢i) [1 —e T, ("+"i)jl
b
1
47 B B
+ Hﬁpn(u,@m,@)r(ui) [e—fd/m _e—n/u] o
M 21
B
1
Ay » o
+ 71 flr(#)pn(—u,qﬁ; — i, di)e T/ H [e alti _ g .,/#]
L
1
4m B
+ u 1 - 1 T(M)pn(“ﬂ,¢; Hi, ¢i)’l"(ui)e Ta/p
w L1
T
' [1 - e_m(%ﬂ_")] e/ (8.1.47a)

The first term in (8.1.47a) represents scattering by a particle into the up-
per half-space. The second term in (8.1.47a) corresponds to reflection of
the incident wave by the lower boundary followed by single scattering of a
particle. The third term represents scattering by a particle followed by a
reflection of the lower boundary. The fourth term corresponds to a reflec-
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tion of the incident wave that is following by scattering of a particle. This
is further followed by reflection by the lower boundary. The four processes
corresponding to each of the scattering terms are illustrated in Fig. 8.1.2.
Higher order scattering can be calculated by higher order iteration of the
integral equation.

For the case of a half-space medium, 74 — oo, we have

YO, ¢; i, 1) =

4Tp
Pty 35 — i, i 8.1.47b
it ( ) ( )

1.3 Active Remote Sensing of a Half-Space of Spherical Particles

The sharp increase of the scattering at the backscattering (retro-reflection)
direction from some objects has been known for a long time. This is some-
times called the opposition effect or the glory effect. The glory appearing
around the shadow of an airplane on a cloud below it, when viewed from the
airplane, is an example of the peak in reflectivity. In astronomy, it is well
known that the reflectivity of the moon increases sharply at full moon. In
the case of volume scattering by a half-space of particles, the sharp peak in
the backscattering direction may be caused by (1) the Mie scattering pattern
and (2) the multiple scattering effect known as backscattering enhancement
not accounted for in radiative transfer theory. The discussion on backscat-
tering enhancement will be deferred to Volume III. In this section we will
illustrate (1) by considering the bistatic scattering of a half-space of spherical
particles (Fig. 8.1.3).
For 0 < 0 < 7 the radiative transfer equation is

cos 0%7(9,@ z) = — kel(6, 8, 2)

L 2 _
+ / de’ sin ¢ / d¢' P(0,¢;6',¢') - 1(0',¢',2)(8.1.48)
0 0

where T is the column vector containing the four Stokes parameters. Consider
specific intensity I, incident onto the half-space of spherical particles from
direction (6,, ¢,). Then for 0 < < /2 the boundary condition is

I(m—0,¢,2=0)=1,5(cosb — cosb) 6(¢ — o) (8.1.49)

Integral equations can be formulated using (8.1.48) and (8.1.49).
For 0 < 6 < /2 the zeroth-order solutions are

T - 60,8, 2) = T, €25 §(cosf — cos0,) (¢ — do)  (8.1.50)
790, 6,2) = 0 (8.1.51)



81.3 Active Remote Sensing of a Half-Space of Spherical Particles 299

T A%

o
incident
specific
intensity

)

‘
® e ©
@ ®

Figure 8.1.3 Wave incident on a half-space of spherical particles.

Thus, the zeroth-order solution for upward-going specific intensity is zero.
The first-order upward-going specific intensity at z = 0 is

1Y00,¢,2=0) =

sec
(secB + secB,)ke

PO, ¢ — 00, 00) - I, (8.1.52)

The first-order bistatic scattering coefficients can be calculated and are anal-
ogous to (8.1.47b)

%(’i’) Pyy(0,¢;m 907(750)
Yoh . _ 4 cos 0 vh(a ¢a 90a¢o) 8.1.53
7}(12) (8, 6306, o) = ke(cos 8 + cos6,) | Pro(0, ¢, — 6o, %) (8.1.53)
(1) Phh( em ¢o)
Yhh
where
-P'Lj(ea ¢7 elad),) =Ty |f2](07¢$el7¢,)‘2 (8154)
with 7, j = v, h. For spherical particles, we have
= m(2n+1)
") = M Crn(8, ) C —mn (6’
F(8,6;6,¢)) = kZ n+1{T (6,9)C-mn(6',¢)

+ Té”)an(0,¢)B~mn(9’,¢ )} (8.1.55)

The summation over m in (8.1.55) can be carried out using the addition
theorem for vector spherical harmonics [Tsang et al. 1985]:
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~ 1 0’P, ,0%P,
¢ +6
sin § 0¢00’ 0006’

- Z 1)™Bn(8, $)[0" - B_mn(8', ¢')]

= —Z(—l)’”an(O,@[&’ Cemn(@, )] (8.1.56)

. 1 8P, R 9’P,
sin 0 sin §’ 00’ sin 8’ 000¢’

= 3 ()" Brn(6, )l - Borun(8', 8]

=Y (=1)™Bmn(6,0)[0' - C—mn(6',4)] (8.1.57)

where the argument of the Legendre polynomial P, is equal to [cos 8 cos 6’ +
sin @ sin 6’ cos(¢ — ¢')].
Thus, we have

= 2n+1) |, 1 %P, %P,
F(0,6;6 ( o | oo )
(6,4:9', ) = ik Z n(n+ 1) {0 [T" sin @sin 6’ 0¢d¢’ 1 0600’ ]

b T 52P, N ™ 8%P,
sin@’ 060¢’  sin 6 0pOb’
,[_T,gm o*P, | TV 82Pn]

+

-

+
D>
hs

sin6 0490’ | sin@ 900F

a o (N) 2
+¢¢[T‘M’ I Ty aP"” (8.1.58)

" 5006 T sin6sind 9¢0¢
Next we consider bistatic scattering in the plane of incidence by setting

¢ = ¢, + 7 and ¢ = ¢,. From (8.1.53) and (8.1.58), we have
VR (0, @0 + 7300, @) = Y4 (0, G + 360, 60) = 0 (8.1.59)

Hence, the first-order bistatic scattering does not contain depolarization for
scattering in the same plane. Depolarization is a higher-order effect for spher-
ical particles. From (8.1.58) the like polarization scattering amplitudes are

' (2n+1)
Fuoo(8; 6o+ 73T — B, 60) = ZkZ o)

AT M 7p(cos(m + 6 — 0,)) + T,‘L”’Tn(cos('/r +60—26,))} (8.1.60q)
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Figure 8.1.4 Bistatic scattering coeflicients 7,, and v as a function of scattering angle
@ for 6; = 30°, ¢ = w + @;, fractional volume = 0.01, frequency = 10 GHz, a = 0.1 cm, and
two €5 : €5 = 3.2(1 +¢0.01) and €5 = 3.2(1 +¢0.3). In this figure, ka = 0.209.

2 1

AT 7 (cos(m + 0 — 6,)) + T,i”’ﬂ'n(cos(w +6-6,)}  (8.1.60b)

where
() = %ﬁ“) (8.1.61)
and
) = () — (1 — ) 2 (8.1.62)

dp
are the m, and 7, functions used by Van de Hulst [1957]. The a, and b,
coefficients in his book are equal to —TV* and —T:**, respectively. In
his book the relations of S;(0) and S3(f) to the scattering amplitudes are
fvv(a, Got+m; T — 90) ¢o) = S;(ﬂ' + (0 - 90))/7'k and fhh(ga Got+ T — 90) ¢o) =
St(m+ (0 —6,))/ik.

In Fig. 8.1.4, we plot the bistatic scattering coefficients for small particles
with ka = 0.209 and with two different permittivities €. For small particles,
the angular dependence of the bistatic scattering coefficient is small. Particles
with a larger loss tangent have a larger albedo so that the bistatic scattering
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Figure 8.1.5 Bistatic scattering coefficients v, and v, as a function of scattering angle
8 for 6; = 30°, ¢ = 7 + ¢;, fractional volume =0.01, frequency =50 GHz, a = 1.0 cm, and
two €5 : €5 = 3.2(1 +¢0.01) and €5 = 3.2(1 4 40.3). In this figure ka = 10.47.
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Figure 8.1.6 Bistatic scattering coefficients <y, as a function of scattering angle 6 for
0; = 30°, ¢ = 7w+ ¢;, fractional volume = 0.01, frequency = 50 GHz, € = 3.2(1 +¢0.01), and
ka = 10.47, 20.94, and 31.41.
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coefficients are smaller. In Fig. 8.1.5, the bistatic scattering coefficients for
larger particles (ka = 10.47) are shown. For the case €, = 3.2(14140.01), there
is a peak of the bistatic scattering coefficient in the backscattering direction
0 = 0;. This is a characteristic of the Mie scattering pattern for particles with
small loss tangents and directly contributes to the glory effect. For more lossy
particles, the peak in the backscattering direction disappears. This is evident
from the bistatic scattering curve in Fig. 8.1.5 for €; = 3.2(1 + ¢0.3)e,.

In Fig. 8.1.6, the bistatic scattering coefficients for different ka values
are illustrated. We note that the peak always occurs at the backscattering
direction and that the sharpness of the peak increases with particle size.
For ka = 31.41, the peak value is +2.13 dB at 8 = 30° (backscattering)
and is —21.71 dB at 0 = 40°, a difference of 23.84 dB. For the curve ka =
31.41 in Fig. 8.1.6, the corresponding values of k. and ks are, respectively,
0.564 x 1072 cm~! and 0.394 x 10~2 cm™!, giving a value of 0.70 for @. It
is interesting to note that the results in Fig. 8.1.6 have large absolute values
for backscattering coefficients.

1.4 Active Remote Sensing of a Layer of Nonspherical Particles

The scattering of electromagnetic waves by nonspherical particles is impor-
tant because (1) the particles in rain, ice crystals, fog, snow, leaves, and so on,
are nonspherical and (2) nonspherical particles can give strong depolariza-
tion return. It has been illustrated in Section 1.3 that for spherical particles,
backscattering depolarization is a higher-order effect. Treatment of scatter-
ing by nonspherical particles must employ all four Stokes parameters. In
this section, an iterative approach is applied to calculate the scattering cross
section of a layer of randomly positioned and oriented nonspherical particles
overlying a homogeneous dielectric half-space. The orientation is described
by a probability density function of the Eulerian angles of rotation.

Consider a collection of sparsely distributed nonspherical particles with
permittivity e, embedded in region 1 with background permittivity €, above
a half-space of homogeneous dielectric with permittivity ey (Fig. 8.1.7). The
radiative transfer equations inside region 1 are

c0s0-L1(0,6,2) = ~7e(6,6)  1(6,6,2) +5(0,4,2) (8163

- 0089%7(71- - 0» ¢7 Z) = - ﬁe(7r - 97 ¢) ' T(Tl’ - 97 ¢7 Z)

+W(,4e,z2) (8.1.64)

where 1(0, ¢, z) and (7 — 6, ¢, ) represent, respectively, upward- and down-
ward-going specific intensities and are 4 x 1 column matrices containing
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Figure 8.1.7 Geometrical configuration for active remote sensing of a layer of nonspherical
particles above a homogeneous dielectric half-space.

the four Stokes parameters. In (8.1.63) and (8.1.64), S(6, ¢, 2) and W(mw —
6, ¢, z) are source terms representing scattering from other directions into
the direction of propagation. They are given by

2
5(0, 6, 2) = / dg’ / o'sind [P(6,:6',¢) 18, 9',2)
+P(8,¢;m— 0 ,¢)-T(7r—0’,d>’,z)] (8.1.65)

T / —
W(0,$,2) = /0 s /0 10’ sing’ [?(w N ()
+P(r—0,¢;m—0,¢) - T(n -0, ¢, z)] (8.1.66)

The extinction matrix %K. and the phase matrix for general nonspherical
particles are described in Chapter 7.

Consider an incident wave with specific intensity I,(m —6;, ¢;) impinging
from region 0 upon the particles in the direction (6,, #,). Then the boundary
conditions for the radiative transfer equations are as follows. At z =0

I(m— 0,4,z =0) = I,6(cos 0 — cos6,)8(¢ — ¢o) (8.1.67)
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and at z = —d B
10,6,z =—d) =R(6)-I(r - 6,9,z = —d) (8.1.68)

for 0 <60 < 7/2. In (8.1.68), 'ﬁ(e) is the reflectivity matrix for the interface
separating region 1 and region 2 and is given by

R,@®) 0 0 0
To=| O IROP 0 p
(6) = 0 0  Re(R,(O)R:(9) —Im(R,(0)R}(9))
0 0  Im(R,(0)R:(A)) Re(R, ()Rh(o)()8169)

where R, and R}, are, respectively, the Fresnel reflection coefficients for ver-
tically and horizontally polarized waves.

To derive integral equations, we can regard S(6, ¢,z) and W (6, ¢, 2) in
(8.1.63) and (8.1.64) as source terms. The homogeneous solutions are then
given by the eigensolutions of coherent propagation in Chapter 7.

The particular solution can be calculated by the method of variation
of parameters. The arbitrary constants of the homogeneous solution are
solved by imposing the boundary conditions of (8.1.67) and (8.1.68). The

two coupled integral equations for the upward- and downward-going specific
intensities are

I(r —6,,2) = E(w — 6,¢)D (B(r — 6, $)zsecb)
E(m — 0,4)T,6(cosd — cos8,)5(¢ — ¢o)

0 — —
+ sece/ dz’{F(ﬂ —0,¢)D (B(m — 0,¢)(z — 2') sech)
r - 0,0)W(0,6,2)} (8.1.70)

10, ,2) = f( $)D (—B(6, ¢) sec(z + d)) E™1(8, )R(6)
(m—#6 ¢)D( B(m — 0, p)dsech)

E~Y = 0,$)1,6(cos 8 — cos0,)5(d — do)
+T(0,6)D (—A(6, ¢) secO(z + d))

0 __ _ —
. / _——1 R ol 7r ——
sec /_ 2 {E 6, $)R(O)E(r — 0, 9)
D (~B(m ~ 6,¢)sech(' +d) B~} (m — 6,9)W(6,6,7) }
+ sec&/z dZE(9,4)D (B(6, $) sec (2’ — 2))
—d
E-1(6,4)5(0, ¢, 2") (8.1.71)

&l

H hJII
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where D(3(6, )z sec) is a 4 x 4 diagonal matrix with the #ith element equal
to exp(B;(6, ¢)zsecd). The §; are the eigenvalues of coherent propagation
and E is the associated eigenmatrix (Chapter 7).

In applying the iteration method, we treat the first term on the right-
hand side of (8.1.70) and (8.1.71) as the zeroth-order solution for the
downward-going and upward-going specific intensities, respectively. The
zeroth-order solution corresponds to coherent wave propagation of Stokes
parameters. The first-order upward-going specific intensity at z = 0 is listed
below. The first-order solution is also known as first-order multiple scatter-
ing.

M8, ¢,z = 0)
= Zseco{f(e, #)D (—B(9, d)dsec8) E-1(0, ))R()E(m — 6 ¢>)}

k,i

x {E(n — 0,0)P(r — 6,600, 60)E (001 80)

1— e—ﬁk(‘lr—O,qS)dsec 0—03:(6,,0,)dsech, =_1 —
S Camy s e B e ) ER CALOL OO
(7 — 8, 60) D (—B( — 8o, $o)dsec8,) E~L(m — 6, ¢0)70}i

+ Zsec 0{E (6,)D (—B(6, ¢)dsec8) E~' (8, $)R(6)E(r — 0, <15)}“c

x {f" (m = 6, )P (r — 6,65 ™ — 00, 90) B (T — 60, 96) }
e—ﬂk(w—G,qb)dsecG _ e—ﬁ.v('lr—0(,,q$¢,)dsec(90

=_ _
* :81(7r - 00, ¢o) sec 90 — /Bk(ﬂ' — 0’ ¢) sec @ {E (ﬂ' — 0o, ¢O)Io}i
+5ec0 Y Eux(6,6){E1(6,6)P(6, 6060, 6)E (00, 60) }

k,i
—Bk(O P)dsechd _ e Bi (00,¢0)dsect,

O AT R eyl RGNS
E(ﬂ'_ oa¢o) ( :8( 007¢o)dSeCOO)E 1(”—00,¢0)I }

+sec»02§lk(9,d)){ B (a ) (6, ;m — o,d)o)E(ﬂ'-amd)O)}ki
ki

1 p— e'—ﬂk (9,¢)dS€C e—ﬂn (W_ol),¢o)d sec 90

:-1 _ _
" B(0,d) sec 8 + Bi(m — By, bo) sech, {E (m 007¢0)Io}i (8.1.72)

where the summation over indices k and 7 are from 1 to 4 and { };; denotes
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the ijth element of the 4 x 4 matrix.

Given the vector radiative transfer equation (8.1.63) and the boundary
conditions in (8.1.67) and (8.1.68), the Stokes vector can be calculated either
numerically or iteratively. Once that is solved, the overall scattered Stokes
vector in direction (6s,s) that is observed by the receiver is I(8s,¢s) =
I(0s, ¢s, 2z = 0) = [Iys, Ins, Us, Vs] and can be calculated. It is proportional
to 1, with the proportionality represented by the 4 x 4 averaged Mueller

matrix ﬁ(Os, ¢s; T — 0,,0,) as follows

7.-s(es, ¢s) = ﬁ(03,¢s; m— 007 ¢o) : TO (8'1'73)

The Mueller matrix represents the overall polarimetric characteristics of the
layer of random discrete scatterers including all multiple scattering effects
and boundary reflections that are included in the vector radiative trans-
fer theory. The results based on the Mueller matrix will be illustrated for
the backscattering direction with s = 6, and ¢s = 7 + ¢,. Based on the
Mueller matrix, we shall illustrate four polarimetric signatures: the phase
difference, the copolarized return, the depolarized return, and the degree of
polarization. The phase difference between vv and hh waves, ¢,, (the phase
at which the probability density function of phase difference is maximum
[Sarabandi, 1992]) is

(8.1.74)

Doh = tan~! <—M43 _ M34>

M3z + Myy

where M;; is the ij element of the Mueller matrix. For a completely polarized
incident wave with ellipticity angle x, —45° < x < 45°, and orientation
angle v, 0° < < 180°, the incident Stokes vector with unit total intensity
is defined by

(1 = cos 2 cos 2t)
%(1 + cos 2 cos 21))
— cos 2x sin 27
sin 2y

~l
°
Il

(8.1.75)

where the orientation angle 1 is the angle between the major axis of the
ellipse and the direction of horizontal polarization. The normalized copolar-
ized received power P, in the backscattering direction corresponds to the
case when the receiving antenna measures the same polarization as that of

the transmitting antenna. The copolarized power P, and the backscattering
copolarized coefficient o are, respectively,
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I
P, = %(1 — cos2x cos 2¢) + %3(1 + cos 2 cos 2¢))

- %f cos 2 sin 29 + % sin 2y (8.1.76)

0 =4mcos0,P, (8.1.77)

The depolarized power Py and the depolarized coefficient o4 are, respectively,
Pi=1I,s+ Ins — P, (8.1.78)

o4 = 4mwcos,Py (8.1.79)

The degree of polarization for the scattered Stokes vector is

my = YO+ U+ V2 (8.1.80)
I,
where Qs = Iys — Ins and I = Iy + Ips.

In the following we list the second-order theory of the vector radiative
transfer equation. To reduce the complexity of the final result, we adopt
the viewpoint by regarding a volume scattering as an order of scattering
and a regarding boundary reflection as half an order of scattering. In this
manner, the second-order theory will include only five terms: (a) a single
upward scattering by the particles, (b) a downward single scattering by the
particles that is followed by a reflection of the boundary at z = —d, (c) a
reflection by the boundary that is followed by a single upward scattering by
the particles, (d) a reflection by the boundary at z = —d, followed by a single
downward scattering by the particles and further followed by a reflection off
the boundary at z = —d, which then proceeds upward to the receiver, and
(e) double volume scattering. The sum of (a), (b), (c), and (d) shall be
labeled as first-order theory, and the sum of all five terms shall be labeled
as second-order theory. The Mueller matrix is given by

mj(e ¢; - 907 ¢0) .
= seCGZEmk(O ?) { 6,8)" P (6,63 7 — b0, $o) E(m —00,%)}“

1— e—Bk(G,qS)dsecG Bi(m—0,,¢,)dsec, )
X Bi(8, ¢) secd + Bi(m — 6o, ¢o) sec 00{ (™ = 00, 60) }ij
+ 3 sec0{T(60,)D (~B(6, $)dseco) B(6,¢) "ROE(r - 6,0)}
k.

sl

X {f(w -0, ¢)_1$(7r —0,¢;m—0,, q&o)——E(ﬂ' —6,, ¢O)}ki
—ﬂk(ﬂ' —0,¢)dsect __ e—ﬂ,(‘lr —08,,9,)dsect,

-1
X T Bi(6,, bo) sec Oy — PBi(0, ) secd {E(” Oo: o) }ij
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5000 5 Bk0,9 {B0.0)71P(60,6:60, 6B 00, 00)},_

_ﬁk(e,qb)dsece _ e—ﬂi(Oo,d)o)dsecOo — =
ﬂ,(ﬁ 0o, Po) sec B, — PBi(m — 0, d)dsec {E(()o, o) R(6)
"E (1 — 65, $0) D (—B( — 8o, $o)dsec8,) E(m — 0o, $o)~ }
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n,k,i

1-— e—ﬂn(e ¢)dsecO—pB;(m—0,,¢,)dsec O,
X cos b,
Bn (8, @) cos b, + Bi(m — 65, po) cos
(e—ﬁk(O’,qb’)dsecB’ _ e—ﬂ,.(G,dJ)dsecO) e—,@,-(w——&,qb.,)dsec@.,}

Bn(0, ) cos 8’ — Bi(6', ¢') cos d

cos 0,
ﬂk(e' ¢') cos B, + Bi(m — 05, ¢o) cos ¢’

x |E0,4)P0.4:0,6)E#, )]
x [E@,6) PO, &7~ 00, 0) E(m — 60, 60)]
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cos b,

T [Ba(6,9) 050 + Be(m — 0, &) cos ]
cos b,

[,Bn (0, ¢) cos b, + Bi(m — 65, d,) cos b

e~ Pn(0,9)dsecd
Bi(m — 0o, o) cos 0" — Br(m — 6',¢') cos b,
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— COSs 0',6','(71’ —6,, ¢o)e“ﬁk(w—0’,¢')dsec0’] }]

x |E(6,6)'P(6,6;7 — 0/, ¢)E(r —0',6)] _
-

x {B(r = 6,6)" B(r — 0,837 — 00,00)B(r — 00,00) },

ki

} (8.1.81)

In (8.1.81), (0 ¢) is the eigenmatrix for coherent propagation and g;, i =
1,2, 3,4, are the eigenvalues of coherent wave propagation. In the numerical
examples, we shall only consider the statistical azimuthal symmetric case
when the vertical polarized waves and the horizontal polarized waves are the
characteristic polarizations of the medium. In this case, we have

10 0 O
= 010 O
EG.9) =10 0 1 1 (8.1.82)
00 i —i
181(07¢) 2<Imfvv(07¢,0a¢))
’ Bs(0, ¢) k| i ((fou(6,8:6,0) — fru(0, 65 0,9)))
Ba(0, ¢) i ((frn(0,0:6,8) — fw(9,¢;9,¢)>()8 \ 83)

1.4.1 Numerical Illustrations with Finite Dielectric Cylinders

For numerical illustrations, we choose the nonspherical particles to be fi-
nite dielectric cylinders, which provide a reasonable scattering model for
vegetable canopy. Scattering by the finite cylinders will be calculated nu-
merically using a method of moment body of revolution (MoM-BOR) code.
In this code, surface integral equations are solved by using the method of
moments [Harrington, 1968]. The variations of the unknown electric and
magnetic surface fields are approximated by staggered pulse functions in the
t-direction and are expanded in Fourier series in the ¢-direction. The de-
tailed discretization procedure can be found in Glisson and Wilton [1980]
and Joseph [1990]. For computational efficiency, it is important to note that
it is required to calculate the inverse of the impedance matrix or admittance
matrix only once for a cylinder of fixed length, radius, and permittivity. The
admittance matrix of the cylinder is then stored. Given incident fields of
arbitrary polarization, incident angle, and orientation of the cylinder, the
surface fields induced on the surface of the cylinder are calculated by multi-
plying the admittance matrix with the incident field. In this case, the total
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surface fields on the curve sides as well as on the two ends of the cylinder are
calculated. The bistatic scattering amplitudes can then be calculated. In our
implementation, we further store the bistatic scattering amplitudes in the
body frame for each harmonic. For an arbitrary incident field and with ar-
bitrary orientation, the bistatic scattering amplitudes in the principal frame
can be calculated from that of the stored scattering amplitudes by rotation
of coordinates and by interpolation.

Step 1: Calculation of Impedance Matrix and Admittance Matrix

Given the length, radius, and complex permittivity of the cylinder, the
impedance matrix and the admittance matrix of the cylinder are calculated

by solving the surface integral equations only one time with MoM-BOR. The
admittance matrix is then stored.

Step 2: Calculation of Bistatic Scattering Amplitudes for Each Harmonic
in the Body Frame

We shall use the same notations as Chapter 1, in which the infinite cylinder
approximation was used. Consider an incident field given in the body frame

by

E = Eopivp; + Ehbiilbi (8.1.84)

8; = sin 0y; Ty + cos Op; 2 (8.1.85)
Vs = €OS Op; Tp — sin Op;2p (8.1.86)
hui = i (8.1.87)

Because of rotational symmetry, we have taken ¢p; = 0 without loss of
generality. Given the admittance matrix stored in step 1, a product can
be taken between the admittance matrix and the incident field to give the
surface fields at each discretized point on the surface for each harmonic.

These include ES, (2b), H(fm(zb), ES (z), and HS, (zp) on the curved side,

E/l)jm(pb)v H;[)Jm(pb)v Egm(pb)v and Hgm(pb) on the upper side, and E,I,’m(pb),
Hé‘m(pb), Eé;m(pb), and H({;m(pb) on the lower side, where z, denotes the
coordinate on the curved side and p, denotes the cylindrical radial coordinate
on the upper side and the lower side. The bistatic scattering amplitudes in

the body frame are

o0

Forvs(Bos, Posi Obis db = 0) = > €™ fi,m(Bbs, 06i)  (8.1.88)

m=—00
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(e o]

Fonhs Bbs, Dos3 Obiy 86 = 0) = > €™ funym(Bbs, Obi)  (8.1.89)
B

Fruwvn (Bbs, Pbsi by dbi = 0) = > €™ fr0,m (0o, Os)  (8.1.90)
m=—00
m .

Fiuhs (Bbs, Bosi Obiy $6i = 0) = D €™ i, pym(Bbs, 6s)  (8.1.91)
m=—00

The bistatic scattering amplitudes for each harmonic, fu,v,m(0bs,0%:),

Foshum (Bbs, i), Fhyvsm(Bbsy Obi), and  fr,h,m(Bbs, Obi), can be expressed in
terms of the surface fields as follows

mal .
fv.,&bm(gbsa obi) = ("7') 5 [ - Zk{ s 0bs77H¢me('ws)

+ g‘— cos Gbanszm(ws)} - kEsz,'n(ws)]
(=)™ ik(cos Oy; —cos By, ) £ /a imk .
1K(COS Up; —COS Up 4 2 k: 0 s
+og e A dpvpy | o Bourn Jm (k sin Opspp)
X {_Egm(pb) + anm(pb) cos Hbs}

ey (ksin ) (G () + () s} |

—m a imk
4+ E7 —ik(costu—cosoun) & / dpbpb[——ﬂ——Jm(ksin(’bst)

2 0 ksin Obspb
x {=EL (o) + nHZ(py) cos b }
_ kJ, (ksin Bbps) {EL(ps) + nHE (1) cos obs}} (8.1.92)

Fhusom (Obs B6i) = (—i)’"% [ - ik{ $in Ops E gy Jom (W)

+ g— cos ObsEszm(ws)} + ansz,'n(ws)]

S
—m a imk
+( ;) ezk(cosf)bi—cosoba)l;'/ dpsps [——zﬂ———Jm(kSinobspb)
0

k sin Opspp
X {nH3 (pb) + Eg(pb) 08 8bs §

+ kJ, (K sin Opspp) {—ann(Pb) + EY,..(py) cos B, } ]
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—_\m . a )
+( 7,) e—zk(cos@.,,--cos&.q)%/ dpbpb[_ ﬂJm(kSinebst)

2 0 k sin Gpspyp
X { Eprm(Pb) €08 85 + 1H (1) }
— k), (ksin 0ysp5) { Ef,y, (pb) cos s — nH L, (05) } } (8.1.93)
where § = v, h

ws = ksin Oy, (8.1.94)
Hyp = _1 dzyeik(costhi=cost)a O () (8.1.95)

L
Hop = | dzyetkcostumcosthn gl () (8.1.96)

i
Epm= | dge*Ch=cobapL (3) (8.1.97)
Eom = / * dzyeik(costumcosti)n pC () (8.1.98)

2
For &, = vy, we set (Eyp = 1, Epp; = 0) to calculate the surface fields from
the admittance matrix. For &, = hp, we set (Eyp; = 0, Ehpi=1) to calculate
the surface fields from the admittance matrix. The bistatic scattering ampli-
tudes for each harmonic fy,v,m (Obs; Obi)s foohym(Obs, Obi), fryvem (Obs, Obi), and
Fryhom (Bbs, Opi) can be stored for a two-dimensional array of values s and

Oy;. The bistatic scattering amplitudes for each harmonic at arbitrary values
of s and 6y; can then be calculated by interpolation.

Step 3: Calculation of Bistatic Scattering Amplitude in the Principal
Frame

Let (8, ) be the orientation angles of the body axis of the cylinder so that
the axis of symmetry 2, is

%, = sin B cos ai + sin B sin af + cos B2 (8.1.99a)

Let (8;,0;, h;) be the orthonormal vectors of incident direction and polar-

ization, and let (s, ¥s, izs) be the orthonormal vectors of scattered direction
and polarization.

3; = sin 6; cos ¢;Z + sin 6; sin ¢;§ + cos 6,2 (8.1.99b)
D; = cos ; cos ¢;T + cos 0; sin ¢;§ — sin 6,2 (8.1.99¢)
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h; = —sin ¢;& + cos ¢i) (8.1.99d)

85 = sinf, cos 5T + sin O sin ¢y + cos 052 (8.1.99¢)
= 8in Oy COS PpsTp + Sin Oy, Sin GpYp + €OS Ops2p

Us = cos O cos ¢psT + cos B, sin gy — sin 052 (8.1.991)

hs = — sin sz + cos ¢ (8.1.99¢)

Ups = COS Bps COS Pps Ty + COS Ops SIN GpsYp — Sin Ops 2y (8.1.99h)

Ty = ZS';:HZ (8.1.99)

Then using (8.1.84)—(8.1.87) and (8.1.99a)—(8.1.995), the transformation of
bistatic scattering amplitudes between the principal frame and the body
frame is

|:fvv(93a¢s;0i’¢i) fvh(gad)s;oiad)i) :["l:)s"i)bs ?s'f}bs X
fro(Os, 05505, i) frn(0s, ds; 05, &5) hs - Dps  hs - hps

[fvbvb(6b37¢bs;0bi,¢bi =0)  furhs(Bbs, Posi Ovir bbi = 0) | [0i - 05 i - s
Trovs (Obsy Pbs; Obiy @bi = 0)  fryh, (Obs, Dos; Obir @b = 0) | | hoi - Di hi - By

(8.1.100)

Calculations of body frame scattering amplitudes are done by using (8.1.88)-
(8.1.91) and interpolation.

We also carry out energy conservation tests. For the case of real per-
mittivity e, without absorption loss, the optical theorem can be verified by
checking the equality of extinction and scattering cross sections. Thus for the

case of real ¢p, the following relations have to be obeyed to satisfy energy
conservation.

4 v
%Imfé,,a,, (Obi i = 0;0pi, P = 0) = 2 / dBps sin by
0

Z [lf’vbtsbm(ebsy ebi)i2 + |fhp,5|,m(obsa 9bi)|2] (81101)

m=—00

for 6, = v, hy. In our calculations, we have checked energy conservation for
the method of moment code by using (8.1.101).

Numerical Results and Discussions

We show numerical results of radar polarimetry of a layer of dielectric cylin-
ders overlying a homogeneous half space using parameters of vegetation and
soil [El-Rayes and Ulaby, 1987; Ulaby and El-Rayes, 1987; Newton and
Rouse, Jr., 1980]. The special case of statistical azimuthal symmetry will
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be examined. Thus for a function that depends on the orientation angles «
and f the averaging of the function g(«, ) is taken as follows

cos 31 — cos (B

The probability density function is uniform for solid angles with o between 0
and 27 and with 3 between (3; and B2. The sin 8 factor in (8.1.102) accounts
for the differential solid angle. The results of copolarized return, depolarized
return, degree of polarization, and the phase differences are illustrated for
first order and second-order solution. The first-order solution consists of the
sum of the first four terms in (8.1.81) (i.e., a, b, ¢, and d). The second-order
solution refers to the sum of all five terms in (8.1.81) (i.e., a, b, ¢, d, e). In
all the figures we only show the results of MoM combined with the vector
radiative transfer theory. The corresponding Mueller matrices are tabulated.
Some of the Mueller matrices based on the infinite cylinder approximation
are also listed in the tables for comparison.

In Fig. 8.1.8, we plot the copolarized return, the depolarized return, and
the degree of polarization for a medium of cylinders of length 15 cm and ra-
dius 2.5 cm at the L band based on first-order theory and MoM. The Mueller
matrices of MoM, the infinite cylinder approach with scattered field and that
with total field, are all listed in Table 8.1.1 for comparison. The absorption
coefficients, scattering coefficients, and extinction coefficients for V and H
polarizations are all listed so that the optical thicknesses can be calculated
readily to see whether higher-order scattering effects are important. We note
from the tabulated Mueller matrices that there is some difference between
the scattered field approximation and the total field approximation. How-
ever, there are large differences with the MoM results. This is because for
this case, the radius of the cylinder is not small and significant errors are
in the infinite cylinder approximation because the scattering-induced radia-
tion from the ends of the cylinders are neglected. Also, results based on the
infinite cylinder approach do not obey reciprocity. That is, VH is not equal
to HV. For example, the term that corresponds to the bistatic scattering
amplitude of the cylinder is not reciprocal in the infinite cylinder approxi-
mation. On the other hand, the MoM solution is reciprocal. The cylinders
are uniformly oriented for 8 between 0° and 45°. As indicated in Fig. 8.1.8a,
the HH return is larger than the VV return because of the randomness of
orientation and the large radius of the cylinder. The results in Fig. 8.1.8 also
indicate large variation of scattering with polarization.

1 B2 . 2m
(90, B)) = ——t /ﬂ " dpsing /O dog(e, ) (8.1.102)
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Figure 8.1.8 Polarimetric signatures based on first-order theory and MoM code as a
function of ellipticity angle x and orientation angle 9 of a layer of dielectric cylinders with
prescribed orientation distribution: (a) copolarized return, (b) depolarized return, and (c)
degree of polarization. The parameters are: frequency = 1.225 GHz, €¢; = (6.5 + i2)eo, a =
2.5 cm, L = 15 cm, fractional volume = 0.006, d = 0.5 meters, €2 = (15 + 2)¢o, and
0, = 85 = 60°. Orientation distribution is governed by 8; = 0° and B2 = 45°. The values of
the Mueller matrices based on MoM and infinite cylinder approximations are listed in Table
8.1.1.
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Table 8.1.1 Mueller matrices of Fig. 8.1.8.

5.49 x 1073 1.88 x 1073 0.000 0.000

1.67 x 1073 5.93 x 1073 0.000 0.000
0.000 0.000 —4.81 x 1074 7.98 x 1074
0.000 0.000 —8.29 x 1074 3.54 x 1074

(1) Infinite cylinder scattered field approximation

317

(The computed values of absorption and scattering rates based on infi-
nite cylinder scattered field approximations are kq, = 0.138 m™!, K, =
0.201 m™1, k., =0.0872m™ !, kg, = 0.0926 m™1).

5.52 x 1073 1.89 x 1073 0.000 0.000

1.69 x 1073 | 6.04 x 1073 0.000 0.000
0.000 0.000 -5.75%x 1074 | 9.98 x 104
0.000 0.000 —9.61x 1074 | 2.27x 104

(2) Infinite cylinder total field approximation

8.82x 1073 | 1.68x107° 0.000 0.000

1.68 x 1073 | 1.01 x 1072 0.000 0.000
0.000 0.000 —-2.27 x 1073 1.84 x 1073
0.000 0.000 -1.84x 1073 | —9.39x 1074

(3) Method of Moment solution
(The computed values of extinction rates are ko, = 0.4037 m~!, k., =

0.2324 m~1).

In Fig. 8.1.9, we show the case for cylinders with a smaller radius of
a = 1 cm. The corresponding Mueller matrices for the three approaches are
shown in Table 8.1.2. Because of the smaller radius compared with wave-
length, the results of the infinite cylinder approximation are in good agree-
ment with MoM. The copolarized return indicate that VV is larger than HH
for this case of slender cylinders. The copolarized return and the depolarized
return also show that the variations of scattering with polarization are less
rapid than that of Fig. 8.1.8.
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Figure 8.1.9 Polarimetric signatures based on first-order theory and MoM code as a
function of ellipticity angle x and orientation angle i of a layer of dielectric cylinders with
prescribed orientation distribution (a) copolarized return, (b) depolarized return, and (c)
degree of polarization. The parameters are: frequency = 1.225 GHz, €5 = (6.5 + i2)e0, a =
1 cm, L = 15 cm, fractional volume = 0.006, d = 0.5 meters, e = (15 + i2)eg, and
0, = 05 = 60°. Orientation distribution is governed by B; = 0° and (2 = 45°. The values of

the Mueller matrices based on MoM and infinite cylinder approximations are listed in Table
8.1.2.
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Table 8.1.2 Mueller matrices of Fig. 8.1.9.
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7.40 x 1073 1.26 x 1073 0.000 0.000

1.28 x 1073 4.11 x 1073 0.000 0.000
0.000 0.000 -1.81x 1073 5.89 x 104
0.000 0.000 -5.91 x 10~4 -1.04 x 1073

(1) Infinite cylinder scattered field approximation
(The computed values of absorption and scattering rates based on infi-
nite cylinder scattered field approximations are ko, = 0.245 m™!, kg, =
0.118 m™1, kg, =0.0764 m™1, kg, = 0.0318 m™~1).

741 x 1073 1.28 x 1073 0.000 0.000

1.27 x 1073 4.11 x 1073 0.000 0.000
0.000 0.000 -1.83 x 1073 5.86 x 104
0.000 0.000 —5.72 x 1074 —-1.07 x 1073

(2) Infinite cylinder total field approximation

7.03 x 1073 9.87 x 1074 0.000 0.000

9.87 x 104 4.46 x 1073 0.000 0.000
0.000 0.000 —2.04 x 1073 4.85 x 1074
0.000 0.000 —4.85 x 1074 -1.34x 1073

(3) Method of Moment solution
(The computed values of extinction rates are ke, = 0.2955 m™1, ke =
0.0953 m~1!).

In Figs. 8.1.10 and 8.1.11, we show respectively the results of first order
theory and second-order theory using the same parameters of Fig. 8.1.8 but
with a larger layer thickness of d = 2.5 meters. The Mueller matrices are
listed in Table 8.1.3. The optical thicknesses are 1.01 and 0.58 respectively
for vertical and horizontal polarizations. A significant amount of multiple
scattering significantly increases the contrast between the VV and HH re-
turn. It also significantly increases the depolarized return. The results also
indicate that the multiple scattering can be important at the L band for
some cases of medium parameters.
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Figure 8.1.10 Polarimetric signatures based on first-order theory and MoM code as a
function of ellipticity angle x and orientation angle 1 of a layer of dielectric cylinders with
prescribed orientation distribution (a) copolarized return, (b) depolarized return, and (c)
degree of polarization. The parameters are: frequency = 1.225 GHz, €5 = (6.5 + i2)eg, a =
2.5 cm, L = 15 cm, fractional volume = 0.006, d = 2.5 meters, €2 = (15 + 72)€g, and
0, = 05 = 60°. Orientation distribution is governed by 31 = 0° and S = 45°. The values of

the Mueller matrices based on MoM and infinite cylinder approximations are listed in Table
8.1.3.
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Figure 8.1.11 Polarimetric signatures based on second-order theory and MoM code as a
function of ellipticity angle x and orientation angle i of a layer of dielectric cylinders with
prescribed orientation distribution (a) copolarized return, (b) depolarized return, and (c)
degree of polarization. The parameters are: frequency = 1.225 GHz, €5 = (6.5 + i2)eg, a =
2.5 cm, L = 15 cm, fractional volume = 0.006, d = 2.5 meters, €2 = (15 + i2)eg, and
0, = 6, = 60°. Orientation distribution is governed by 8; = 0° and B2 = 45°. The values of
the Mueller matrices based on MoM and infinite cylinder approximations are listed in Table
8.1.3.
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Table 8.1.83 Mueller matrices of Figs. 8.1.10 and 8.1.11.

1.49 x 102 2.63 x 1073 0.000 0.000

2.63 x 1073 1.22 x 1072 0.000 0.000
0.000 0.000 ~7.88 x 1073 5.37 x 1073
0.000 0.000 -5.37x 1073 -3.35x 1073

First-order solution

2.19 x 1072 4.21 x 1073 0.000 0.000

4.22 x 1073 1.43 x 1072 0.000 0.000
0.000 0.000 —1.01 x 1072 7.35 x 1073
0.000 0.000 —7.37 x 1073 —3.67x 1073

Second-order solution

(The computed values of extinction rates are k., = 0.4037 ml Kep =
0.2324 m™1).

1.5 Second-Order Scattering from Isotropic Point Scatterers

The model of isotropic point scatterers is a convenient model to illustrate
the multiple scattering processes in a scattering medium. In this section,
we shall illustrate second-order scattering based on the iterative solution
to the radiative transfer equations for a wave incident onto a half-space
of point scatterers (Fig. 8.1.12). The solution will be compared with the
corresponding result from analytic wave theory in Volume III, where it will
be shown that there is a difference of a factor of 2 between the two results
in the direction of backscattering.

The differential radiative transfer equations will assume the form of
(8.1.31) and the boundary conditions are that of (8.1.32), with r(u) replaced
by zero. For p > 0 the integral equations are

I(,—p, @) = €7/ (1 — pi)d(9)
~ 1 2r 0

+ Y / dy / e’ / dr' TR W ) + I~ )]
amp Jo 0 T

(8.1.103)
I(T’N7¢)=
N 1 2m T ,
e [ [T aw [ ar e ) + 1 )
drp Jo 0 —o0

(8.1.104)
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Figure 8.1.12 Wave incident on a half-space of isotropic point.

The iterative solution will be carried to second order. For > 0 the
zeroth-order solutions are

IO(7, —p, ) = 6(1 — i) () €774 (8.1.105a)
IO u,¢) =0 (8.1.105b)
The first-order solutions are
% T/t

10 (r, =2 ( ¢ ) 8.1.106
19) = T\ T 1/ ( )

» T/ _ T/ 1
IO(r, —p, @) = — (e c ) 8.1.107
( ) Amp \ 1/pi = 1/p ( )

The second-order iterative solution can be calculated readily by substitut-
ing (8.1.106) and (8.1.107) into (8.1.103) and (8.1.104). The solution of the
outgoing specific intensity at 7 = 0 is, to second order,

I(T=O,H,¢) =I(1)(T=07H7¢)+I(2)(T:O"u'7¢)

- 4iu (1/#: 1/m>

o\22or [ldy 1142
i (47) —u—/o Tlt (% + ;,)“(;; 15 (Z+1) (8.1.108)

wi o)\ D)\
The first-order solution is proportional to the albedo @, and the second-
order solution is proportional to @?. In general, the nth-order solution is
proportional to @". Thus, the iterative solution converges quickly for small

albedo when scattering is dominated by absorption. We also note that there
is an integration over angles for the second-order solution because in the
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Figure 8.1.13 Double scattering processes involving two particles.

double scattering involving two particles, the direction of propagation from
the first particle to the second particle can be arbitrary (Fig. 8.1.13). Thus,
the general nth-order solution will involve an (n — 1)th-fold integration.

2 Discrete Ordinate-Eigenanalysis Method

2.1 Radiative Transfer Solution for Laminar Structures

For media with laminar structure, scattering only couples in two directions,
the upward-going intensity (6, z) and its specular downward-going counter-
part I(m—0, z) at the same angle 8. The two polarizations are uncoupled. The
result is a set of coupled equations for the upward and downward intensities
that can be solved analytically.

Let I, denote upward-going specific intensity, and let I; denote
downward-going specific intensity. Denoting the scattering region as region
1, we have, for 0 < 6 < /2,

cos Odiqu = —Kely + K,CT(2) + %ms(Pf I,+ P 1) (8.2.1)
1
cos O%Id = Kelg — Ko CT(2) — E/cs(Pf Ii+ Py 1) (8.2.2)

where the subscript u denotes upward; d, downward; f, forward; and b,
backward. Extinction is the sum of absorption and scattering k. = Kkq + Ks.
For horizontal polarization we have

_ OKRals 14 2KP, 12 05”0
*" cosf 1+4k}2 12cos?6
1

T 1+ 2K2 2cos?0

1m°z

(8.2.3)

P, (8.2.4)
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I 8 ) radiometer
Region 0 €0, 1o

Region 1 : -

Figure 8.2.1 Thermal emission of half-space of laminar structure.

where k},, denotes the real part of k. For vertical polarization we have

ok 1, cos? 26
5= eos |1 T THak2 B oos? (8:2.5)
2 cos? 20
b, = 8.2.6
7 T+ 4K2 12cos? 6 + cos? 26 (8.2.6)

For both cases of polarization we have
P;=2-P, (8.2.7)
We illustrate the solution for the case of thermal emission of a half-space
laminar medium (Fig. 8.2.1). The following nonuniform temperature profile
is assumed
T(z) =To+ The* (8.2.8)

A typical subsurface temperature profile of the Antarctica is shown in
Fig. 8.2.2. The temperature profile in the Amundsen-Scott Station in Antarc-
tica [Lettau, 1971] is fitted with the exponentials as follows:

For December 31 (summer) we have

Ti(z) = 222 + 34 %31
for August 31 (winter), we have
Ta(z) = 222 — 10€%37>
and for April 1 (autumn), we have
Ts(z) = 222 + 81 &051% — 88 £0-662



326 8 SOLUTION TECHNIQUES OF RADIATIVE TRANSFER THEORY

260 T T

255

250

245

Temperature (K)
N N N
g8 & 8

5

220 /

,
215

210
0

Depth (m)

Figure 8.2.2 Subsurface temperature distributions at the Amundsen-Scott

Station in
Antarctica.
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Figure 8.2.3 Brightness temperature (without scattering) as a function of frequency for
the three temperature distributions shown in Fig. 8.2.2: €], = 1.8¢,, €/, = 0.00054¢,.
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Figure 8.2.4 Brightness temperature as a function of viewing angle for TE and TM waves
at 20 GHz, €},, = 1.8¢,, €{,, = 0.00054¢,, I, = 2 mm, and T = T} (2).

where z is in meters.
The equations for the specific intensities are two coupled first-order dif-

ferential equations that can be solved exactly. We find the following solution
for the brightness temperature for the temperature distribution of (8.2.8).

Ty (6,) = 264(1 —T01) {To s 7 } (8.2.9)

(a+ Kq) — To1(ax — Kq) a + ycosf h
where ro; is the Fresnel reflectivity at the interface z = 0, and

o = [Ko(Ka + KsPy)]? (8.2.10)

In the absence of scattering (§ = 0), the brightness temperatures for the
three temperature distributions are illustrated in Fig. 8.2.3. By comparing
Figs. 8.2.2 and 8.2.3, we note that high-frequency emission originates primar-
ily from the surface while subsurface emission dominates the low-frequency
brightness temperatures.

In Fig. 8.2.4, the brightness temperature as a function of viewing angle
is plotted for the case of = 0 (no scattering) and § = 0.002, where J is the
variance of permittivity fluctuations. We note that the presence of scattering

induces darkening, because scattering hinders the emission from reaching the
radiometer.
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Figure 8.2.5 Brightness temperature as a function of frequency for different scattering
media for T = Ty (z), €}, = 1.8¢,, €f,, = 0.00054¢,, and I, = 2 mm.

In Fig. 8.2.5, the brightness temperature is plotted as a function of
frequency for different § values. We note that scattering causes darkening
in general. However, at high frequency, a significant amount of scattered
energy is in the forward direction so that the emission can still reach the
radiometer. This accounts for the minimum of brightness temperature at an
intermediate frequency for the curve in Fig. 8.2.5.

2.2 Numerical Procedure of Discrete Ordinate Method: Normal
Incidence

Consider a plane wave normally impinging upon a slab of scatterers between
2z =0 and z = —d. We decompose the intensity into reduced intensity and
diffuse intensity

I,=19 41, (8.2.11)
=1V +1, (8.2.12)

The boundary conditions are

Ii(r =0) = Fod(p — 1)6(9) (8.2.13)
L(m = —71q) = r(p)a(T = —14) (8.2.14)
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Because of normal incidence, the specific intensity does not have a ¢ depen-
dence.

The zeroth-order solutions have reduced intensities. They are

IO(7T) = r(p = 1) Fod(p — 1)8(¢p)e~T+27) (8.2.15)
19(r) = Fob(u — 1)e” (8.2.16)
The diffuse intensities obey the equations

dIu —(7 T
p (o) = = Lu(r, ) + P 651, 0)r (i = 1) Foe (7+27a)

2 1
+ p(iu’, d), _1, O)F()GT + / d¢’/ d'ulp('u’ ¢’ ,U,I, ¢,)IU(T, ”/)
0 0
2 1
+ / d¢/ / dp'p(p, &5 =1, &) Za(T, 1) (8.2.17a)
0 0
d7,
—“E'é(T, “) =7 Id(T’ l’l') + p(_uv d)a 17 O)T(,J’ = I)FOG_(T+2T")
+ p(_,u‘a ¢; —1, O)FoeT
2 1
+/0 d¢’A d#’p(___u,qs; ,LL/,¢,)IU(T, /J,I)
27 1
" / dd”/ dp'p(—p, ¢ =, ¢')La(7, W) (8.2.17b)
0 0

Because the diffuse intensities have no ¢ dependence, we can integrate
(8.2.17a) and (8.2.17b) over d¢ from 0 to 2w. We further let

1 27
5 ), d¢'p(p, ¢; 1, ¢') = po(p, 1) (8.2.18)

In (8.2.18) we have assumed the scattering medium has statistical azimuthal
symmetry so that the phase function p(u, ¢;u#/,¢') only depends on ¢ — ¢'.
Equations (8.2.17a) and (8.2.17b) then become

dzZ, T, —Tu T, 2 1 '
(r.1) _ ~Tulr) , 27 / dp'po(, 1) Lu(T, 1)
dr 1% K Jo

2m ! ’ / /
+7 | dp'po(p, —p')Za(, 1)

n po(k,1) e—('r+2’rd)7.(1)F0 + Ii“l;___l)eTFo (8.2.19a)
m
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_ dId(Tu :u’) — _Id(Ta ﬂ)
dr W

2r 1 / / ’
+7 A dp/po(—p, —p')La(T, 1)

2T
/dupo( s 1) Lu(, )
# 0

4+ Polem, 1)6_(T+2n)r(1) Fy+ B‘i:’l_j:_llefpo (8.2.19b)

I
and the boundary conditions for the diffuse intensity are
Za(r=0,u) =0 (8.2.20a)
Zu(=74, ) = (1) La(~7a, ) (8.2.20b)

We discretize directions p by using quadrature. Using Legendre quadrature,
we obtain

1 N
[ aut) = 3 aif) (8.221)
~1 =N
where pj,j = —-N,-N+1,...,-1,1,2,..., N are the 2N zeros of the Leg-
endre polynomial Pyy (1), and aj are the Christoffel weights
Pon (p)
a; = 8.2.22
T PéN(:U‘J) / ,U Hy ( )
j=-N,-N+1,...,-1,1,2,...,N —1,N. Thus
/ dp'po(p, 1) Lu(r, 1) / dp'po(p, —1')Za(r, 1) / dp'po(p, 1) Z(, 1)
(8.2.23)
where
Lu(r,p) 0S4/ <1
"N —
I(r,p') = {Id(T, _i) —1< i <0 (8.2.24)
Thus

/ dp'po(p, ) (7, 1) Zagpo 1y 115) Lo (T, +Z a;po(, =) Za(T, 115)
Jj=1 j=1
(8.2.25)
In (8.2.25) we have used the symmetry relations for the zeros and the
Christoffel weights

Pej = —lj (8.2.26a)
a_; = a; (8226b)
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For example,

N=2 p1=03399 =—p_,, po = 0.8611 = —p_o;
a; = 0.6521 = a_;, as = 0.3479 = a_o;
6, = cos™! g = 70°, 0y = cos™! g = 30.55°;

6_1 =cos™1(—py) =110°, 6_g = cos™(—pp) = 149.45°
Thus the discretized versions of (8.2.19)—(8.2.20) are

dIu(Ta :u’i) _Iu(Ta y‘l) 27

& - . -;j_lagpo(uuuy)f (T, 1)

N
2T
+ T Z a;po(pi, —p3)Za(T, 15)
(] J=1

4 Polki, 1)6_(T+2rd)r(1)p0 n ?&(_“i_"_l_)efpo (8.2.27a)

i Hi
N
dZy(r,pi)  —Za(r,ps) | 2m
—_ ( ,LL) = ( MZ) + - aij("/Livuj)Iu(Tvl'Lj)
dT /1«7, pu'l j=1
N

2T
Z a;po(—pi, —5)La(7, 1)

N Po( iy )e—(r+2‘rd)7.(1)F0 + ?ﬂ:‘ﬁ_’__l)efpo (8.2.27b)

i i
Za(tr=0,p;) =0 (8.2.28a)
Zu(—7d, pi) = r(pi)Za(—7a, 1) (8.2.28b)

The equations can be conveniently cast into matrix form.
Let Z,, and Z4 be column vectors containing the diffuse intensities in the
N directions; then

[ Iu(Ta /1‘1)
Iu(Tv /1'2)

il
g
[l

(8.2.29)

L Iu (Tv /J'N )
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I4

[ Za(T, 1) |
Zy(T, po)

| Za(T; 1) |
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(8.2.30)

are the column matrices of dimensions N x 1 containing the zeroth harmonic

diffuse intensities in the N directions, 6; = cos™! py, 69 = cos™! g, .

On = cos™! py.

.oy

For the phase functions, we can define the N x IV phase matrices denoting
the coupling of N directions to N directions. These are further distinguished
into uu, ud, du, and dd, where u = up and d = down.

Thus,
[ po(p1, 1)  po(p1, p2) po(11, UN)
po(pe, 1) polpe, p2) po(p2, uN)
5“” — 27‘[’ .
| po(pn, p1)  Po(in, p2) po(pn, pN)
[ po(p1, —p1) po(p1, —pN) ]
po(p2, —p1) po(H2, —pN)
=ud . .
p = 2 =
| po(pen, — 1) po(pn, —uN) |
[ po(—p1, 1) po(—p1,pun) ]
po(—pa, p1) po(—pa, UN)
=du .
p = 27{' =
| po(—pn, 1) po(—pN, UN)
[ po(—p1, —p1) po(—p1, —pN) |
po(—pa, —p1) po(—p2, —pN)
—dd )
p =27 :
_pO(_:uNa —'//'1) pO(—#‘Na_NN)_

=T (8.2.31)
B (8232
B (8.2:33)
=F (8.2.34)

where 7%¢ denotes the phase matrix of scattering from N downward direc-
tions to N upward directions for the zeroth harmonic. Similar interpretations
apply to p**, %, and p%. In (8.2.31)—(8.2.34) we have assumed that sym-



§2.2 Numerical Procedure of Discrete Ordinate Method

metry relations exist for phase functions such that

iy p5) = p(—pi, —p5)
and

(=i, pj) = pps, — )
Thus

denotes the forward scattering phase function matrix and

§ — iud — 5du

333

(8.2.35)

(8.2.36)

(8.2.37)

(8.2.38)

denotes the backward-scattering phase function matrix. We also define diag-
onal matrices 77 and @ containing the p;’s and the a;’s. They are both N x N

diagonal matrices.

H1
M2 0
= .
0
L KUN |
'al T
as 0
a=
0
L aN |

(8.2.39)

(8.2.40)

Also, let By, Bud» Bau, and (44 represent the source terms on the right
hand sides of (8.2.19a)2 and (8.2.19b). They are N x 1 column vectors

- p()(;:,l)'r(l)FO b

PO(Hz,l),,.(l)FO

H2

p‘)(/"' 11):
polinl) (1) F |

(8.2.41)
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Baa =

H2

- UN

8 po(*)u‘lsl)
H1

L UN

M1

K2

L UN

r P (/'l‘la—l) 7
. M1 FO
Po(llm“l)FO

Po(pun,—1)
Polpn,—1)

T(l)F() T
po(_lf:z’l)r(l)Fo

pO(_”Nvl)

- po(—un,—l)FO -1
pO(—#z,—l)FO

Po(—pn,—1) Fy

Fy

r(1)Fo |

Also the reflectivity matrix 7 is N x N and is

[ 7 (1)

il
Il

-

r(u2)

(1) |

Then in matrix notation, (8.2.27) and (8.2.28) become

dTU(T)

dr

+ -/Buu e_(T+2Td) + Bud e’

dZq(T)
dr

=TT+

=1 =

aZy(r)+E P

+ By €T + Byq €7
and the boundary conditions in matrix form are
Td(T = 0) =0

(8.2.42)

(8.2.43)

(8.2.44)

(8.2.45)

= - L) +E P aTu(n) + 5 P Talr)

(8.2.46)

4G Ta(r)

(8.2.47)

(8.2.48)
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Tut==7)) =7 Ty (1= —Ta) (8.2.49)

Solutions of (8.2.46) and (8.2.47) consist of homogeneous solutions and par-
ticular solutions. For homogeneous solution, we try

Tu=Tuo € (8.2.50a)
Ti=7Tgo > (8.2.500)
Substituting (8.2.50a) and (8.2.50b) into (8.2.46) and (8.2.47) gives
t0Tya + T Tua=7" F @ Tua+i ' B T Taa (825la)
T4+ Tga=7"B @ Tua+7 ' F T Ty (8.251b)
Adding (8.2.51a) and (8.2.51b) gives
afi - (Tua = Zia) = A+ Tue + Laa) (8.2.52)
where
A=-T+F-a+B-& (8.2.53)

where T is N x N unit matrix.
Similarly, taking the difference of (8.2.51a) and (8.2.51b) gives

afi - (Iua + Ida) =W (Tua - Ida) (8.2.54)
where
W=-1I+F-a-B-a (8.2.55)
From (8.2.52) and (8.2.54), we have
m =W = -
ol (Zua +Tda) = B A (Tua +Zaa)
so that
(7 W7 A-0?) - (Tua+Taa) =0 (8.2.56)

Thus we have eigenvalue problem for o?. It is an N x N eigenvalue
problem for a? so that there are N values of a?

2 2
ay,09,...,0N

Let Z,, be the eigenvector associated with a?, that is,
[ﬁ—l W.m A af] T =0 (8.2.57)

Il =1,2,...,N. Then o; and —; will both be eigenvalues of (8.2.51a)-
(8.2.5 b) 1th corresponding eigenvectors

_ 1 1 =\ =
ua = 5 —n A 'Ia, 8.2.58
L=z (1447 ) (8.2.58)
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Tio = % (1 - all 7! -i) Ta, (8.2.59)
for oy, and
e = = (1 _Lga -i) T, (8.2.60)
2 o !
Tio = (1 + L i) T (8.2.61)
2 o !
for —qy.

We also have 2N arbitrary constants with P, corresponding to eigenvalue
oy and with P_; corresponding to eigenvalue —¢;. The homogeneous solution
is a linear combination of these 2N eigenvectors.

N
FH 1 1 =-1_7F T o T
T =32 2 (o 7 T
=1

+ P (1 - l;rl A> T, —a'<f+fd>} (8.2.620)
i =—Z [Pz (1 - —1—u“ A) Toy 7
=1
+ P (1 + l‘"ﬁ‘—l -i) Ta, e—a'“m)] (8.2.62b)
87)

We next determine particular solutions of (8.2.36)—(8.2.37). The first set
is

Tu = Ty e (7+2m0) (8.2.63a)

Tq=Tg e T+ (8.2.63b)

Putting (8.2.63a) and (8.2.63b) into (8.2.46) and (8.2.47) give the equations
Twu=-T " TyutF F -5 Tuut+T ' BT Tiu+ Py (8.2.640)
Tin= T Tgu+® BT Tuut+f ' F T -Tou+Ba (8264b)

The second set is
Tu = Tud e’ (8.2.65(1)
Ti=Tgqe€" (8.2.65b)
where 7,4 and Z 44 obey the equations

1 Taa+ Buq (8.2.66a)

Tada+ Baqg (8.2.66b)

' Tud + ﬁ_

Tur=-F"'Tw+a ' F-
_E_ 'Tud+ﬁ_l

~Zaa=-1" Taa+0"

Sl sl
|
N
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Thus the total solution is
T,= Tf + Ty e 7127 L T €7 (8.2.67a)
To=T0 + Tgy e+ L Ty o™ (8.2.67b)

To determine P, and P_;, [ =1,..., N, we impose the boundary condi-
tions (8.2.48)—(8.2.49) at 7 = 0 and 7 = —74. For 7 = 0, these give

1 N ]. =1 = — 1 -1 = —
52 {Pl (1 o Iz 'A> Zoy + Py (1 + — A) -Iale_o"”}
=1

+Tg e o +Tgq=0 (8.2.680)
and at 7 = —74, the boundary condition gives

1Y 1 = 1 =
—Z{Pl (1 + Lz 7)) ey by (1oL 51 F) 7,
21:1 Q oy

+Tuu e T4 +T ud €4

:ﬂ Z{ (1_ — 7! .j) T €T

l

Equations (8.2.68a) and (8.2.68b) provide 2N equations for the 2N unknowns
PI?P27"‘)PN3P—13P—27"')P—N'

+ Py (1 + é- T i) -Ta,}+ Tawe ™ +Tyq e-Td] (8.2.68b)

2.3 Active Remote Sensing: Oblique Incidence

For the case of an incident wave that is obliquely incident on the layer of
scatterers, the radiative transfer equations become

2T
ud = (7, 1y @) = — Lu(7, 11, ¢ /du d¢’ pn (, @31, @) L7, 1, @)

+ Palp, 63—, &) La(T, 1 ¢')] (8.2.69)
dlq ! / o / Y, Y,
—/J'd—(Tvﬂa ¢) = - Id(T,,LL, ¢) + / d“ / d¢ [pn(_iu’ ¢’ 2 ,¢ )Iu(Ta 2 7¢ )
T 0 0
+ pa(—p, & =, &) (T, 1 ¢’)] (8.2.69b)
The boundary conditions are
Li(t =0, p,¢) = Foo(p — po)d(¢d — ¢o) (8.2.70a)
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L(t = =74, p1,¢) = r(p)La(r = =74, 1, $) (8.2.70p)

We next decompose intensity into reduced and diffused intensities
I, =19 4+ 1, (8.2.71a)
L=1"+1, (8.2.71b)

The incident direction is at (o, ¢o). The reduced intensity solutions are

10 (7,1, 8) =r(no)e™ o Fobl(u = 1o)é(6 = o) (8:2:720)
137 (7 1, 8) = Fod (1 = 1o)8(d = bo)e (8.2.720)
The boundary conditions for the diffuse intensity are
Z4(0,p1,0) =0 (8.2.73)
Lu(=7d, i ¢) = (1) Za(—Ta> s @) (8.2.74)

The diffuse intensity obeys the equations

dLu(r,pd) _ _ Tu(rm9) | S(rm9)

dr p 7
1 1 2
+ - / dy’ / d¢' [pn(u, TRV TS
®Jo 0
+ pn(ps &=, &) Za(r, 1, ¢')] (8.2.75a)
_ dId(Ta H, ¢) _ Id(Ta ,y ¢) + S((il) (Tv H, ¢)
ar p p
1 ! 2m !/ / / /
+—/ du’/ d¢’[pn(—u,d>;u,¢)Iu(‘r,u,d>)
KHJo 0
+ pn(—p, &5 —p', @) Za(T, 1, ¢’)] (8.2.75b)

where

(r+274)

_ (r427y)
S‘l(Ll) (Tv K, ¢) = {pn(“a ¢7 Ko, ¢o)€ o T(,UO)FO
+ Pn(kt, B3 —for Bo)e s Fo} (8.2.76a)
(r+27g)

Sfil)(’rv 1y ¢) = {pn(_,u'v ¢a Mo, ¢o)e— o T(HO)FO

+Pn(—ll, b; —ﬂoa(bo)eﬁpo} (8276b)
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The discretization of directions is performed by using quadrature angles

in p and taking Fourier series in ¢. We assume that the phase function is
azimuthally symmetric. Let

Pl &5 1/, 8') =po(s, +Zp"‘cu, ) cosm(¢ — ¢')

+ Zp’"s p, i) sinm (¢ — ¢) (8.2.77)

The S,(L) and S(l) which are scattering of reduced intensities, can be ex-
pressed as follows

SO (7, 1, ¢) = {PO(H» Ho) + Y P™(1, o) cOSM( — ho)
m=1

o0
_(rtary)
+ ) P (s o) sinm(d — ¢o)}e o 1(ko)Fo

m=1

+ {pﬂ(,“'a _#o) + Z pmc(lj‘a —/Jo) cosm(¢ — ¢o)
m=1

+ 3 P (o) sinm($ %)}eﬁFo (8.278)
m=1

m=1

S (7, ¢) = {po(—u,uo) + ) P~y o) coS (S — )

o (T+2Ti)
+ Z Pms(_#» /J'O) sin m(¢ - ¢o)}e— fro "'(,Ufo)FO

m=1

+ {pO(—ll'v _/1'0) + Z me(_'u, _/l'o) cosm(qﬁ - d)o)
m=1

+ Y P (—py —po) sinm(e — ¢o)}e"L°F0 (8.2.79)

m=1

The diffuse intensities are expanded in Fourier series about ¢ — ¢,

Tu(7, 1, 8) =Tou(T, ) + Y T(7, ) cosm(e — ¢o)

m=1
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+ Y Io(r, p) sinm(é — ¢,) (8.2.80a)
m=1
Ta(7, 1ty #) =Toa(r, 1) + Y T7(7, 1) cosm($ — o)
m=1
+ ) I7(r, ) sinm(d — o) (8.2.800)

m=1
Substituting (8.2.80a) and (8.2.80b) into (8.2.76b), we need to perform inte-
grals of the type

27

dd'pn(p, 3 14’ &) Lu(7, ', &)

2 o
-/ d¢'{po(u, WY+ S B, ) cos m( — 6)

m=1

+ 3 7 sinmo — 00|

m=1
oo

{ ou(T, 1) Z Ie(r, @) cosm' (¢ — o)

+ Z s (r, i) sinm/ (¢’ — ¢>o)} (8.2.81)

m’=1

The orthogonality of the integration of the product of cosine and sine func-
tions can be made use of

27
/ de¢’ cosm(¢ — ¢') cosm’ (¢’ — ¢,)
0
0 if m#m’
= ) meosm(ep—¢,) if m=m/ (8.2.824)
27
d¢’ cosm(¢ — ¢') sinm/(¢' — #,)
B {0 if m #m'

wsinm(¢ — ¢,) if m=m’ (8.2.82b)

27
/0 do! sinm( — ¢') cosm! (¢ — o)
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0 if m # m'
= rinm(é — ) ifm=m’ (8.2.82¢)
27
/0 d¢’ sinm(¢ — ¢') sinm/(¢' — o)
0 if m #m/
=\ —rcosm(é—¢o) mem  (82829)

We thus have
(8.2.81) = 2mpo(ty 1) Lous (T, ')

+m Y P, )T, 1) cosm($ — o)

m=1

+7 Y P, p) I (7, 1) sinm(é — o)

m=1

7Y ™ ()T, i) sinm( — o)

m=1

oo
-7 Z p™ (p, W) (1, 1) cosm(d — ¢o)  (8.2.83)
m=1
Similar terms are obtained for other terms in the integral.
Balancing (8.2.75a) and (8.2.75b) for terms without cosine or sine de-
pendence, we have

o —Z 1
dZ, u(T, /J) — Ou(T’ ll') + 27”/ dp,’po(,u,llz,)l-ou(’r, lu'/)
0

dr I
or 1
+ = / dp'po(p, — 1) Zoa(T, 1)

“ Jo

I
dIod(Tuu') - od(T1 :u’) 2 /1 ! ! I

— = _— d — My I’u ]

- ) 1'po(—ps 1) Zou(T, 1)

2T 1 / / /
+=5 | du'olp = )Lod(T; 1)

— T+27g) - - T
4 pol=p No)e_%d_r(uo) Fo+ PO(_IZ__“_Je: Fy (8.2.84b)
I
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These equations are similar to those of Section 2.2 for the case of normal
incidence and can be solved numerically in the same manner.

To obtain the solutions for the higher harmonics, we use (8.2.80),
(8.2.77), and (8.2.75). Balancing coefficients of cosm (¢ — ¢,) gives

dmC

7 ()
me mc o _r2r mc ,— T
__ LT,H) 4P (Z,u ) =T (uo) Fo + P (uu Ho) o=

s 1 me c ™ ! ms S
+ - / au'p™ (u, )T (T,u')—; /0 dp'p™ (e, )T (1, 1))

s
+ = /0 dp'p™ (, — ) I (7, 1)

7
1
S R el GV (8.2.850)
dzype
- dr (Ta :u’)
me me(__ (r427 mc(__ .
__I3e(mm) L P (=4, po) e(—::ar(po)Fo+M o Fo
7 7
™ ! 1, me ’ c / 7r ! 1, ms ’ s ’
+ = / dpp™ (—p, W)L () = = | app™ (=g )L (7, 1)
© Jo B Jo
™ 1 !_mc / mc li
+— [ AP (—p, — )L (T 1)
B Jo
1
—% /0 ! p™ (=, — YIS (7, 1) (8.2.85b)
Balance coefficients of sinm(¢ — ¢,) gives
d ms
7 (T 1)
ms ms —(r427g) ms _ o
_ I | P pe) e g P ) e
p p 7
/ du'p™ (p, 1) I / du'p™ (p, W)IT(7, 1)

Tr mc S
+2 /0 AP, — YT (7, )

1
e / AP (1, — YT (7, 1) (8.2.86a)
0



§2.4 Discrete Ordinate Method for Passive Remote Sensing 343

dZi” 25T p) P (g o) =tin)
- (Ta /l') =-"d + : € to T\Mo FO
Ir ” . (ko)
pms(

—_Mil) ers Fo+£ / dp'p™ (=, )T (1, )
/ dp'p™ (=, W)IT (7, 1)

/ dp'p™ e (—p, =) I (7, 1)

/ /'™ (— s, — )T, 1) (8.2.86b)

Equations (8.2.85a), (8.2.85b), (8.2.86a), and (8.2.86b) provide four
equations for the four unknowns Z7*°(7, ), I7*°(T,m), Z7°(7,p), and
I7°(7, u). Discretization of p can be performed in the same manner as the
zeroth harmonic, and the numerical method of Section 2.2 can be applied
for these components.

2.4 Discrete Ordinate Method for Passive Remote Sensing
For passive remote sensing problems, the radiative transfer equation is

T 27
cos 9&(;;@ = —ie-f(z,9)+naC’T+/ d¢'P(8,¢;6',¢')-1(z,0') (8.2.87)
0

We assume that the phase function ?(9, ¢, 6, ¢') has azimuthal dependence
of ¢ — ¢'; as a result, I(z,0) has no dependence on ¢. It can be shown that
the third and fourth Stokes parameter are equal to zero. Let

(v(6),v(8")) = 02WP11(9,¢;9',¢’)d¢’ (8.2.88a)
OO = [ Pal0,6:0, )0 .25
(h(6),v(8")) = /0 " Po1(6,¢;6',¢")d¢' (8.2.88¢)
(h(8), h(8")) = /O i Py(0,9;6',¢")d¢’ (8.2.88d)

Thus the radiative transfer equations for passive remote sensing are
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cos OW = —Keolu(0, 2) + K, CT

+ /07r ¢’ sin 6’ [(v(8), v(0')) Lo (2,8")
+ (0(0),h(0'))lh(z,0')] (8.2.89q)
cos de—{h(i————’i) = —KenIn(0,2) + K, CT

+ / " 40/ sind/ [(h(8),v(6")1u(2,8)
0

+ (h(8), h(6") 11 (z, 0’)] (8.2.89b)

Let p; be the 2n zeroes of the even-order Legendre polynomial Po,(p), and

a; are the Christoffel weighting functions. There are 2n p; values and 2n a;
values. They obey the relation

aj=a_; (8.2.90a)

Hj = —H—j (8290b)

for j = £1,4£2,43,...,+n. By letting 4/ = cos®, the integral in the ra-

diative transfer equation can be approximated by a quadrature formula as

follows
n

/01r df’sin 6'[v(0), v(6")]1,(¢', 2) = Z a;[v(0), v;lly,(2) (8.2.91)

j=-n
where
vj = v(f = cos™! p;) (8.2.92)
I, = I,(6 = cos™ ;) (8.2.93)

We further allow the variable 6 in (8.2.91) to assume the discretized val-
ues 6; only. With this quadrature procedure, the following system of equa-
tions for passive remote sensing are obtained. For ¢ = £1, +£2, ..., £n we
have

e Li(2) = KaCT — reili(2)
+ i a;[(vi,vj) i (2) + (vi, hj) Inj(2)]  (8.2.94)
j=n
m%lm(z) = KaCT — Kenilni(2)
+ i a;[(hi, v;) L (2) + (hi, Rj)Ini(2)]  (8.2.95)

j:—n
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where
Igi = Ip(pi, 2) (8.2.96)
Kepi = Kep(1ti) (8.2.97)
(ai, Bj) = [a(ps), B(k)] (8.2.98)

The choice of the order of quadrature n depends on the angular variation
of the integrand in (8.2.91). If the variation is smooth, then a lower-order
quadrature can be used. For Rayleigh scattering, an order of n = 8 is suffi-
cient. For rapid variation of the integrand, a higher order of quadrature is
required. Equations (8.2.94) and (8.2.95) constitute a system of 4n ordinary
differential equations with constant coefficients.

To solve for the homogeneous solutions to (8.2.94) and (8.2.95), let
IB,‘(Z) = Iﬁi e** (8299)

Substitute (8.2.99) in (8.2.94) and (8.2.95) in order to determine the 4n
eigenvalues of a and the corresponding 4n eigenvectors. In matrix notation

a1y (8.2.100)
1y (8.2.101)

u

074
—

= "I:!I
NI
I

~
?sll
~.| ~|

+
+

UUII g
s:ll
~| ~.|

@II

.+.
+

=l

el
s:ll

d

where T, and I are two 2n x 1 matrices denoting upward- and downward-
going specific intensities,

(1,1 ] [Lv—1 ]
- I - I,

I.=|" Ig=|7"" 8.2.102
Iny 47 | I ( )

bIhn i [ Th—r

the matrices i, %e, and @ are 2n x 2n diagonal matrices

ﬁ dlag [/—”1,,“27"'7/‘”)“%/"’%"'“71] (82103)
R— = dla'g [K'e'ul, Kev2y * ' *y Keuny Kehly Keh2, " " ) ﬁehn] (8-2-104)
a = diag|a1,ag,- -+, an,a1,a2, - an) (8.2.105)

and the matrices F and B are forward- and backward-scattering phase ma-
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trices with dimensions of 2n x 2n.

‘(vl,vl) (vl,vn) (’Ul,hl) ('Ul,hn)'

= | @nv1) oo @nv) @mh) .. (vnha)

=l o) oo (hvn) (hishi) oo (o ho) (8.2.106)
[y v1) oo (hvvn) (haht) oer (R B
(v1,v-1) ... (vi,v—p) (vi,h-1) ... (v1,h—n)]

= |m-1) .. @mven) @mhot) ... (Unyhon)

B= (h1,v_1) ... (h1,v_n) (hi,hoy) ... (h1,h_p) (8.2.107)
L(h"m.v-—l) (hn»:lj—n) (hn,'h—l) (hn,.h—n)_

From the symmetry relations for scattering phase functions, we have (a;, G;)

= (B—j, @), with a, 8 = v, h. Hence, both F and B are symmetric matrices.
The number of homogeneous equations can be reduced from 4n to 2n
by defining

I, =1,+14 (8.2.108)
T.=T,-T, (8.2.109)
Adding and subtracting (8.2.100) and (8.2.101) gives
afi-T_=4-1, (8.2.110)
af- T, =W T_ (8.2.111)
where
A=-%K +F-a+B-a (8.2.112)
W=-%+F-a-B-a (8.2.113)
Combining (8.2.110) and (8.2.111) gives the eigenvalue problem
G Wt A-aI, =0 (8.2.114)
Thus, if a is an eigenvalue, so is —a. Equation (8.2.114) has 2n eigenval-
ues a%,a%, ceey a%n and 2n eigenvectors 1,1,149,...,112,. The solution is
written in the following form

2n
T, = Z{PJH e 4 P T, e—“l(”d)} (8.2.115)
=1
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The constants P, and P_; are to be determined from the boundary con-

ditions. Also, T_ is determined from (8.2.110). Let superscript H denote
homogeneous solution. Then,

2n
FH 1 1=—1 mT.T az
Iu=§§ {Pl(1+;lll -A)-Iye
=1

11 = =
+ Py(1- —F LA Ty e—al(z+d>} (8.2.116)
l
-H 1 2n 1 | =
Id zié{ﬂ(l—aﬂ A) I+l€
11 = =
+ Po(1+—F LA T, e""(z+d)} (8.2.117)
l

To determine the particular solution, we note that

/07r d6’ sin 6’ [(v(6),v(8")) + (v(8), h(8"))] = Ksu(6) = Kew(8) — Ka

and
/0 " 48’ sin 0’ [(h(6), v(0")) + (h(8), h(8))] = Ke(8) = Ken(6) — Ka

The particular solution to (8.2.94) and (8.2.95) is, with superscript P denot-
ing particular solution,

.)=1,F=cCT (8.2.118)
where T is a 2nx 1 column matrix with each element equal to the temperature
T. The total solution is the sum of the homogeneous solution of (8.2.116)
and (8.2.117) and the particular solution of (8.2.118).

The 4n unknown constants P, and P_; are to be determined from the
boundary conditions. Suppose the scattering medium is bounded by dielec-
tric interfaces at z = 0 and at z = —d characterized by Fresnel reflectivity

and transmissivity matrices (Fig. 8.2.6). Then the boundary conditions are,
in matrix form,

Ta(z = 0) = F10- Tu(z = 0) (8.2.119)
Tu(z = —d) =19 Ta(z = —d) + 12 - CT (8.2.120)

where
10 = diag[ry10,, 701055 - - - T010,5 Th10, > Th10,, * * * s Thio,]  (8.2.121)

=0 sl

12 = diag [ry12,, w12, - - -, T012,s Th12: Thi2s ** * > Thiz,]  (8.2.122)



348 8 SOLUTION TECHNIQUES OF RADIATIVE TRANSFER THEORY

"{;adiometer

o
Region 0 €0, o
z=0
Region 1 €1, o T
[%
scattering layer
z=-d

Region 2 €2, 1o T;

Figure 8.2.6 Thermal emission of a scattering layer lying above a homogeneous dielectric
half-space.

ti = diag [tv12,, to12, - - - » to12,, th12,s Eh12,, - 5 Eh12, ] (8.2.123)

T
_ T,
To=|. (8.2.124)
T
T, is the temperature for the dielectric half-space below z = —d, rq10 is the

Fresnel reflectivity for the interface at z = 0 for a polarizations, and r,12 and
to12 are, respectively, Fresnel reflectivity and transmissivity for polarization
a at the interface 2 = —d. Equations (8.2.119) and (8.2.120) provide 4n
equations for the 4n unknowns P, and P_;,l =1,2,...,2n.

After the 4n unknown constants are determined, the brightness temper-
ature T'p is given by

P = = ]_ = _H J—
T = tolu(z=0) = = Tuo {Iu (z=0) + CT} (8.2.125)
with B
tio=1-T1o (8.2.126)

and T as the 2n x 2n unit matrix. Thus, f;0 is the transmissivity matrix for
the n directions and the two polarizations at the boundary z = 0. In the
following two sections, we illustrate the brightness temperature solutions
for random media with three-dimensional variations and discrete spherical
scatterers.
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2.5 Passive Remote Sensing of a Three-Dimensional Random
Medium

The phase matrix of a three-dimensional medium with correlation function

_ . o M m’—:c”2+y’—y”2
(ers (T (7")) = b¢i, exp [—I L - ! 1,2,( ) ]

(8.2.127)
has been derived in Chapter 7. The coupling coefficients of passive remote
sensing (v,v’), (v, k'), (h,v’), and (h, ') can be calculated by integration of
corresponding phase matrix elements over d¢’. They are

(v,v) =Q(6, 9" e“w{ [sin2 fsin? @' + % cos? 6 cos® 0'] I,(w)

+ 2sin 0sin 6’ cos 0 cos 0’1 (w) + % cos? 0 cos? G'Ig(w)} (8.2.128)

2
(0, 1) = Q(0, &) e 11 (w) — Iy(uw)] (8.2.129)
2 gl
(o) =Q(0, &) e~ = (1 (w) — L(w)] (8.2.130)
1
(h, 1) =Q(0, ) €™ 5 To(w) + Ty(uw)] (8.2.131)
where
(5]{:’4 l2 l
0 N — 1m®p z
@®, %) 4 [1 +k'12ml§(cos¢9—cos0’)2j|
2 2 9
- exp [— I’Z £ (sin@ — sin6') ] (8.2.132)
kl2 l2
__"Im®p . . /
w=— sin @'sin 0 (8.2.133)
The scattering coefficients are
Ksp(0) = / df'sin @’ [(v',v) + (W, v)] (8.2.134)
0
kon(6) = / 4o’ sin @’ [(v/, k) + (I, )] (8.2.135)
0

and the integration can be carried out using Gaussian-Legendre quadrature.
The extinction coefficient is a summation of the absorption coefficient of the
background medium and the scattering coefficient.

He,g(e) = Kq + I‘&sg(e) (8.2.136)
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Figure 8.2.7 Brightness temperature for vertical polarization as a function of observation

angle for €15, = 1.8(1 + 70.0005)¢,, frequency = 10 GHz, |, = 2 mm, T = 300 K, and
6 = 0.002.

where 3 = v, h and k, = 2k{,,.

In the following, we illustrate brightness temperature of a layer of ran-
dom medium overlying a homogeneous dielectric half-space (Fig. 8.2.6). In
Fig. 8.2.7, the vertically polarized brightness temperature for a half-space
random medium as a function of viewing angle is plotted for different [,
values. We note that as [, increases, the brightness temperature decreases
because the albedo increases with I, and scattering induces darkening for
a half-space medium. We also note that for small I,, scattering is diffuse
while for I, = oo, results reduce to that of laminar structure where there is
coupling only between the specularly related upward and downward direc-
tions. This is evident from Fig. 8.2.7, because the brightness temperature
for medium with the large [, exhibits stronger angular dependence.

In Fig. 8.2.8, the brightness temperature as a function of frequency is
illustrated for a half-space random medium. We note that there is a broad
minimum caused by resonant scattering analogous to the case of the laminar
structure of Section 2.1. The minimum cannot be uncovered by Rayleigh
approximations or point scatterers.

In Fig. 8.2.9, we plot the brightness temperature for a two-layer medium
as a function of frequency. The presence of a subsurface boundary introduces
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Figure 8.2.8 Brightness temperature as a function of frequency for €1,, = 1.8(1+:0.0005)e,,
l, =2mm, T =300 K, § =0.002, and observation at nadir.

260 T T T T T T T

250 g

8 8 3

Brightness Temperature (K)

Two Layer

150 1 1 1 1 1 L I 1

I i 1 1 1 1

1
2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Frequency (GHz)

Figure 8.2.9 Brightness temperature as a function of frequency for €1,, = 3.2(14¢0.0009)¢,,

l;=1mm, [, =2cm, T =273 K, § =0.02, and a subsurface layer at the depth of 2 m
with permittivity eg = 77.2(1 +40.17)e,.
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a maximum at the low-frequency side. At very low frequencies, the received
emission at the radiometer originates primarily from the subsurface dielectric
€2 which has a small emissivity. As frequency increases, brightness temper-
ature increases since the medium €1,,, which has a higher emissivity, begins
to contribute to the received emission. As frequency further increases, scat-
tering becomes dominant and causes a decrease in brightness temperature.
This accounts for the maximum in brightness temperature in the figure.

2.6 Passive Remote Sensing of a Layer of Mie Scatterers Overly-
ing a Dielectric Half-Space

For the case of Mie scatterers, the coupling coefficients (v(8),v(¢")), (v(6),
h(6")), (h(8),v(#")), and (h(0),h(#")) are given by [Tsang et al. 1985]

2
(0000 (9) = %52 3 2 T con ) (con)
k2 n(n + 1)
167n, — | — 1 M)m m
+ —k2_7§_—:1 gm X [T,‘l ‘tt(cos )t (COSG’)

2

+ T s™(cos B) s (cos 9')] (8.2.137a)

> 1

S (Myym m ,
Z n(n+ 1) X [Tn 124 (COSO).S" (COSO)

(00,1 (#)) = 2 >

m=1 |n=
2
+ T s (cos )t (cos 0')] (8.2.137b)
1671, o= o= 1 (o0 g ,
v — —_
(h(6),v (¢')) = A Z z nT D < TM s (cos 0)tr (cos ')
m=1 [n=m
2
+ T Mt (cos 0) s (cos 9')] (8.2.137¢)
0o 2
(h(8),h (0')) = 87m° Z T 5% (cos 6) s, (cos ')
“~n(n+1) " "
+ 167, i i _ X [T‘M)sm(cos 0)s7 (cosd’)
k2 4| n(n+1) oo "
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Figure 8.2.10 Brightness temperatures as a function of frequency for €1 = 3(1+10.0053)¢,,

€s = 8.3¢0, a = 5mm, f = 0.03, and T = 300 K. The results are compared for two different
sphere sizes.

2
+ TV ™ (cos )™ (cos o’)] (8.2.137d)
where
pm 0
t™(cos 0) = v/2mn(n + 1)7mnm—'%s——) (8.2.138)
dP™ 0
s™(cosf) = /2mn(n + 1)7,1,,,—"6(;00—8) (8.2.139)

From Chapter 2, the extinction, scattering, and absorption coefficients for
Mie scatterers are given by

2y,
ko=~ TRoReY (on+ DTS4 TV} (82140)
n=1
270 N
Ko = k2o (2n + 1) {lTr(LM)I2 +|T )|2} (8.2.141)
n=1
K = Ko — s (8.2.142)

We first consider the half-space case. In Fig. 8.2.10, we plot the bright-
ness temperature of a half-space of spherical scatterers. The parameters used
correspond to a lunar regolith containing basaltic rock chips. The results are
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Figure 8.2.11 Brightness temperatures as a function of frequency for ¢; = 3(1+:¢0.0053)¢,,

€s = 8.3¢,, a = 5mm, f = 0.03, and T = 300 K. The results obtained with the Rayleigh- and
the Mie-scattering phase functions are compared.
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Figure 8.2.12 Brightness temperatures as a function of the observation angle for €; = 3(1+
0.0053)€,, €5 = 8.3¢5, a = 5mm, f = 0.03, and T = 300 K. Results for vertical polarization
(solid line) and for horizontal polarizations are plotted at two different frequencies.
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shown for scattering spheres of sizes ¢ = 5 mm and a = 2mm. From the
figure, it can be seen that the resonance behavior of the smaller-sized parti-
cles occur at higher frequencies, while for the larger-sized particles, there are
multiple resonant behavior in the frequency range plotted. In Fig. 8.2.11, we
compare the results of the computed brightness temperatures obtained with
the Mie phase functions and Rayleigh phase functions. As the frequency in-
creases, the Rayleigh result becomes inaccurate and Mie scattering must be
used.

To illustrate the angular dependence, the brightness temperatures for
the vertical and horizontal polarizations at two different frequencies are
plotted in Fig. 8.2.12. We note that scattering also decreases the angular
dependence of brightness temperatures.

Passive Remote Sensing of Cloud and Rainfall

The discrete-scatterer model has also been applied to investigate microwave
thermal emission from a layer of cloud or rain (Fig. 8.2.13). To realistically
model the cloud and rainfall droplets, a drop-size distribution must be intro-
duced for the particles [Laws and Parsons 1943; Marshall and Palmer 1948].
The following I'-size distribution [Deirmendjian 1969] can be used:

n(a) = KyaP exp (—KgaQ) (8.2.143)

where the constants P and @ are fitted empirically to the slopes of an exper-
imentally obtained drop-size distribution. The unit of n(a) is usually given
in cm~3p~! and has the meaning of number of particles per unit volume per
unit radius. The extinction and absorption coefficients and the phase matrix
elements are then obtained by replacing n, in (8.2.137) through (8.2.142) by
n(a) and integration over a from 0 to co. The constants K; and K3 can be
expressed in terms of mode radius a. (in microns) and specific water content
M (gm/m3).

The mode radius a. is the drop-size at which n(a) is at the maximum.
By using (8.2.143) and n’(a.) = 0, we have

_ P
"~ Qd?

The fractional volume f occupied by water droplets can be calculated by the
formula

Ko (8.2.144)

—1g [T, 4T 3
f=10 | da?a n(a) (8.2.145)

where a is in microns.
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Figure 8.2.13 Geometrical configuration of the problem of thermal emission of a layer of
cloud or rainfall lying above the earth surface.

The specific water content M is the mass of water per unit volume of
space in the cloud or rain layer. Taking the specific density of water to be 1
gm/cm?®, we have

M = f10° (8.2.146)
Using (8.2.143), (8.2.145), and (8.2.146), we thus have
_ BMQK#H x10°

= 8.2.147
K, T (R) (8.2.147)

where I' is gamma function and
R=— igﬁ (8.2.148)

In the following, we illustrate the results for the following two models:
1. Cloud (typical of stratus clouds):

ac=20u, P=5 Q=03 M=08gm/m?
2. Rain (typical precipitation rate of 12 mm/h):
ac =400y, P=5 Q=05 M=05gm/m}
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Figure 8.2.14 Drop-size distribution for two models: 1. cloud, 2. rain.

For water with no salinity, the permittivity at 273 K is given by [Lane
and Saxton, 1952; Saxton and Lane, 1952]

1—143.59/A

where A is the wavelength in cm. We note that the fractional volumes for
both cloud and rain are of the order 107® so that the concentrations of
particles are sparse. The drop-size distributions for the two models are shown
in Fig. 8.2.14. The droplet size for rain is larger than that for cloud. However,
there are fewer drops per unit volume in rain than in cloud. From Fig. 8.2.14,
we also note that the drop-size distribution is maximum at the mode radius.

We first illustrate the brightness temperature for a single cloud or rain
layer in free space in the absence of atmospheric gaseous absorption and the
earth surface. The brightness temperature at 94 GHz as a function of layer
thickness is shown in Fig. 8.2.15. The observation angle is at nadir and the
temperature T is at 273 K. The brightness temperature first increases as
thickness increases and finally reaches a constant value corresponding to the
half-space solution. To study the brightening and darkening effects due to
scattering, we define Tao = T — TBo, where

Tpo = T(1 — e~ratsect) (8.2.150)

denotes the brightness temperature in the absence of scattering. A positive

82.5
€ = (5.5 + ———) € (8.2.149)
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Figure 8.2.15 Brightness temperatures as a function of layer thickness for cloud and rain
models. Frequency is 94 GHz.

TA means brightening due to scattering, and a negative Ta means darkening.

In Fig. 8.2.16, we plot T as a function of layer thickness. Scattering in-
duces brightening for small optical thickness and induces darkening for large
optical thickness. The brightening effect at nadir for small optical thickness
is due to coupling of larger specific intensities from other directions into the
nadir direction. Thus, scattering essentially increases the effective optical
thickness at nadir.

We next investigate the brightness temperature for a cloud or rain layer
over the earth surface. The boundary conditions for the radiative transfer
equations are

Ig(n—6,z2=1)=0 (8.2.151)

where 0 < @ < 7/2 and  stands for v or h polarizations. This bound-
ary condition, in effect, neglects the upper atmosphere and also neglects
the cosmic background that contributes a frequency-independent brightness
temperature of approximately 3 K. The boundary condition at z =0 is

I5(0, 2 = 0) = rp(0)I(m — 0,z = 0) e 2estesc® L £o(0)  (8.2.152)
where
£5(8) =[1 — 75(0)] CTy e Festecl 4 CT,(1 — e aslasech)
4+ 73(0) CT, e Rastesect(] — g=Faglasecl) (8.2.153)
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Figure 8.2.16 Brightening and darkening effect T as a function of layer thickness for
cloud and rain models. Frequency is 94 GHz.

and rg(6) is the reflectivity for polarizations 3 for a specular surface at angle
6, and T and T, are the temperatures of the earth surface and the air layer,
respectively. The air layer extends from z = —t, to z = 0 (Fig. 8.2.13).

We note that the first term in (8.2.152) corresponds to the downward
intensity of the cloud layer that is reflected by the earth surface and at-
tenuated by the air layer in between. The second term in (8.2.152), fg(6),
corresponds to the upward flux from the earth surface and the air layer.
The first term in (8.2.153) corresponds to the upward emission from the
earth surface attenuated in its uprising path by the intervening air layer.
The second term corresponds to the upward emission by the air layer. The
third term is the downward emission by the air layer that is reflected by
the surface and also attenuated by the air layer. In (8.2.152) and (8.2.153),
Kqg denotes the atmospheric gaseous absorption coefficient. In the cloud and
rainfall layers, the absorption and extinction coefficients are to include kq.
Thus, kg = Kag + m(,s) and Ke = Kqg + ngs) where /cc(f) and nﬁs) are absorption
and extinction coefficients of the water droplets in cloud or rainfall.

The brightness temperature for a cloud or rain layer over ocean is il-
lustrated in Fig. 8.2.17. The permittivity of the ocean at this temperature
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Figure 8.2.17 Layer of cloud or rain on top of air layer and ocean surface. (a) Brightness

temperature as a function of cloud or rain layer thickness. (b) Scattering effect Ta at 94 GHz
for (a).

is taken to be [Saxton and Lane, 1952]

65.5 .80
€= (5.5 + m + 17) € (8.2.154)

where f is frequency in GHz and A is wavelength in cm. The ocean temper-
ature is To = 293 K. The cloud layer is assumed to be at a height of 6 km
(= t,) above the ocean surface. We examine the brightness temperature at
two frequencies, 30 GHz and 94 GHz. For the purpose of illustration, the
atmospheric gaseous absorption coefficients k.4 are taken to be 0.023 km™!
and 0.108 km~! at 30 GHz and 94 GHz, respectively. The absorption coef-
ficient K, is assumed to be independent of height, although, in reality, k44
decreases with increasing altitude. The temperature of the air layer T, is
taken to be 293 K. In the absence of scattering, the brightness temperature
of the two-layer model is given by

Trop(0) :T{l — exp [—(n‘(f) + Kag)tsec 9]}
+ T rg(0) exp [—chagta sec 0} {1 — exp [—(ﬂ‘(f) + Kqg)t sec 9] }
X exp[—(n((f) + Kqg)t sec 0]

+ fﬁc(f)) exp [—(rsz) + Kag)t sec 9] (8.2.155)
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Figure 8.2.18 Brightness temperature as a function of viewing angles. Shown in dotted
lines are Tgo for vertical and horizontal polarizations. (a) Cloud layer of 1 km over ocean
at 94 GHz. (b) Rain layer of 1 km over ocean at 94 GHz.

We first discuss the brightness temperatures as observed from nadir and
plotted as a function of thickness as shown in Fig. 8.2.17a. The scattering
effect is shown in Fig. 8.2.17b by plotting the change in the brightness tem-
perature compared with the no-scattering case Tag = Tpg — TBog. We note
that for small thicknesses, scattering induces brightening but at the same
time it also blocks the emission from the air layer and the ocean surface.
These two effects tend to cancel and result in a relatively small brightening
or darkening effect. At 94 GHz, the atmospheric gaseous emission from the
air layer is strong. Therefore, the scattering-induced blocking of emission is
stronger than the scattering-induced brightening effect. Thus, in Fig. 8.2.17,
we observe an overall darkening effect, even at small optical thickness. For
large thicknesses, scattering causes darkening for both the cloud emission
and the emission from the air and the ocean. These two effects reinforce
each other and result in a larger darkening effect as compared with that
shown in Fig. 8.2.16.

In Fig. 8.2.18, the brightness temperatures are plotted as a function of
viewing angle at 94 GHz. The darkening effect is evident at larger angles of
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Figure 8.2.19 Brightness temperature as a function of viewing angles. Shown in dotted

lines are Tgo for vertical and horizontal polarizations. Rain layer of 1 km over ocean at 30
GHz.

observation. In Fig. 8.2.19, we plot the brightness temperatures as a function
of viewing angle at 30 GHz. At 30 GHz, the atmospheric gaseous emission
is lower so that we uncover the stronger polarization dependence due to
the emission from the ocean surface. The scatter-induced darkening effect
is stronger at larger angles of observation. It is also larger for the vertical

polarizations because the emission from the ocean surface onto the cloud
layer for this polarization is stronger.

3 Invariant Imbedding

The method of solving the radiative transfer equations using the numeri-
cal quadrature eigenanalysis approach is limited to the case in which the
scattering and absorption are homogeneous functions of depth. For the case
of inhomogeneous profiles of scattering, absorption, and temperature, (e.g.,
cloud and rainfall layers and snow layer in the Antarctica), the method of
invariant imbedding can be employed to solve the radiative transfer equa-
tions. With the method of invariant imbedding [Bellman and Wing, 1975;
Tsang and Kong, 1977], the boundary value problem of the radiative trans-
fer equations is converted to an initial value problem starting at zero slab
thickness. The equations so obtained incorporate the boundary conditions
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Figure 8.3.1 Problem A: Reflection and transmission by an inhomogeneous slab.

of the transfer equations. They are in the form of first-order ordinary dif-
ferential equations and can be solved by standard methods of initial value
problems by stepping forward in layer thickness. We first consider the case
of one-dimensional propagation when the fluxes are allowed to flow only in
the forward and backward directions. Then the method is readily extended
to the case of three-dimensional propagation.

3.1 One-Dimensional Problem

The problem of thermal emission of passive remote sensing is expressed in
terms of reflection and transmission of an incident wave impinging on the
inhomogeneous slab. Hence, the reflectivity and transmissivity functions are
first studied.

A. Reflection and Transmission by an Inhomogeneous Slab

Consider a source intensity @ incident from medium 2 onto an non-emissive
slab (Fig. 8.3.1). The radiative transfer equations are given by

L1(z,8) = —ke(2)I1(2,8) + f(2)I(2,s) + b(2) (2, 5) (8.3.1)
—I11(2,8) = —ke(2)I1(2, 8) + b(2) I (2, 8) + f(2)])(z, s) (8.3.2)

where I,.(z, s) and Ij(z, s) are specific intensities propagating to the right and
to the left, respectively, ke(z) is the extinction coefficient, f(z) is the forward
scattering coefficient, and b(z) is the backward scattering coefficient. The 2
argument in the extinction and scattering coefficients indicate that they are
functions of position. In addition, the specific intensity is also a function
of s, the thickness of the slab. We shall denote partial differentiation by a
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numerical index subscript denoting the variable position. Hence,

0I,(z,s)
Ln(z,8) = 228 8.3.3
1(2,8) = = (333)
_ 0I(z,s)
Lo(z,8) = s (8.3.4)
02I,(z, s)
Ir12(z,s) = —W (8.35)
This implies that differentiating I..(z, s) with respect to s will give two terms.
0
5;1,(3, s) = Ir1(s, s) + Ira(s, s) (8.3.6)
The boundary conditions for the radiative transfer equations are
I.(0,s) = r011;(0, s) (8.3.7)
Ii(s, s) = r12lr (s, 8) + t12Q (8.3.8)

where 7g; is the reflectivity at the boundary at z = 0 and 712 and ¢;o are the
reflectivity and transmissivity of the boundary at z = s, respectively.

In view of the linearity of (8.3.1) and (8.3.2), we can define a reflectivity
function R(s) and a transmissivity function t(s) as follows

IT(S, S) = R(S) t12Q (839)
I1(0,s) = t(s) t12Q (8310)

Both the reflectivity and transmissivity functions are functions of the thick-
ness s. The aim of invariant imbedding is to form equations for R(s) and
t(s) independent of the specific intensities I.(z, s) and [j(z, s). First we note
that from (8.3.8) and (8.3.9)

L(s,8) = [1 + r12R(s)]t12Q (8.3.11)

By substituting z = s in the radiative transfer equations (8.3.1) and

(8.3.2), I1(s,s) and Ij; (s, s) can be expressed in terms of R(s) using (8.3.9)
through (8.3.11). We have

I1(s, 8) = (=ke(s) + f(s))Ir (s, s) + b(s)Li(s, 5)
= (—ke(s) + f(5))R(5)t12Q + b(s)(1 + r12R(5))t12Q
Thus we have
I1(s,8) = [p(s) R(s) + b(s)]t12Q (8.3.12)
where

p(s) = —ks(s) + f(s) + b(s)r12 (8.3.13)
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Similarly,
Iii(s, 8) = [ke(s)r12R(s) — f(s)r12R(s) — b(s)R(s)
+ Ke(s) — f(8)] t12Q (8.3.14)
Next, we differentiate (8.3.9) and use (8.3.6)
d};is) t12Q = Irl(s, S) + I7~2(S, s) (8.3.15)

To express I9 and I} in terms of I,1(s, s) and Ij; (s, s), we differentiate the,
radiative transfer equations and the associated boundary conditions, (8.3.1)
and (8.3.2) and (8.3.7) and (8.3.8), to yield
I91(2,8) = —ke(2)I12(2, 8) + f(2)Ir2(2, 8) + b(2)I12(2,s) (8.3.16)
—I191(2, 8) = —ke(2)12(2, 8) + b(2)Ir2(2, 8) + f(2)12(2,8) (8.3.17)

with boundary conditions

IT2(0, S) = 7"01112(0, S) (8318)

Iio(s, s) = rialr2(s, s) + [ri2lr1(s, 8) — L1 (s, s)] (8.3.19)
On comparing (8.3.16) through (8.3.19) with the original transfer equations
(8.3.1) and (8.3.2) and boundary conditions (8.3.7) and (8.3.8), we find
that Io(z,s) and Ijp(z,s) satisfy the same equations and boundary con-
ditions as I,.(z,s) and I;(z, s) with a change of source term from ¢12Q to
r12171(s, 8) — I11(s, s). Thus, by the principle of superposition and making
use of the definition of the reflectivity function R(s) and the transmissivity
function t(s), we have

Io(s,s) = R(s)[r12lr1(s, s) — I (s, 8)] (8.3.20)
I12(0, 5) = t(s)[rielr1(s, s) — I1i(s, s)] (8.3.21)
In (8.3.12) and (8.3.14), I1(s, s) and Iji(s, s) are in terms of R(s) already.
Hence, I,2(s,s) can be expressed in terms of R(s) by using (8.3.20). The

right-hand side of (8.3.15) can thus be expressed entirely in terms of R(s),
giving the following differential equation for R(s) :

d};f) = b(s) + 2p(s)R(s) + q(s) R*(s) (8.3.22)
where
q(s) = (1+ r35)b(s) — 2r12(ke(s) — f(s)) (8.3.23)

Similarly, differentiating (8.3.10) and using the (8.3.21) gives the differential
equation for ¢(s)

) _ o(s) + a(s) RE(S) (8.3.24)
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Figure 8.3.2 Problem B: Thermal emission from an inhomogeneous slab.

The initial conditions can be established by letting s = 0 in (8.3.9) and
(8.3.10) and using (8.3.7) and (8.3.8)

701
R S = O = - 8.3.25
( ) 1 —ro1m12 ( )

1
t(s=0)= ——— 8.3.26
( ) 1 —roiri2 ( )

The boundary value problem has been converted into an initial value prob-
lem which is readily solved by stepping forward in s. Equations (8.3.22)
and (8.3.25) form an initial value problem for R(s). Equations (8.3.24) and
(8.3.26) form an initial value problem for ¢(s) in terms of R(s).

B. Thermal Emission from an Inhomogeneous Slab

We next consider the problem of emission (Fig. 8.3.2). Medium 1 has a tem-
perature distribution T'(z), and medium 2 has temperature T5. The bright-
ness temperature as a function of slab thickness is expressed in terms of the
reflectivity and transmissivity function of Problem A. The radiative transfer
equations for Problem B are

Irl(z, 3) = - ”e(z)Ir(za 3) + f(Z)IT(Z, S)

+ b(2)i(z, 8) + ka(2)CT(z) (8.3.27)
_Ill(Z, 5) = = K«e(z)Il(za 3) + b(z)I,.(Z, S)
+ f(2)Li(z, 8) + ka(2)CT (%) (8.3.28)

with boundary conditions

L,(0, s) = 701 L0, 5) (8.3.29)
I[(S, S) = T2 Ir(s, s) +t120CTo (8.3.30)
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We define the reflected temperature as

1
Tr(s) = c I,(s,s) (8.3.31a)
From (8.3.30) and (8.3.31a) we obtain
Ii(s,s) = 119CTR(s) + t12CTs (8.3.31b)
The brightness temperature as observed by a radiometer in region 0 is
1
TB(S) = 6 t01Il(0, S) (8.3.32)
Differentiating (8.3.31) with respect to s gives
dT, 1
;,s(s) = 5 [In1(5,9) + Iras, )] (8.3.33a)

The quantities I,.(s, s) and Ij(s, s) are expressed in terms of Tr(s) through

(8.3.30) and (8.3.31). Hence I1(s, s) can be expressed in terms of Tr(s) by

letting z = s in (8.3.27):

I1(s,s) = (—ke(s) + f(s))CTR(s) + b(s)[r12CTR(s) + t12CT2]| + kqa(s)CT(s)
(8.3.33b)

To derive a relation for I,o(s, s) in terms of Tr(s), we differentiate radiative

transfer equations (8.3.27) and (8.3.28) and boundary conditions (8.3.29)
and (8.3.30) with respect to s.

I91(2, 8) = —Ke(2)Ir2(2, 8) + f(2)Ira(2, 8) + b(2)I12(2,s) (8.3.34a)
—Ii91(2, 8) = —kKe(2)L12(2, 8) + b(2) Iro(z2, 8) + f(2)[12(2,s)  (8.3.34b)

12(0, s) = ro1112(0, 5) (8.3.35a)

Iia(s, s) = rialra(s, s) + [r12lri(s, s) — L1 (s, 8)] (8.3.35b)

On comparison of (8.3.34) and (8.3.35) with Problem A of reflection and
transmission, we note that they satisfy the same equations and boundary
conditions with a change of source term from t12Q to r121.1(s,s) — I;1(s, s)

of Problem B. Hence, using the definitions of reflectivity and transmissivity
functions of Problem A, we obtain

Lo(s,s) = R(s)[r12Lr1(s, s) — I (s, s)) (8.3.36a)
I15(0, 5) = t(s)[ri2lr1(s, s) — I11 (s, 8)] (8.3.36b)
The rest of the derivation is similar to the case of Problem A. We obtain
TR _ p(s) + R(s)a(s)]Tr(s) + () RLs) + b{s)]traT
+ ka(8)T(s)[1 + R(s)(1 + 712)] (8.3.37)
dTp(s)

o =to1t(8)[Tr(s)q(s) + p(s)tieT2 + ka(s)T(s)(1 + r12)] (8.3.38)
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with the initial conditions

ro1t12
Tr(s=0) = ————T- 8.3.39
R(s =0) 1—roris - ( )
toit12
Tg(s=0) = —T: 8.3.40
B( ) 1—roiriz ( )

Hence, the initial value problem for Tr(s) and Tg(s) is in terms of R(s) and
t(s) of Problem A and must be solved in conjunction with the latter two
quantities, which are governed by (8.3.22) and (8.3.24) through (8.3.26).
To illustrate the various effects due to nonuniform scattering, absorp-
tion, and temperature profiles, we use the laminar structure model of Section
2.1, which is now allowed to assume inhomogeneous profiles. We have the

profiles of T'(z), 6(z), I(z), and l¢(z), where l;(z) is defined as the loss tangent
profile

1(2) = () /Eim (8.341)

We plot the numerical results corresponding to the case of a layer of ice
over water. The parameters are taken to be €}, = 3.2¢,, € = 77.2(1 +
i0.17)e,, To = 273 K, and I(z) = 1 mm, with the following profiles,
(a) Scattering profile:

§(z) = 0.01 + 0.01 exp(—0.005z2)

T(z) =273K

l(z) = 0.0009
(b) Scattering and temperature profiles:

d(z) = 0.01 + 0.01 exp(—0.005z)
T(z) = 273 — 33exp(~-0.01z)
l(z) = 0.0009
(c) Scattering and absorption profiles:
d(z) = 0.01 + 0.01 exp(—0.0052)
T(z) =273 K
l4(z) = 0.002 — 0.0011 exp(—0.005z)
(d) Uniform profile:
d(z) = 0.02
T(z) = 273 K
l(z) = 0.0009
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Figure 8.3.3 Brightness temperatures as a function of layer thickness s for the case of

laminar structure. Profiles (a), (b), (c), (d), and (e) of the case of ice over water are compared.
Frequency is at 10 GHz.

(e) Scattering profile:

0(2) = 0.01 + 0.01 exp(—0.03z2)
T(z) =273K
ly(z) = 0.0009

where z is distance in cm. In Fig. 8.3.3, we plot the brightness tempera-
ture at 10 GHz as a function of layer thickness. We note that profiles (a),
(c), (d), and (e) have very little difference in brightness temperatures at
small layer thicknesses. For large layer thicknesses, profile (e) has the highest
brightness temperature because there is least amount of scattering. For these
four profiles, the brightness temperature increases as thickness increases be-
cause emission from ice is stronger than that from water. For profile (b),
the brightness temperature first decreases as thickness increases because the
temperature of ice in region 1 is lower than that of water.
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3.2 Passive Remote Sensing of a Three-Dimensional Scattering
Medium with Inhomogeneous Profiles

The invariant imbedding approach can be readily generalized to the case
of three-dimensional problems. These include random media with three-
dimensional variations and discrete scatterers. In three-dimensional prob-
lems, the radiative transfer equations can be cast into a system of first-order
ordinary differential equations by making use of quadrature. Thus, instead
of working with scalar quantities as in Section 3.1, we deal with matrix
quantities. We assume that the radiative transfer equations and boundary
conditions have been discretized with a finite number of 2n directions by
using Gauss-Legendre quadrature Py, (1) as done in Section 2.4.

A. Reflection and Transmission by an Inhomogeneous Slab

Analogous to the one-dimensional medium case, the associated problem of
reflection and transmission is to be solved in conjunction with the thermal
emission problem. Consider a source intensity @ incident from medium 2
onto a nonemissive slab (Fig. 8.3.1), where @ is a 2n x 1 vector containing
the fluxes of the n directions with two polarizations for each direction.

In matrix notation, the discretized forms of the radiative transfer equa-
tions are, analogous to (8.2.94) and (8.2.95),

T-Ir1(z,8) = —Re(2) - Io(2, ) +?(z) a-I.(z8)
+B(2) 3Tz, 3) (8.3.42)
—%-In(z,8) = — _ﬁf(z) Ii(z,8) + B(z)-a-I,(z9)
+F(2)-a-Ii(z,s) (8.3.43)
with boundary conditions
1,(0,s) =To1 - 1,(0, s) (8.3.44)
Ti(s,s) =71z To(s,9) + T2 - @ (8.3.45)

for the problem of reflection and transmission by an inhomogeneous layer.

The reflectivity function R(s) and the transmissivity function #(s) are defined
as

I.(s,s)=R(s)-a i
T,(0,8) =1(s) & -7 -

to-Q (8.3.46)
0 (8.3.47)

t12
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The incident flux vector Q is taken to be

- Qvl -
Qu,

Q;,n (8.3.48)
Qh,

Ql
I

| Q. ]

In (8.3.42) through (8.3.48), all column matrices have dimension 2n and all
the matrices have dimension 2n x 2n, as in Section 2.4.

The matrices 7z and @ are, respectively, the discretized angle matrix and
Christoffel matrix defined in (8.2.103) and (8.2.105). The matrix %, is the
extinction matrix for the n directions for each of the two polarizations and
is defined in (8.2.104). The F and B matrices are forward and backscatter-
ing matrices defined in (8.2.106) and (8.2.107), respectively, and denote the
scattering coupling among the directions and the polarizations. The inho-
mogeneous profiles are such that %e(z), F(z), and B(z) are assumed to be
functions of z.

With the use of matrix notation, the derivation of the invariant imbed-
ding equation is similar to that of the one-dimensional case. The differential

equation for the reflectivity ﬁ(s) and transmissivity function ?(s) are

—R(s)=F"B(s)-H ~F  -Re(s) R(s)
+E(s) - R(s) + R(s) - X(s) (8.3.49)
E?(s) =%(s)- X(s) (8.3.50)
where
“f(s)_ —Fu(s) T+ H(s)-R(s) + E (s) + Wa(s) - R(s) (8.3.51)
H(s) = — 23 - Re(s) - T12 (8.3.52)
G(s) =F(s) + B(s) -T2 (8.3.53)
E(s) =T '-G(s)-a (8.3.54)
Wa(s) =a- [%12 F(s) -3+ F(s) Tz -3

(8.3.55)

_|._
:II
N
=1
&=
:Il
N
Qll
+
=1
=
Qll
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and the matrices of #13, 712, fo1, 701, and k. are diagonal. The initial con-
ditions are

(s=0)=@ &) ' For- (T —Fi2-7o1) " (8.3.56)
(s=0)=@-B) ' T -7Fig -To1)™" (8.3.57)

Equations (8.3.49) and (8.3.50) consist of 2(2n x 2n) = 8n? equations.
They are initial value problems with thickness s as the independent variable

and can be solved readily by stepping forward in thickness and using the
initial conditions of (8.3.56) and (8.3.57). It can easily be shown from (8.3.49)

through (8.3.57) that R!(s) = R(s), which is a statement of reciprocity.

gl :‘U“

B. Thermal Emission from a Layer with Inhomogeneous Profile

For the problem of thermal emission by a layer with inhomogeneous profile
(Fig. 8.3.2), the radiative transfer equations become, for the case of a three-
dimensional problem,

T-Tn(2,8) = —Rel2) - Tr(2,8) + F(2) - - T, (2, 6)

+B(2) -3 -Ti(z, ) + CI(2) (8.3.58)
% -Tn(z,8) = —Re(2) - Ti(2,8) + B(2) - @ I, (z, s)
+F(2)-3-1)(2,5) + CI(2) (8.3.59)
with the boundary conditions
1.(0,s) =To; - 1,(0, 5) (8.3.60)
Ti(s,s) =712+ I.(s,8) + T1a-CTo (8.3.61)

The reflected temperature vector Tg(s) and the brightness temperature vec-
tor Tp(s) are defined as

Tr(s) = éjr(s, s) (8.3.62)
Ta(s) = é?m .T,(0, 5) (8.3.63)
In (8.3.58) through (8.3.61), the emission vector is
J(2) = ka(2) T(2) T (8.3.64)
and
To=To1 (8.3.65)

where T is a column matrix with all 2n elements equal to unity.
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The derivation of the invariant imbedding equation is similar to that
for the one-dimensional case. The differential equations in terms of layer
thickness s are

%TR(S) = -7 ' Re(s) Tr(s) + Es-Tr(s)+7 " - B(s)-a-t1g- Ty
+7 1 T(s) + R(s) - U(s) (8.3.66)
%‘TB(S) =To1 - £(s) - U(s) (8.3.67)
where
U(s)=H(s) - Tr(s) +@ - T +712) - J(s) +a-G'(s) - -tra-Ta
~ T Fe(s) t12 - Ta + Wa(s) - Tr(s) (8.3.68)
The initial conditions are
Tr(s=0)=TFo1 - (I —7T12-7o1) ' - t12- T2 (8.3.69)
Tp(s=0) =t (T — 712 -For1) " - T12 - T2 (8.3.70)

The quantities ﬁ(s), E(s), ﬁ(s), and Wa(s) are as defined in (8.3.52)
through (8.3.55).
Equations (8.3.66) and (8.3.67) are 4n equations with the right-hand

side dependent on R(s) and #(s) of Problem A and is to be solved in conjunc-
tion with Problem A. Hence (8.3.49) and (8.3.50) and (8.3.66) and (8.3.67)
consist of 8n2 +4n equations and can be solved by stepping forward in thick-
ness s beginning with the initial conditions of (8.3.56) and (8.3.57) and of

(8.3.69) and (8.3.70). By making use of the fact that R(s) is symmetric,
the number of equations to be solved is reduced to 6n2 4+ 5n. All multiple
scattering effects within the framework of radiative transfer theory are in-
cluded. The solutions for a three-dimensional random medium and discrete
scatterers are illustrated, respectively, in Sections 3.3 and 3.4.

3.3 Passive Remote Sensing of a Three-Dimensional Random
Medium

In this section we illustrate the results of Section 3.2 for random medium
with a three-dimensional variations. The coupling coefficients for passive
remote sensing were derived in Section 2.4. The profiles (a), (b), and (c)
of Section 3.1 are used. In Figs. 8.3.4 and 8.3.5, we illustrate the angular
and polarization variations of brightness temperatures for ice over water for
l, = 2cm. Other parameters are as in Section 3.1. The brightness temper-
ature of vertical polarization is higher than that of horizontal polarization.
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Figure 8.3.4 Brightness temperatures for vertical polarization as a function of observation
angle for profiles (a), (b), and (c). The case considered is ice over water with I, = 2cm.
Thickness is 50 cm, and frequency is 10 GHz. Other parameters are as in Section 3.1.

We note that for horizontal polarization, the brightness temperature first
increases as the angle increases. This is in contrast to the case of a laminar
structure. Three-dimensional variations allow coupling among specific inten-
sities of different directions of propagation and polarizations. In Figs. 8.3.4
and 8.3.5, scattering within the ice layer couples the two polarizations of
the incoming emission from water, which is highly polarization and angular
dependent.

3.4 Thermal Emission of Layers of Spherical Scatterers in the

Presence of Inhomogeneous Absorption and Temperature
Profiles

It is well known that atmospheric absorption and temperature profiles are
inhomogeneous. Thus, in considering the scattering effects in passive remote
sensing of cloud and rainfall, the profile structure of the atmosphere must be
taken into account. The formalism developed in Section 3.2 can be applied
to the problem of layers of spherical scatterers in the presence of inhomo-
geneous profiles. In this section, we shall illustrate the results for a layered
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Figure 8.3.5 Brightness temperatures for horizontal polarization as a function of observa-
tion angle for profiles (a), (b), and (c). The case considered is ice over water with [, = 2 cm.
Thickness is 50 cm, and frequency is at 10 GHz. Other parameters are as in Section 3.1.

atmosphere consisting of a layer of ice particles and a layer of cloud or rain-
fall in the presence of background atmospheric gaseous absorption profile
and temperature profiles (Fig. 8.3.6).

The ice layer extends from z = s; to 2z = s9. The layer of cloud or
rain extends from z = s3 to z = s4, and the earth surface is at z = s. The
thickness s of the atmosphere is of the order of 100 km. We use T'(z) to
describe the temperature profile of the atmosphere from z = 0 to z = s and
T is the temperature of the earth surface. Let k,5(2) denote the atmospheric
background absorption profile from z = 0 to 2 = s, which includes absorption
of atmospheric gases and water vapor but does not consider water droplets
in cloud or rain nor the ice particles in the ice layer.

The water droplets in cloud or rain are characterized by M (specific
water content), P, @, and mode radius a.. The coupling coefficients (c, 5’)
for Mie scattering are computed by using the formulas in Section 1.3. Let
Kaw and Key denote the absorption and extinction coefficients of the water
droplets in cloud or rain computed by using the Mie formula.

We shall characterize the ice particles by gamma drop-size distribution,
and permittivity €;ce. Let (Kq)ice and (Ke)ice denote the absorption and ex-
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Figure 8.3.6 Geometrical configuration of the problem. The radiometer is above z = 0.
The earth surface is at z = s. There is an ice layer from z = s; to z = s2 and a rain or
cloud layer from z = s3 to z = s4. The atmosphere is described by temperature distribution
T(z) and a background absorption kqp(2). There are also scattering and absorption due to
the particles in the ice and cloud/rain layers.

tinction coefficients of the ice particles computed by using the Mie formula.
The coupling coefficients of scattering (c, 3) are also computed according
to the Mie formula. Thus,

(0 for z<0
Kab(2) for0<z< s
) Kap(2) + (Ka)ice for s1 <z < s
Ka(2) = S Kab(2) for s9 < z < s3 (8.3.71)
Kab(2) + Kaw for s3 <z < 84
\ Kab(2) forsy <z<s
(0 for z< 0
Kab(2) for0< 2 < 81
_ ) Kab(2) + (Ke)ice for s1 < 2 < 52
Ke(2) = 4 Kab(Z) for so < z < s3 (8.3.72)
Kab(2) + Kew for s3 < 2z < 84
\ Kab(Z) forsy <z<s
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Scattering is present in the ice layer and the cloud or rainfall layer. The
stepping forward procedure is, by using the invariant imbedding equations
of (8.3.49), (8.3.50), (8.3.66), and (8.3.67),

R(s + As) = R(s) + di;is) As (8.3.73)
s+ As) = 1(s) + dz(;) As (8.3.74)
Tr(s+ As) = Tr(s) + %As (8.3.75)
Ts(s + As) = Ta(s) + dT;(s) (8.3.76)

beginning with the initial conditions of zero thickness as given by (8.3.56),
(8.3.57), (8.3.69), and (8.3.70).

The stepping forward procedure is adaptive as the scattering functions
F(s) B(s), Re(s),T(s), and Kq4(s) can be varied as s changes. The choice of
the stepping interval As is also adaptive. We choose it to be of the order
0.01/ke(2) so that As can vary from 10 in the cloud or rain layers to 1 km in
the upper atmosphere where k,p(2) is very small. As the stepping procedure
moves through the air layers (Fig. 8.3.6) where there is only absorption and
no scattering, we can use the simpler equations for the differential change of
dR(s)/ds dt(s)/ds, dTr(s)/ds, and dT (s)/ds by setting F(s) B(s)=0
in (8.3.49), (8.3.50), (8.3.66), and (8.3.67).

We illustrate the results for an ice layer and a rain layer above a smooth
ocean. The temperature of ocean is 26°C, and the permittivity of smooth
ocean is (7.74+114)e,. In Figs. 8.3.7 and 8.3.8, we plot a typical background
absorption profile k,3(z) and temperature profile T'(z). The background ab-
sorption includes gaseous absorption and absorption by water vapor but does
not include absorption by water droplets in cloud or rainfall.

In Fig. 8.3.9, we plot the vertical and horizontal brightness tempera-
tures for (A) absence of cloud, rain, or ice and (B) presence of a rain layer
of thickness 1 km at a height of 2 km above the earth’s surface. In view of
Fig. 8.3.6, this corresponds to s3 = 97 km and s4 = 98 km. The permittivity
of water in rain is taken to be (6.147 + ¢7.277)¢,. We note from the figure
that case (A) exhibits primarily the emission characteristics of ocean since
the atmosphere is optically thin. In case (B), the presence of the rain layer
increases the total emission so that the brightness temperatures are above
that of case (A). Scattering also causes coupling among the different polar-
izations so that the angular and polarization dependences of the brightness
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Figure 8.3.7 Temperature profile and atmospheric background absorption profile at fre-
quency = 94 GHz from the earth’s surface to a height of 100 km. The absorption background
profile includes the effects of gaseous absorption and absorption due to water vapor but does
not include absorption of water droplets in cloud or rainfall. The IWC (integrated water
content) is 0.5.
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Figure 8.3.8 Same as Fig. 8.3.7, but with a profile plotted from the earth’s surface to a
height of 6 km.
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Figure 8.3.9 Vertical V and horizontal H polarized brightness temperatures plotted as a
function of viewing angles at frequency = 94 GHz. The atmospheric background absorption
profile and temperature profile of Fig. 8.3.7 is used. The temperature of earth is 26°C. The
permittivity of the earth is (7.74 + i14)e,, which corresponds to smooth ocean of salinity
33.5. The earth’s surface is at 2 = 100 km. Curves: (A) No cloud or rain layer; (B) rain layer
from z = 97 km to z = 98 km. Permittivity of water droplets in rain is (6.147 + 7.277)e,.
The rain obeys I' drop size distribution with M = 0.5, a, = 400y, P =5, and Q = 0.5.

temperatures are much weaker than those of case (A).

In Fig. 8.3.10, we consider the presence of an ice layer of (A) 0.5 km
thick and (B) 1 km thick immediately above the rain layer. For the sake of
simplicity, we have assumed that the ice particles have the same drop-size
distribution as the water droplets in the rain layer. The permittivity of ice
is taken to be 3.24(1 + 45 x 10~*)¢,. Thus, the ice layer has a large albedo
and is primarily a scattering medium. We note that ice causes darkening as
ice particles scatter back the emission of the rain layer and the ocean. Case
(B) has a larger ice layer thickness and a smaller brightness temperature.
It is also interesting to observe that both vertical and horizontal brightness
temperatures decrease with viewing angle. This is because there is more
scattering at large viewing angles than at nadir.
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Figure 8.8.10 Vertical V and horizontal H polarized brightness temperatures as a function
of viewing angles at frequency = 94 GHz. The atmospheric background absorption profile and
temperature profile of Fig. 8.3.7 is used. The temperature of earth is 26°C. The permittivity
of the earth is (7.74+114)¢,, which corresponds to a smooth ocean of salinity 33.5. The earth’s
surface is at z = 100 km. There is a rain layer from 2z = 97 km to z = 98 km. Permittivity
of water droplets in rain is (6.147 + ¢7.277)€,. The rain obeys I' drop size distribution with
M = 0.5, ac = 400u, P = 5, and Q@ = 0.5. There is an ice layer above the rain layer
extending from z = s; to 2 = s3. The drop size distribution of ice spheres is taken to be
identical to that of the rain layer. The permittivity of ice is 3.24(1 + i5 x 10~%)e,. Curves:
(A) Ice layer of 0.5 km thick with s; = 96.5 km and s = 97 km; (B) ice layer of 1 km thick
with s7 = 96 km and so = 97 km.

4 Diffusion Approximation

If the medium is optically thick and the albedo is close to unity, then the
incident wave will go through multiple scattering. After many orders of mul-
tiple scattering, the intensities of the wave are diffuse [Ishimaru, 1978]. This
means that the intensities exist in all directions and that the intensities are
about same in all the directions.
Let 3 = (0, ¢) denote direction and p(3,§) = p(, ¢; ¢, ¢’) denote phase
functions. The radiative transfer equation is
é_Ig:s_,s) = —kI(7,8) /ds p(3,3)I(7, ) (8.4.1)

Writing the intensity as a sum of reduced intensity I ©) and diffuse
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intensity 7, we have

I(7,8) = IOF,3) + I(7, 3) (8.4.2)
The reduced intensity obeys the equation
arrs) (0;(:’ 8 kIO 3) (8.4.3)
while the diffuse intensity Z(7, $) obeys the equation
TOD) — rz(ri)+ [ 506,)26,8) + 37,9) (8.4.4)
where
J(73) = / ds'p(3,3) 1O (7, ) (8.4.5)

is the result of single scattering of the reduced intensity. It acts as a source
term in (8.4.4) in the radiative transfer equation for the diffuse intensity. To
solve (8.4.4), we apply the diffusion approximation as follows:

I(7,8) =U(F) + aF(7) - 3 (8.4.6)

The first term in (8.4.6) is a term that is independent of § implying that the
intensities are uniform in all directions. However, a second term in (8.4.6) is

required to obey energy conservation. Integrating (8.4.6) over direction ds
gives

/ d5T(7, 3) = / UF)ds + oF(7) - / 3ds (8.4.7)
where
/.§d.§ = /7r dfsin 6 i d¢(sin 0 cos ¢Z + sin §sin ¢y + cos62) = 0 (8.4.8)
On the othe(i" hand, ’
/ UF)ds = U / ds = 4xU(7) (8.4.9)

Hence, using (8.4.8) and (8.4.9),
UG) = % / d5T(7, 3) (8.4.10)

is the average diffuse intensity. To determine the constant a in (8.4.6), we
multiply (8.4.6) by § and integrate over d3. We have the dyad 35 in the
integrand of the second term

/ I(7,3)3ds = U(F) / 3d3 + aF(7) - / 33ds (8.4.11)
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The integration of the dyad 35 is

s 2w
/éédé =/ d0sin9/ do(Zsinfcos ¢ + §sinfsin ¢ + 2 cos 0)
0 0

(Zsinfcos¢ + ysinfsin¢g + 2cosf) = ?ﬂ (8.4.12)
where T is the unit dyad. Hence putting (8.4.12) in (8.4.11), we get
/ I(F, 3)3ds = %’aﬁ(r) (8.4.13)
Thus, if we define
F(7) = / I(F, 3)3ds (8.4.14)

as the diffuse flux, then a = %. Thus, the diffusion approximation is given
by

I(7,3) =U(F) + %F(F) -3 (8.4.15)

Next we use the diffusion approximation of (8.4.15) in the radiative transfer
equation of (8.4.4). First we integrate (8.4.4) over §. We have

/dI(d”dA /dsVIs——/dsV (T3) = v/dsIs—V F(r) (8.4.16)

S
Thus we have

V - F(F) = —kednU (7 /ds/ ds'p(3,3)I(7, &) + /dé](?‘, 3) (8.4.17)
Note that

/d.%p(?s, §) = ks (8.4.18)

is the scattering rate. We have

V- F(F) = —hodnU(F) + 4w U (F) + / ds / ds'p(3, ) 1O (7, 3)

= —KodnU(F) + ns/dé'I(O) 7,8

= —KadnU () + 4nk U (F) (8.4.19)
where
UOF) = 4l / 4310 (r, 3) (8.4.20)
™

is the average reduced intensity, and
Ko = Ke — Ks (8.4.21)
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is the absorption rate.
Next we substitute (8.4.15) into (8.4.4), yielding

§-VU)+3-V (F(7) - 3) 437r

— — k() - 3neF(r) 5+ mU(P)

42 / ds'p(3, 8\ E(F) - & + T(, 3) (8.4.22)
Let
p(5,8) =p(5-3) (8.4.23)
depend only on the angle between § and &'. Also let

Kep1 = [ p(3,8')3-5'd3’ (8.4.24)
Without loss of generality, let $ = 2. We have

/p(é, §)s'ds’ = /p(cos 6')(sin 6’ cos ¢'z + sin 6’ sin ¢'7) + cos 8'2)d8’

=3 / p(cos 0') cos 0'ds’ = 3 / p(3,8)3 - §'d3’ = 3p1ke (8.4.25)
Thus,
/ p(3,8)F(7) - §ds’ = F(F) - 5p1ke (8.4.26)
Putting (8.4.26) into (8.4.22), we have

5-VU(T) + 4%3 -V (F(7)-3)
= —kU(F) — ne%F(F) 3(1—p1) + J(7,38) (8.4.27)

Note that p; is a measure of how close the scattering is to the forward
direction. (If scattering is close to forward, then we have kep; — Ks.)

Let
_ p(5,8)58d8 kepy

= = 8.4.28
# [ p(3,8)ds’ Ks ( )

be the mean cosine of the scattering. We then have
pL=Wh (8.4.29)

where w is the albedo. The transport rate is defined as

Ktr = Ke(1 = p1) = Ke(l — OR1) = Ke — Ksi = Ks(1 — 1) + Kq (8.4.30)
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Then we have
$VU() + 18-V (F(F) - 8) = ~RaU(7) ~ = F(7)-3mr + T(7,5) (8.4.31)

We multiply (8.4.31) by § and integrate over ds. Without loss of generality,
suppose F'(T) = 2F, then

/d§.§ (3-V(F(r)-3))
= /déé(é-V)(FcosO)

/dss s1n000s¢cos(9?—F—+s1n951n¢cos0@+c 208F
oz Oy 0z

2T
=/ d9sin0/ d¢(Zsin 0 cos ¢ + §sinfsin ¢ + 2 cos 6)

X | sin @ cos ¢ cos B—BE + sin @ sin ¢ cos 0?—F— + cos? OQF:-
oz Oy 0z
=0 (8.4.32)
We also make use of (8.4.12). Thus
3
VU(F) = ——ntr T)+ — /dé%J (8.4.33)

Using (8.4.19) and (8.4.33), we can ehmlnate F(7). Taking divergence of
(8.4.33) gives

3 - 3
27 (=) — _ 5 By S [ s e o
VU (F) = 47rntTV F(F) + 47rV /dssJ(r,s) (8.4.34)
Use (8.4.19) and (8.4.34) then gives
V) =~k (et (7) + 4nmUO) + 20 [ asar(r )

(8.4.35)
Let

K% = 3KirKa
Then (8.4.35) becomes

WUW—Kwﬁﬁbﬁw%WWﬂ+%Nx/ﬁwm® (8.4.36)

Equation (8.4.36) is a diffusion equation for the average diffuse intensity.
We next derive the boundary condition for the diffusion equation. The exact
boundary condition for the diffuse intensity is for 7 on the boundary

I(7,3) =0 (8.4.37)
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when $ points into the scattering medium. This is because diffuse intensity
comes from scattering and must originate from inside the scattering medium.

However, we cannot impose (8.4.37) under the diffusion approximation
because the diffusion approximation has an intensity that is close to inde-
pendent of the direction of $, and the diffusion approximation is an approxi-
mation on the diffuse equation. A common approximate boundary condition
is as follows.

Let 7 be the normal on the boundary that points inward into the scat-
tering medium, the approximate boundary condition is

I(F,3)(3-A)ds = 0 (8.4.38)
27

where the integration is over 27 solid angle that includes those s such that
3-n > 0. We use (8.4.15) and (8.4.38) and so

F=F,ph+FEt (8.4.39)
where ¢ is tangential to the boundary. We then have
afn n 3 .. . 3 ..
0= /% ds(s-n) {U + ZGan -84 4_7rFtt . s} (8.4.40)
Note that
w/2 27
/ ds(s3-n)U = U/ dHSinO/ d¢cos@ = U (8.4.41)
27 0 0

/2 2
/ ds(3-R)(t-3) = / dfsin 0 / dpcosf(sinfcos¢) =0 (8.4.42)
27 0 0

/2 2 om
/ ds(s-n)(n-8) = / dfsin 0 / dpcos® = — (8.4.43)
om 0 0 3
Thus the approximate boundary condition of (8.4.38) is
Fy
wU + 5 = 0
or
lU(—) " (’") -0 (8.4.44)

for 7 on the boundary. Note that F(r) can be obtained from U(F) by us-
ing (8.4.33). Thus, the diffusion approximation consists of solving (8.4.34)
subject to the boundary condition of (8.4.44) and also using (8.4.33) for

E(7).
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1 Introduction

Consider a plane wave incident on a flat surface (Fig. 9.1.1). We note that
the wave is specularly reflected because the specular reflected waves are
in phase with each other. The reflected wave only exists in the specular
direction. From Fig. 9.1.1, it is clear that the specular reflected waves have
the same path lengths accounting for the in-phase condition.

Imagine now that the surface is rough. It is clear from Fig. 9.1.2 that
the two reflected waves have a path length difference of 2h cos6;. This will
give a phase difference of

A¢ = 2kh cos b; (9.1.1)

If h is small compared with a wavelength, then the phase difference is in-
significant. However, if the phase difference is significant, the specular re-
flection will be reduced due to interference of the reflected waves that can
partially “cancel” each other. The scattered wave is “diffracted” into other
directions. A Rayleigh condition is defined such that the phase difference is
90° [Ishimaru, 1978; Ogilvy, 1991]. Thus for

A
h < g ¢os 0; (9.1.2)

the surface is regarded as smooth, and for

h > %cos@i (9.1.3)

the surface is regarded as rough. For random rough surface, h is regarded as
the rms height.

We will consider rough surface scattering. Both the cases of scalar waves
and vector electromagnetic waves will be treated.

For the case of scalar wave, let us consider an incident wave 9;n.(7) im-
pinging upon a rough surface. The wave function v obeys the wave equation:

(V24 k%) =0 (9.1.4)

The rough surface is described by a height function z = f(z,y). For a flat
surface, f(z,y) = 0. Two common boundary conditions are those of the
Dirichlet problem and the Neumann problem. For the Dirichlet problem, at
the rough surface boundary z = f(z,y) we have

=0 (9.1.5)
For the Neumann problem, the boundary condition is at z = f(z,y)
oy
5. =0 (9.1.6)
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Figure 9.1.1 Plane wave incident on a flat surface.

Figure 9.1.2 Plane wave incident on a rough surface.

where %’f is the normal derivative.

For electromagnetic wave scattering by one-dimensional rough surface
z = f(z), the Dirichlet problem corresponds to that of a TE wave impinging
upon a perfect conductor and 1 is the electric field. The Neumann prob-
lem corresponds to that of a TM wave impinging upon a perfect electric
conductor and 9 is the magnetic field.

For acoustic waves, 19 corresponds to the linearized pressure. The lin-
earized pressure p; is —iwpoy, where pg is the average density. The linearized
pressure p; is related to the linearized density p; by

p1=cp (9.1.7)
where c is the acoustic wave velocity. The linearized velocity of displacement
is

v = -V (9.1.8)

The boundary condition that ¢ = 0 (Dirichlet boundary condition)
means that the pressure is equal to zero on the boundary corresponding

to a pressure-free surface. The boundary condition that g; = 0 corresponds
to normal component of the linearized velocity equal to zero at the boundary.
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2 Statistics of a Random Rough Surface

2.1 Statistics, Correlation Function and Spectral Density

For a one-dimensional random rough surface, we let z = f(z), and f(z) is a
random function of = with zero mean [Papoulis, 1984]

(f(z))y=0 (9.2.1)
The Fourier transform of the rough surface height function is
o0
F(ky) = L / dz e =% f (1) (9.2.2)
21 J_ o

Strictly speaking, if the surface is infinite, the Fourier transform does not
exist. To circumvent the difficulty, one can use Fourier Stieltjes integral [Ishi-
maru, 1978]. Or one can define the truncated function

_Jf(x) lz|<L/2
fi(z) = {0 |z| > L/2 (9.2.3)
The Fourier transform then becomes
1 [ )
Fr (k) = -2;/ dz e~ =2 f; (2) (9.2.4)

The two equations (9.2.2) and (9.2.4) agree for large L. Physically, the do-
main of the rough surface is limited by the antenna beamwidth.
For a stationary random process we have

(f(21)f(22)) = B2C(a1 - o2) (9.2.5)

where h is the rms height and C is the correlation function. Some commonly
used correlation functions are the Gaussian correlation function

C(z) = exp(—z?/12) (9.2.6)
and the exponential correlation function
C(z) = exp(—|z|/1) (9.2.7)

In (9.2.6)—(9.2.7), I is known as the correlation length.
In the spectral domain we have

(F(kg)) =0 (9.2.8)

To relate to the correlation function, we note that
R2C(Jo1 — o) = / dkyg / dhge eik1=m1 =02 (B (k) F* (kgp)) (9.2.9)
—00 —00

Since the left-hand side of (9.2.9) depends only on z; — x2, we have
(F(k12)F*(koz)) = (F(kiz)F(—koz)) = 0(kiz — koz)W (k1z) (9.2.10)
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where W (k,) is known as the spectral density. Since f(z) is real, we have
used in (9.2.10) the relation

F*(kg) = F(—ky) (9.2.11)
Putting (9.2.10) in (9.2.9) gives

o0
h2C(z) = / dkg e*==W (k) (9.2.12)
—00

Since
C(z) =C(-x) (9.2.13)

and C(z) is real, it follows that W (k;) is real and is an even function of k;.
For the Gaussian correlation function of (9.2.6), the spectral density is
given by

R

k212
W (k) = mexp(— : ) (9.2.14)
and for the exponential correlation of (9.2.7),
h2l
kz) = ————75v 2.
Wks) = T ) (92.15)

Besides the height function f(z), the slope function & ( is also an im-
portant characterization of the rough surface. Let

ooy = 4

(9.2.16)
From (9.2.2) we obtain (a(z)) = 0 and
o(z) = / ” dky iky €% F (k) (9.2.17)
Hence if we let -
(a(z1)a(z2)) = 8*Cq(z1 — 2) (9.2.18)

where s is the rms slope and C, is the correlation function for the slope
function so that Cy(0) = 1. We let W,(k;) be the spectral density of the
slope. Then

o0
= / dky =" W (k) (9.2.19)
—00

From (9.2.10), (9.2.17), and (9.2.19) we obtain
Wa(ks) = k2 W (k) (9.2.20)
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From (9.2.19) we obtain
o0
s% = / dkg k2 W (k) (9.2.21)
—00

For the Gaussian correlation function of (9.2.6), the slope correlation func-
tion is

Culz) = —C"(z) = 1—2(1 - 21—";2) exp(—%) (9.2.22)

so that

2h?
s = = —h2C"(0) (9.2.23)
For the exponential correlation function of (9.2.7), the rms slope does not
exist. For example, the integrand of (9.2.21) is not integrable. This is because
of the sharp edges that may exist in the rough surface profiles [Barrick, 1970].
To calculate the rms value of o where

. df  da

@ == (9.2.24)
we have
Cy(z) = —C"(z) = CW)(z) (9.2.25)
where C(*)(z) is the fourth-order derivative of C(z). Thus
(' (z1)d (z9)) = h2C) (z) (9.2.26)
with £ = 21 — x9. Thus
((a)?) = R2C™)(0) (9.2.27)
For the case C(z) = exp(—z?/12), if we Taylor expand about z = 0 we obtain
CL'2 .’B4
Cla) 1=+ o+ (9.2.28)
so that C()(0) = 12/14. Therefore
V{(@)?) = 2\{2% (9.2.29)

is the rms value of %@.
For a two-dimensional rough surface with z = f(7,), where 7, = (z,y),
we have

(frL)) =0 (9.2.30)
(f(F11)f(Tar)) = R2C(F1L — Ta1) (9.2.31)
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In the spectral domain we obtain

_ 1 [ -
F(ky) = m/ dF L e” R T f (7)) (9.2.32)

(F(kiL)F*(ka1)) = (F(k11)F(=kor)) = 6(k1y — ko )W (k1) (9.2.33)

Since f(7.) is real we have

F*(k1) = F(=k,) (9.2.34)
The relation between the correlation function and the spectral density is
w T — —
R:C(FL) = / dk e+ T W (k) (9.2.35)
—00

For example, for the Gaussian correlation function

_ z2 + o2
C(FL) = exp [—I—Zy] (9.2.36)
we obtain
h2i2 (k2 + k2)12
Wiky) = ——exp {— ) (9.2.37)

In calculating higher-order rough surface scattering, we also need to
calculate higher moments. If we assume that f(7) is a Gaussian stationary
process, then

(f(F1L)f(Tar) f(T3L)) =0 (9.2.38)
(FF1L)f(Par) f(Tar) f(Tar)) = (f(F1L) f(T2r)) (f(T3L) f(TaL))
+ (fF1L) fT3))(f(Tar) f(Far))
+ (f(F1L) f(Ta))(f(T2) f(T3L))  (9.2.39)
In the spectral domain, (9.2.38) and (9.2.39) give
(F(k11)F(k21)F(k3L)F (k1))
= (F(k11)F(k21))(F(k31)F(ks1))
+ (F(k1L)F(kap))(F(kor)F(kg1))
+ (F(k11)F(kg1)) (F(kor) F(k3L))
= 6(k1L + kot )W (k11)6(kss + kar)W (ksL)
+ 6(k11 + k3 )W (k11)6(koy + kay )W (kay)
+6(k11 +kat)W(k11)6(koy + ks )W(kor)  (9.2.40)
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2.2 Characteristic Functions

For a Gaussian random process, the characteristic functions can be read-
ily calculated. For a Gaussian rough surface f(z), the probability density
function (pdf) for f is

2
p(f) = \/—h exp [—%] (9.2.41)
The joint pdf for f(z1) = f; and f(z2) = fa is

_ 1 _fi-2ChHifa+ 13
PRI = g = P [ 2h3(1 - C?)
where C is the covariance function defined by

(f(x1)f(22)) = *C(z1 — x2) (9.2.43)

Thus the characteristic functions are

(9.2.42)

) 00 ) h2,2
(ef) =/ df p(f) ! =exp(— v ) (9.2.44)
. —w w .
(A1) = / df / df2p(f1, fo) A1
= exp [-h2u2(1 - C)] (9.2.45)
Let f(z1) = fi,f(z2) = fo,...,f(zn) = fn. Also let _f_t = TOW vector
= (f1, fa,---, fn), where t = transpose and f is the corresponding column
vector. The covariance matrix is A of dimension n x n
Aij = R2C(z; — ;) = (f(z:) f(z5)) = (fif;) (9.2.46)
Then
(Froonf) = —m—cexp| 27K 7] (0247
p 1yeeesdn) =— \/W p 2 /N
=-1 = =
where A is the inverse of A and A is the determinant of A.
The characteristic function is
(erfitialittivaln) = exp [‘ % > vwmj] (9.2.48)
i,J
For example, for the n = 2 case,
= 12 1 C(IL’l - :EQ)
A=h [C(ml ~ 22) 1 (9.2.49)

—1 1 e
Ve [_C ! ] (9.2.50)
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and A = h4(1 — C?). Thus

. . 1
<61V1f1+‘tl/2f2> = exp [_§h2(,/% + I/% + 2,/11/20)] (9251)

3 Small Perturbation Method

The scattering of electromagnetic waves from a slightly rough surface can
be studied using a perturbation method [Rice, 1963]. It is assumed that
the surface variations are much smaller than the incident wavelength and
the slopes of the rough surface are relatively small. The small perturbation
method (SPM) makes use of the Rayleigh hypothesis to express the reflected
and transmitted fields into upward- and downward-going waves, respectively.
The field amplitudes are then determined from the boundary conditions.
The extended boundary condition (EBC) method may also be used with the
perturbation method to solve for the scattered fields. In the EBC method,
the surface currents on the rough surface are calculated first by applying
the extinction theorem. The scattered fields can then be calculated from
the diffraction integral by making use of the calculated surface fields. Both
perturbation methods yield the same expansions for the scattered fields,
because the expansions of the amplitudes of the scattered fields are unique
within their circles of convergence.

3.1 Dirichlet Problem for One-Dimensional Surface

We first illustrate the method for a one-dimensional random rough surface
with height profile z = f(z) and (f(z)) = 0. The scattering is a two-
dimensional problem in z-z without y-variation.

Consider an incident wave impinging on such a surface with Dirichlet
boundary condition (Fig. 9.3.1). This is the same as a TE electromagnetic
wave with an electric field in the §-direction impinging upon a perfect electric
conductor. Let

Yine = eikizz—ikicz (9.3. 1)

where ki, = ksin6;, k;, = k cos8;. In the perturbation method, one uses the
height of the random rough surface as a small parameter. This is based on
the assumption that kh < 1, where h is the rms height.

For the scattered wave, we write it as a perturbation series.

s = ¢§0) + ¢§1) + ’ll)g) + .. (9.3.2)
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Figure 9.3.1 Plane wave impinging upon a one-dimensional rough surface with height

z = f(z).

The boundary condition at z = f(z) is

winc + "/)s =0 (933)

The zeroth-order scattered wave is the reflection from a flat surface at z = 0.
Thus

wgo) — _eiki¢z+iki,z (934)
We let the scattered field be represented by
o(F) = / dhy ez ke (k) (9.3.5)

where k, = (k? — k2)!/2. The Rayleigh hypothesis [Millar, 1973] has been
invoked in (9.3.5) as the scattered wave is expressed in terms of a spectrum of
upward plane waves only. To calculate 9s(k;), we match boundary condition

of (9.3.3).

o0
gikisz—ikis f(z) | / dky eF=m ik @)y (k) = 0 (9.3.6)

—0o0
Perturbation theory consists in expanding the exponential functions of
exp(—iki, f(x)) and exp(ik,f(x)) in power series assuming that k,f < 1.
In the spectral domain, we also let

bs(ka) = PO (ky) + ¥ (kg) + Y (k) + - - - (9.3.7)
Equation (9.3.6) implies that

eikn-’” l:l _ Zkuf(.’lf) — .I.C'?Zf—;(xl + .- ]

+ /00 dk,, e*=* [1 + ik, f(x) — —kff;(x) + - ]

x [0 (ka) + 9 (k) + 9D (ko) + -] = 0 (9.3.8)
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Balancing (9.3.8) to zeroth order gives

o w .
elkizl + / dkz- EZka'll)gO)(kl‘) =0 (939)
—00
so that
YO (ky) = —8(kz — kiz) (9.3.10)

If we substitute (9.3.10) into (9.3.5), we get back the zeroth-order solution
in the space domain as given by (9.3.4).
Balancing (9.3.8) to first order gives

o0
—iki, f(z)e*i=® + ik, f(z) / dkg e*=29p(0) (k)

-0
o0
= / dkg ==V (k) (9.3.11)

From (9.3.11), it follows that the first-order solution can be expressed in

terms of the zeroth-order solution. Substituting the zeroth-order solution of
(9.3.10) in (9.3.11) gives

oo
/ dk e*== (D (k) = 2iki f ()=

—00
o0
= 2ik;, / dky F(kg)e*=2tiki=z  (9.312)
—00
The second equality is a result of using the Fourier transform of f(z) from
(9.3.3). Thus

P (ky) = ik, F(ky — ki) (9.3.13)
The result of (9.3.13) can be interpreted as follows. In order for the wave to
be scattering from incident direction k;, to scattered direction k., the surface

has to provide the spectral component of k, — k;,. This is characteristic of
Bragg scattering. Balancing (9.3.8) to second order gives

2 ) oo . 2 £2
Ei_zf2(m)ezk,-,:c + / dk’z ezkw:z,' [sz (.’13) wgﬂ)(kz):l
2 oo 2

- / ” dk e*ik, f )V (k;) = / - dky e*==pP (k) (9.3.14)

—00 —00

Using (9.3.10) in (9.3.14), it follows that the first two terms in (9.3.14) cancel
each other. Substituting (9.3.13) and (9.3.10) in (9.3.14) gives

(e 9] . o0 oo .
/ dkg e*=7)(? (k) = 2 / dk, / dk.e*=k ki, F (k. — kiz) F (kg — K.)
—0 —00 —00
(9.3.15)
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Thus
W) =2 [ ARk F (b — K)F(K, - ki) (9.3.16)
)

where k, = (k? — k/2)}/2. Equation (9.3.14) has the following simple physical
interpretation. The second-order scattering consists of scattering from inci-
dent direction k;, into an intermediate direction k) as provided by spectral
component k. — k;; of the rough surface. This is followed by another scat-
tering from direction k., to direction k, as provided by spectral component
k; — k., of the rough surface. Since £, is an arbitrary direction, an integration

over all possible £, is needed in (9.3.16).

Coherent Wave Reflection

The coherent wave is obtained by calculating the stochastic average of ;.

We note that, in view of (9.2.8) and (9.3.13),

@ (kz)) =0 (9.3.17)
Using (9.2.10) and (9.3.16), we obtain
oo
WP (k) = 200k~ kidbis [ AEW(Ea =) (9318)
—00

The Dirac delta function §(k; — kiz) in (9.3.10) and (9.3.18) indicate that
the coherent wave is in the specular direction. Substituting (9.3.10) and
(9.3.17)-(9.3.18) in (9.3.5) gives the coherent field to second order,

(s(7) = (@) + PP @) (9.3.19)
(WO (7)) = —ethimatibiez (9.3.20)

(¢§2) (7)) = eiki=atikizz 2kiz/ dkzk, W (kiz — kz) (9.3.21)
—00

Because the two terms in (9.3.19) are opposite in signs, the result of

(9.3.19) indicates that the coherent reflection in this case is less than that
of the flat surface case.

Bistatic Scattering and Energy Conservation

To get power conservation, we note that the incident wave has power per
unit area

1

Sinc 2 = ——cosb; (9.3.22)
2n

flowing into the rough surface. The negative sign in (9.3.22) indicates that

the Poynting vector has a negative 2-component.
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The power per unit area outflowing from rough surface is

Be) = Re (0. 50)) 0.3.23)

Suppose we include only terms up to wso)z/JgO)* (¢(1 w () "+ ¢(0) (v,b(2)*)
(¢£2)> % in (9.3.23). That is, we include the intensity due to the product
of first-order fields and the product of the zeroth-order field and the second-
order field. Thus the power per unit area outflowing from the rough surface
that is associated with the coherent field is

<&ﬂm=m@%WWm§MWm

z

ﬂ@@%@%ﬂ%@%@mwmw@

Putting (9.3.19), (9.3.20) and (9.3.21) into (9.3.24) gives

k. 00

iz {1 _ 4k, / dhy (Rek, )W (ki ——kz)} (9.3.25)
2wp —oo

Since k, is imaginary for evanescent waves and W is real, the integration
limits of (9.3.25) are to be replaced by —k to k because evanescent waves do
not contribute to the power outflow. Thus

(gs : 2>coh =

- . cos 0; k
(Ss* 2)eon = o {1 — 4k;, /kdkzsz(kiz - kz)} (9.3.26)

For the incoherent wave power flow, we use the first-order scattered

fields.
. (1)
2 1) 8’(/)
D <ws 92 >:| (9.3.27)

Using the spectral domain in (9.3.27), we have

(S—s * 2)incoh = Re

(Ss * 2)incoh =
Re [—22}1—/—; /:: dkz/_o:o dk;ei(k"k;)zk’:ei(k‘"k;')“(zbgl)(kz)ibgl)*(k;))] (9.3.28)

From (9.2.10),
(WD (k) D* (L)) = AkEW (kg — kig)0 (ke — kL) (9.3.29)

Substituting (9.3.29) into (9.3.28), we again note that evanescent waves do
not contribute to time-averaged power flow. It then follows from (9.3.28) and
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(9.3.29) that

_ k2 [
(Ss* 2)incon =Re| 2 / dkokte 22 W (K, — kip)
Wi J o
2 cos k
= C‘: ki / dkok, W (ky — kig) (9.3.30)
—k

Thus the incoherent power flow exactly cancels the second term of (9.3.26),
giving the relation

_ cos®;
2n
which exactly obeys energy conservation. Thus if we define incoherent wave

(Ss-2) = (Ss+ 2) op + (Ss - 2);

(9.3.31)

ps = ws - <"/)s> (9'3'32)

(ps (k)3 (Ky)) = L(ke)d(ke — ky) (9.3.33)

From (9.3.30), we define the power flow per unit area of the incoherent wave
as

- . 1 [k
<Ss . Z> = m k dkzk'zl-(k)z) (9334)
Casting in terms of angular integration, we let

ky =k sin 0 (9.3.35)
k, =kcosl, (9.3.36)

_ k /2
(Ss-3) =— / df cos? 0,Z(k, = ksinf) (9.3.37)

277 —m/2

- Thus if we divide (9.3.37) by the incident power per unit area of (9.3.22),
we can define the incoherent bistatic scattering coefficients o (6s) as

k cos? 6,
o(0s) = cos 0;

Note that (9.3.38) is defined in such a manner that the integration of o(6;)
over @, will combine with the reflected power of the coherent wave to give
an answer that obeys energy conservation.

For first-order scattering, wgl) (kg) = gl)(kx), so that from (9.3.33) and
(9.3.30) we obtain

I(ky = ksinby) (9.3.38)

I(ky) = 4k5,W (ks — kiz) (9.3.39)
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and (9.3.38) assumes the form
0(85) = 4k cos? 0, cos ;W (ksin 8, — k sin 6;) (9.3.40)

The results for Gaussian and exponential correlation functions can be readily
obtained by using the spectral densities as listed in (9.2.14) and (9.2.15). The
backscattering coefficient is, for s = —6;,

o(—0;) = 4k® cos® 6;W (—2k sin 6;)

3.2 Neumann Problem for One-Dimensional Surface
Let the incident wave be
Pine = €FieThiez (9.3.41)

where k;; = ksiné;, k;, = kcos;. The scattered wave is written as a per-
turbation series:

e = 90 + 9 + 9P + - (9-3.42)
The wave function is ¥ = vnc + ¥s. The boundary condition at z = f(z) is
0
%('d}inc + 'lps) =0 (9343)
Since the surface normal is
8f/~ A
—=—r+z
A= —0x (9.3.44)

the boundary condition at z = f(z) becomes

8f a/l/)i'n.c 3% 0 winc 8¢s
—— =0 9.3.45
Oz < Ox + Ox + 0z + 0z ( )
We let the scattered field be represented by
w .
Vs(F) = / dkget*=otik:2y (k) (9.3.46)
To calculate 9;(k;), we match boundary condition of (9.3.45):
df 1. ikizz—iki. f(x)\ _ ;1. pikizz—iki, f(x)
e (zkne ) iki,e
oo o0 . .
_ gi dkxikzeikmz+ik‘f(z)’([15 (ka:) + / dkmik‘ze‘k”“k‘ﬂz)qps (ka:)
T J oo —00

=0 (9.3.47)
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In a spectral domain, we let
Valke) = 90 (ka) + 90 (ka) + 9P (k) + - (9-3.48)
Also we expand exp(ik, f(z)) in a power series
k1) = 1 4 ik, f(z) — %18 2+ (9.3.49)
Putting (9.3.48) and (9.3.49) into (9.3.47) gives
af |0 ikiea : Lo e 0 ikiaz : 19 e
o [ kize (1 — ki, f — §kizf —ik;,e 1—iki f — Ekizf

a [ . . ke - 1 9,0
| dheikee <1+zsz(:r)—§kz f

(9O k) + 9O (k) + 9P (k) + ...
+ /oo dkyik,e*=* (1 + ik, f(z) — %kfﬂ)

(YO (k) + 9O (k) + 9P (k) + ) =0 (9.3.50)

Balance to zeroth-order gives

ket 4 / dkyik, == (ky) = 0

Thus
'.bgo)(kx) = (ks — kim) (9.3.51)
Balancing (9.3.50) to first order gives
af

— 2Lk eikaz _ k2 feik,-,:c _ if_ /oo deik eik,zw(o)(k )
d:l: 1T 12 d:L' oo T T S T

(o] o0
+ / dkgik,e*=%ik, f () (kz) + / dkyik,e*="pD (k) = 0 (9.3.52)
—00 —00

Putting (9.3.51) into (9.3.52) gives

o0
—2£z‘k,-mei’°f=m—2k,?ze““fﬂf(z)+ / dkgik,e*="pD (k) =0  (9.3.53)
dz oo
Let
f@) = / dky F (k)= (9.3.54)
o0
dZ(””) - / dkyiky F (kg etk (9.3.55)
T —00
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Substituting (9.3.54) and (9.3.55) in (9.3.53) gives
o0
/ dky2kskio F (kg)e! F=this)e — / dk 2k F (k) et (ks Hhie)
)

+ / dkgik,e®=TpM (k) = 0 (9.3.56)
—00

In the first two integrals, we next change dummy variable of k; + kiz — k.
This gives

o0
/ dkz [2(ke — kiz)kiz — 2k%] F (ks — kiz)e'=2

—00

o0
+ / dkzik,e*==pM (ky) = 0 (9.3.57)

—00
Taking the inverse Fourier transfer of (9.3.57) gives
"pgl)(kx) = 731 [(kz - ki:z:)ki:c - k?z] F(ka: - kzw)
2z
23

= T lkokiz - K2 F (ky — kiz) (9.3.58)
Next we balance (9.3.50) to second order:
df ikizx i ikizT
- Zl‘x‘ki:ckize kis f(III) + Ek?zf2(m)e bie
oo
_ dkyikge=® [;bgl)(km) + ik, f ()0 (kg)
dr J_o

+ / " kbt [w?’(kx) + ik f @ (k) — 5K22(2) £°)(kz)}

=0 (9.3.59)

Putting (9.3.51) and (9.3.58) into (9.3.59) gives, on canceling some of the
terms,

/ dkyik, ezk z,(/}(l)( / dk, k2 'ka:cw(l)( )

+ / dkgik,e®="p (k) = 0 (9.3.60)
Putting (9.3.58) in (9.3.60) then gives
o0
/ dkzik,e*=22pd (k)
—00

o0 o0 X , 22
— / dk, / dk’ [-k;kz+kZ]F(k;)e'(’“”kr)’:k—[kzkiz—k2]F(km——kiz)

(9.3.61)
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On the right hand side of (9.3.61), let k. + k, = k and then k, — k.,
ky — ky. We get

w .
/ dkze*%ik,p? (k,)

/ dkge / dk’. [ K ks + kQ]F(k A 2 [k’ kiz — k2]F(k; ~ kiz)

(9.3.62)
Taking the inverse Fourier transfer of (9.3.62) gives
_ 2
el / K, — (87 = Koo} (i — B P (b — K) P, = ki)
(9.3.63)

Coherent Wave Reflection
Taking the average of (9.3.58) gives

(W (ks)) = 0 (9.3.64)
Taking the average of (9.3.63) and using (9.2.10) gives

2
W (ky)) = _k_Q_/ dk’ gk———slkL)d(kx — kig)W (K, — kiz) (9.3.65)

From (9.3.47), (9.3.65), and (9.3.51) we have
) = [ dhae s (O k) + (0 k)]

. . 2 ,
:ezkixz+zk,~zz|: B / dk‘/ (k k zm) W(k;—kw)} (9.3.66)

- The coherent reflected wave is in the specular dlrectlon and is less than that
of the flat surface for the case of Neumann boundary condition.

Bistatic Scattering
For bistatic scattering, we take the average of ( l)zp(l)*) and have
(Wi (ko) (K5)
2i «
= k—(kzkix — k%) ( W ) (kb ki — k2 (F (kg — kig) F* (K}, — kiz))

= (kakiz — k?)?6(ke — k)W (kg — kiz) = L(kz)8(ke — k3)  (9.3.67)

Iki
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where
4

Similar to the Dirichlet case of Section 3.1, we use the first-order fields to
calculate the bistatic scattering coefficient. Keeping first-order fields only,
we have

. (1)*
S .3\ = Re | (g0 ¥s
<SS Z)_R’e |:2k<¢s 8z >:|

. o0 o0
— Re [ﬂ / dk, /_ dklyet = =Rz (k) e b =Rz (p () (ke )op (D (L))

1 [ o 1 [k
=Re [% / dkxk;‘e’(k“kz)zl(kz)] = / dkyk, T(ks) (9.3.69)
—00 k

2k J_
Transforming to that of the angles k, = ksin 6, and k, = k cos 65, we obtain
(8- 3) = 2_115 " d0,k? cos? 0, (k, = ksin 0,)

[NIE)

(9.3.70)

[NIEY |

= % / d,4k> (sin 05 sin 6; — 1)2 W (ksin 5 — ksin ;)

-3
The bistatic scattering coefficient o(6;) is the integrand of (9.3.70) di-
vided by cos6;/2 = |S; - z|. Thus,
4k3(sin B sin 6; — 1)
o(8,) = ( )
cos 6;

W (ksinfs — ksin 6;) (9.3.71)

4 Kirchhoff Approach

In this section we derive the bistatic scattering coefficients using the Kirch-
hoff approach (KA). The KA approximates the surface fields using the tan-
gent plane approximation. Using the tangent plane approximation, the fields
at any point on the surface are approximated by the fields that would be
present on the tangent plane at that point. For that to be valid, it is required
that every point on the surface has a large radius of curvature relative to the
wavelength of the incident field. The Kirchhoff approach casts the form of the
solution in terms of diffraction integral. We first illustrate the approximation
by considering the Dirichlet problem of a one-dimensional surface.

Consider an incident wave impinging on a rough surface (Fig. 9.3.1). Let
the incident wave vector be k; = kiz& — ki, 2

Vine = eikix:c-—ik“z (941)



408 9 1-D RANDOM ROUGH SURFACE SCATTERING

The surface has 1-D height profile specified by 2 = f(x). We first derive

Huygens’ principle for 2-D scattering problem. The boundary is at z = f(z).
The 2-D Green’s function is

(V2 + k) g(F,7) = —6(F — 7) (94.2)
97, 7,-/) _ i él)(le _ 7:’|) (9.4.3)

where T = Zz + 2z is the two dimensional position vector. In (9.4.3) Hél) is
Hankel function of the first kind. We utilize the 2-D Green’s theorem.

[LﬁWN%rWN%djéﬁﬁWNw—%Wﬂ (9.4.4)

where 7 is the outward normal to the two dimensional volume V5 and S is the
one dimensional surface enclosing V5. Letting ¢ = ¢ (7) and ¢, = ¢g(7,7) in
(9.4.4) gives

() = Yine(F) + /S dS[w(F)ﬁ-Vg(F,F’)—g(?,?’)ﬁ-Vzﬁ(F)] (9.4.5)

where

d
T st

—gr (9.4.6)

@

is the upward normal to the surface.

S
Il

4.1 Dirichlet Problem for One-Dimensional Surface
The Dirichlet boundary condition specifies that
P(T) =0 (9.4.7)

at z = f(z) on the surface. In the electromagnetic context, 1 corresponds
to the electric field in the §-direction, and the Dirichlet boundary condition
corresponds to TE wave impinging upon a perfectly conducting surface. Since

ds = dz+/1 + (df /dz)?, we have
V) = binelr) — [ d g7 N - V(7) (948

i+ 2 (9.4.9)
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tangent plane

Figure 9.4.1 Surface field tangent plane at 7 = (z, f(z)).

is a vector along the normal direction. In (9.4.8), N - V4 (7) is the unknown
surface field. An integral equation can be obtained from (9.4.8) by letting 7
lie on the surface so that the left-hand side of (9.4.8) becomes zero. Kirch-
hoff approximation, on the other hand, consists of using an approximate
expression for the surface field N - V(7).

To obtain an approximate expression, we note that if a tangent plane
is drawn at the point 7 = (z, f(z)), we will have a flat surface oriented as
shown in Fig. 9.4.1 and the plane is perpendicular to the normal vector 7.

We note that for a hypothetical tangent plane with normal n that is a
perfect electric conductor, the tangential magnetic field is

fix H=20X Hinc (9.4.10)

For one-dimensional surface, the tangential H field (7 x H) is proportional
to N x V x (§9) = N x (V4 x §). Since N - § = 0, the tangential H field is
proportional to —(N - VE). Hence for the tangential plane approximation
of Fig. 9.4.1, we have

N - V¢ ~ 2N - Vibine (9.4.11)

The approximation is exact if we do have an infinite plane with normal
#. Thus the region of validity of the Kirchhoff approximation is that the
radius of curvature must be much larger than the wavelength. It also requires
that shadowing and multiple scattering are negligible. For a curve given by
z = f(z), the tangent vector is the rate of change of position vector with
respect to the arc length s.

dx dz

u dx
_ A s — [4 / 312 4.
t= dsm+ i [Z+ f(2)2] o (9.4.12)



410 9 1-D RANDOM ROUGH SURFACE SCATTERING

Using the chain rule of differentiation and

ds -
pri 1+ (f'(z))? (9.4.13)
gives
= o+ f’(m)z]m (9.4.14)

The curvature is the rate of change of the tangent vector with respect to arc
length s. Hence

n n "
_|dt)_ (g 1 - __ '@ . (9.4.15)
ds| = |dz I+ (F@)?] L+ (/@)
The radius of curvature p is the reciprocal of the curvature.
_ @y 0416
=) (410

For a straight line, f”(z) = 0 and p = oo, showing that Kirchhoff approx-
imation is good for a surface that can be represented by its tangent plane.
To estimate p, we note that for C(z) = exp(—2z2%/12), from Section 2.1, we
have

rms of —-— \/_— (9.4.17a)
2
rms of ;i é 2\l/2_h (9.4.17b)

Hence p is of the order of
12 2h2\3/2
P 2\/§h< 12 )
For example, if h = 1\, [ = 4\, then p = 5.5\ and is much bigger than
wavelength. For h = 0.5\ and | = 1\ we have p = 1.06\, which is comparable
to a wavelength.
Besides the radius of curvature condition, the Kirchhoff approximation
also ignores shadowing and multiple scattering. Since the Kirchhoff approxi-

mation ignores shadowing, the region of validity is also dependent on incident
angle. Using (9.4.1) in (9.4.4), we have

NV = 2N - ik;) ek (9.4.19)
From (9.4.8) and (9.4.19), the scattered field for 2’ > f(z') is

Ws(F) = —2d / do g(r,7)(N - i) 7 (9.4.20)

(9.4.18)
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with 7 = (z, f(z)). In the spectral domain, the two-dimensional Green’s
function is

B i 00 eiks (' —x)+ik.|2'~2|
Substituting (9.4.21) into (9.4.20) gives, for 2’ > z = f(z),
bs(F) = / dky == Fike (Y (9.4.22)
—00
1

o o . _ df
s(kg) = — dx eikie—ka)e—ilkatkin) f(2) | 2o 4 ki | (9.4.23
Vs(ka) 27rkz/_oo ve dz thiz| (94.23)

We cast (9.4.22) and (9.4.23) in the forms that are similar to the small
perturbation method of Section 3.1. Define
ks = kpZ + k2 (9.4.24)
kg =ki — ks = kaz® + kg, 2 = (kiz — ko)& — (ki + k)2 (9.4.25)

To treat the df /dx term in (9.4.23), we perform integration by parts and
ignore “edge” effects. Ignoring edge effects implies that

* 1 (s o AN ikgeatika f(z)
/_ N dx (dez + ika, dm) e =0 (9.4.26)
Thus
—_— 1 *© ’ikdzZD-F’l'kd,f(IB)
ws(kz) = onk kg, (“kzzkdz + km:kdz) /;oo dre (9.4.27)

It is interesting to digress to make a small height approximation in (9.4.26)
and see how the results compare with SPM. Then we have

Wo(ks) ~ —3(kas) + ki(kizkdm — kiskas) F(—ka) (9.4.28)

In the vicinity of the specular direction kg, ~ 0, kg, ~ —2k;,, and k, ~ k;,,
from (9.4.28) we obtain
Ys(kz) ~ —0(kgz) + 2iki F(—kay) (9.4.29)

We note that from the small perturbation method, Egs. (9.3.10) and (9.3.13),
we have

DO (kg) + ¥ (k) = —0(—kag) + 2ikis F(~kas) (9.4.30)

Thus we know that the Kirchhoff approximation result generally is different
from that of the small perturbation method. They are close to each in the
vicinity of the specular direction for the case of small height. Comparison of
Monte Carlo simulation shows that the small perturbation method, within
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its domain of validity (kh < 1 and s < 1), gives better solution than Kirch-
hoff approximation. The Kirchhoff approximation has a partially overlapping
region of validity with SPM (for example, the correlation length ! must be
much larger than the wavelength).

Note that (9.4.27) of the Kirchhoff approximation is applicable to large
height. Taking the average of (9.4.27) to obtain the coherent field and using
(9.2.44), an important consequence is that the average of (exp(ikq,f(z))) is
independent of  and can be taken outside the integral sign.

(’—kizkdz + kzxkdz) k,% h2 /oo ik
k — — Z d 1Kdz T
<¢8( x)) 27rkzkdz exp( 2 ) oo T e

= —§(kqz) exp(—2k2,h?) (9.4.31)
The second equality is a result of the Dirac delta function so that at kg, = 0

we have k, = k;, and kg, = —2k;,. Putting (9.4.31) in (9.4.22) gives
(1hs(7)) = — exp(—2k2, h?) exp(ikiz T + ik;,2) (9.4.32)
Thus the coherent wave is in the specular direction. However, it decays ex-
ponentially with exponent proportional to h2. This is due to the randomness

of phase caused by the random height function. To calculate power, we note
from (9.3.28) that the power scattered due to incoherent wave is

(gs : é)incoh
1 o0 o0 . , . e
:Re[m / dk / dk!, eitk=—R)z g gilks=kz (0 (o )o% (KL))
(9.4.33)

where @s(k;) is the spectral representation of the incoherent field. As in the
case of the small perturbation method, we shall show that the covariance of
@s(kz) obeys the relation

(ps(kz) 3 (Ky)) = L(ka)d(ka — ki) (9.4.34)
where Z(k;) is real. Then

o0
(Ss - )incoh = Re {5‘})—# / dkgkre~2mk)2 T (k)

1 k
= /_ dkah I (9.4.35)
Converting into angles, by k, = ksinf, and k, = kcos s, we have

(Ss - 2)incoh = 511; /2 dfsk cos? 0,I(k, = ksin6y) (9.4.36)
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Taking the integrand of (9.4.36) and dividing it by the power per unit area
of the incident wave cos 6;/(2n), we have the bistatic scattering coefficients

k cos? 6,
cos 6;

Next we need to establish (9.4.34) and also determine Z (k) under the Kirch-
hoff approximation. From (9.4.27) we have

1
<Ps(k:::) = m(kixkdx - kizkdz)/

)
1

oo
27!’k k (kwkdz kz’zkdz)/

-—00

o(bs) =

Z(ky = ksinbs) (9.4.37)

oo

dpeiki® [eikd,f(z) _ <eikd,f(m)>]

dmeikdrz [eikdzf(:r) _ e—'ﬂ—:ﬁ‘]
(9.4.38)

In calculating (ps(kz)p%(kL)), we need to evaluate the integral

/ dz / dg’ etkazz—iky,z’ [(eikd,f(z)—ik;; EON _e_k:zhz]

=/ da:/ dz’ etka==—ikg. ' [exp( 5 — (K3, + k2 — 2k g, kl},C(x — m')))
—00 —00

- exp(——kﬁth)} (9.4.39)
To calculate (9.4.39), let z = 2, + z4/2 and 2’ = x4 — z4/2. Then
Eq. (9.4.39)
o0
= / dzq [exp(——(kdz + K2 — 2kg, K C(md))) - exp(—kﬁzh2)]
exp (i(kdz + k&x)id / dz, exp(i(kdz — kiz)Za) (9.4.40)

Integrating over [dz, gives 2mé(kay — k). For kaz = ki, kz = ki, then
ki, = kl;,,6(kax — kl},) = 6(ks — k), and so on. Thus

Eq. (9.4.39) = 2nd(k, — k) / dzeiki=®

h2
[exp(—?(kgz + kﬁ - 2kdzk;ZC(:1:))) - exp(—kﬁzh2)] (9.4.41)

Using this result with (9.4.27) gives
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kaokic — kaokiz | 0(k — kL)
S kl:z: * ! = T ¥4 -
(ps(kz) w5 (kz)) e -
o0 2
/ dflf [exp(~%(k(%z + k;z - dezk:;zc(x))) _ exp(_k?lth)] eikdzz

(9.4.42)

Thus we have proved that (ps(ks)¢3 (kL)) is proportional to d(k; — k%) as
postulated in (9.4.34). Then, comparing (9.4.42) with (9.4.34) gives

1 kd:tkm: - kdzkiz 2
27r kzkdz
/ dz [eXp(—kgzh2(1 - C’(:v))) - exp(-k};zh%] ekeT (9.4.43)

—0o0

I(kz) =

To perform the integral in (9.4.43), we make use of a power series expansion.
exp| —k3,h2(1 - C(x))] — exp(~k3h?)
d (h2k§z)m

— 2 12 m
—exp(—kdzh)mzzl O™ (a) (9.4.44)
Define
1 [ .
W(m>(kz):% / dz e~ == p2mC™ () (9.4.45)

as the mth-order spectrum. Note that W) (k,) is just the usual spectral
density of the height function. Then using (9.4.44) and (9.4.45) in (9.4.43)
gives

T(k.) = \

ka
xp(—kfizhz)z —dz_ W("‘)( kaz)  (9.4.46)

m=1

kdxkiz - kdzkiz 2
kzkdz

Equation (9.4.46) is known as the physical optics solution.

In terms of incident and scattered angles, using (9.4.46) in (9.4.37) gives
3

k
o(6s) =|1 + cos(8; + 63)|2c059

exp [—k2h2 (cos B; + cos 03)2]

1

IS ) 2(m—1)
Z (k(cos0; + cosbs)) W(m)(k sin 8, — ksin 6;) (9,4.47)

m!
m=1
In the backscattering direction, 65 = —01-, we have
4k3 9,9 (2k cos ;) 2(m—1) (m) .
o(—6;) = - exp( —4k?h? cos? ;) Z — W™ (—2k sin 6;)

m=1

(9.4.48)
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In the high-frequency limit, one can obtain the geometrical optics solu-
tion by approximating the integral as follows. Most of the contributions of
the integral arise from x ~ 0. We expand

c’(0
Clz)~1- I——~2(—Jm2 (9.4.49)

assuming a quadratic dependence of correlation function at x = 0. Thus

k2 V2r
/ dmexp[ Fgsh” |C”(0)| 2] ETs (9.4.50)

where s is the rms slope. Hence

1
o(0s) = 0030 V2ms(cos §; + cosb,)

Equation (9.4.51) is independent of frequency and is known as geometrical
optics solution. Note that in the backscattering direction

1
o(—0;) = —————
(=6:) 2v/2ms cosd 6;
Also note that as §; — 90°, the solutions break down because of the large
effects of shadowing at grazing incidence.

1+ cos(6; + 6;) 2
cos 0; + cos

(9.4.51)

(9.4.52)

4.2 Neumann Problem for One-Dimensional Surface

The Neumann boundary condition specifies that

f - V(F) =0 (9.4.53)
at z = f(z) on the surface. In the electromagnetic context, 1 corresponds to
the magnetic field in the g-direction, and the Neumann boundary condition

corresponds to TM wave impinging upon a perfectly conducting surface.
Using (9.4.53) in (9.4.5) gives

D) = Pine(™) + / dS$(F)h - Vg(F,¥) (9.4.54)
s
The tangent plane approximation now implies that
Y(F) = 2pine(7) = 2657 (9.4.55)

Thus (9.4.54) becomes

Y(F') = Yine(T) +2 / dz N - Vg(F,7)ek™ (9.4.56)

Making use of the spectral representation of (9.4.21) gives, for 2/ > z,

» i o ezk (7' —-T)
Vg7, 7) = E/ dk, (—iks )———— (9.4.57)

Z
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where k, = k& + k.2 with k2 + k2 = k? as in Section 4.1. Using (9.4.57) in
(9.4.56), we obtain

Ps(F) = / "k, 5T s (kz) (9.4.58)
1 [ oz
ws(k:c) = onk L dkm (N . ks)elkd-’r‘
1

_ / > da eilkiz—ks)z—i(k.+k:.) f(x) ﬁk — k.| (9.4.59)
= ok, . Te dz T 2 t

It can be seen that (9.4.59) differs from (9.4.23) in the Dirichlet case only in
the terms inside the bracket.

Neglecting edge effects, the scattered field becomes

1 00 ) .
k)= —— (k.k - k.k . d tkazz+ika. f(x) 4.
Note that since k4, = kiz — kz and kg, = —(ki, + k.), we have
kzkdz + kmkd:c = "(kimkdz - kizkdz) (9-4-61)
so that
1 o ) )
Ys(ks) = _Qﬂ,k—zkdz(kia:kdm — kizkqz) /_oo dg ¢ikazrtikas f(2) (9.4.62)

This is the same as the scattered field with the Dirichlet boundary condition
in Eq. (9.4.27) except for the sign difference. Consequently, the coherent field
for the Neumann problem is the negative of Eq. (9.4.32) for the Dirichlet
problem, and the bistatic scattering coefficient is identical to the Dirichlet
case as given in Eq. (9.4.47). The latter is in contradistinction with first-
order SPM results, where the bistatic scattering coefficients are in general
different for Dirichlet and Neumann boundary conditions.
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1-2 system, 8.

Absorption coefficient, 112, 200, 260, 263.

background, 269.
for independent scattering, 128.
for Mie scatterers, 353.
Absorption cross section, 6, 281.
for Rayleigh scatterer, 12.
Acoustic scattering, 30.
Acoustic wave, 30, 391.
Active remote sensing, 66, 151.
of nonspherical particles, 303.
of random medium, 252.
of spherical particles, 298.
using discrete ordinate method, 337.
Addition theorem

for vector spherical harmonics, 99, 299.

Admittance matrix, 310.
Aerosols, 172.
Air bubbles, 169.
Albedo, 6, 37, 380.
Amundsen-Scott Station, 325.
Angular correlation function (ACF), 162,
234.
Anisotropic medium, 73.
Antarctica, 325.
temperature profile, 325.
Associated Legendre function, 24, 25, 29.
Atmosphere, 172, 264.
absorption profile, 266.
temperature profile, 266.
Attenuation, 66, 67.
Average
ensemble, 110, 122, 125, 131.
time, 122.
Azimuth resolution, 242.

Backscattering, 109.
coefficient, 68, 176.

cross section, 16.
enhancement, 298.

Backward phase matrix, 346.

Banded matrix, 203.

Bandwidth, 240.

Baseline, 248.

Bessel function, 22.
spherical, 24, 25.

Bistatic radar, 113.

Bistatic scattering coefficient, 68, 151.
cross section, 14.
for rough surface, 407, 413, 416.
incoherent, 402.
reciprocity relation, 75.

Blackbody radiation, 200.

Boltzmann probability distribution, 146,

263.

Boltzmann’s constant, 147, 263.

Born approximation, 5, 18, 20, 129, 253.
for random medium, 253.
polarization dependence, 20.
for sphere, 20. '

Bose-Einstein statistics, 145.

Bragg scattering, 186.

Brewster angle, 214.

Brightness temperature, 145, 148, 152.
for half-space random medium, 350.
for stratified medium, 212.
for two-layer random medium, 350.
polarimetric, 155.

Brine pocket, 169.

Central limit theorem, 133, 135.
Characteristic function, 181, 396.
Christoffel weights, 330.
Cloud, 355, 356.
Coherent

approach, 200.

field, 131, 232, 234.
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intensity, 132.
reflection, 400, 406.
wave, 400.
Correlation function, 129, 130, 174, 175,
181, 256, 349, 392, 395.
anisotropic, 176.
exponential, 176, 392.
Gaussian, 176, 181, 392, 395.
normalized, 176.
of electromagnetic fields, 161.
slope, 182, 183, 394.
two-point, 254.
Correlation length, 130, 176, 181, 182, 392.
Correlation processing, 243.
Cosmic background radiation, 358.
Coupling coefficient
for Mie scatterers, 352.
for random medium, 349.
Covariance, 176.
function, 396.
matrix, 135, 136, 396.
Critical angle, 202, 285.
Cross section
absorption, 6, 12.
extinction, 37, 68.
geometric, 5.
normalized, 68.
receiver, 67.
total, 6, 68.
Curvature, 410.
Cylinder
finite length, 41, 310.
Cylindrical wave, 22, 57.
vector, 23.

Debye equation, 184.
Degree of polarization, 139, 308.
Desalination, 169.
Differential volume, 108, 111.
Diffuse intensity, 295, 381.
averaged, 381.
single scattering, 296.
Diffusion approximation, 288, 380, 382,
385.

INDEX

Diffusion equation, 384.
boundary condition for, 385.
Dipole moment, 9, 10.
Dirac delta function
cylindrical wave representation, 57.
plane wave representation, 55.
spherical wave representation, 59.
Directivity, 113.
Dirichlet problem, 390, 391, 397, 408, 415.
Discrete ordinate-eigenanalysis method
for active remote sensing, 337.
for passive remote sensing, 343.
normal incidence, 328.
oblique incidence, 337.
Discrete random medium, 173, 174.
Disk, 13, 46.
Divergence of beam factor, 148, 202, 285.
Divergence theorem, 157.
Donelan-Banner-Jahne spectrum, 191.
Drop-size distribution, 355.
Dry snow, 170.
Durden-Vesecky spectrum, 189, 190.
Dyadic Green’s function, 54, 55, 153.
cylindrical wave representation, 57.
for stratified medium, 207.
layered medium, 253.
plane wave representation, 55.
spherical wave representation, 59.

Eccentricity, 13.
Effective permittivity, 175.
Ellipsoid, 12, 271.
Elliptical polarization, 116.
Ellipticity angle, 117.
Emission, 200.
Stokes parameters, 279.
vector, 260, 269, 275.
Emissivity, 149, 151, 152, 156.
Energy conservation, 149.
Ensemble average, 110, 122, 125, 131.
Eulerian angles, 81, 271.
Eulerian rotations, 81.
Exciting field, 84, 85.
Exponential correlation function, 392.
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Extended boundary condition (EBC), 84,
91, 94, 397.

Extinction coefficient, 72, 112, 260.
for independent scattering, 128.
for Mie scatterers, 353.

Extinction cross section, 37, 68, 87.
for small sphere, 100.
for spheres, 98.

Extinction efficiency, 38.

Extinction matrix, 72, 260, 269.
for nonspherical particles, 274.
for spherical particles, 272.

Extinction theorem, 60, 63, 65, 72, 92, 397.

Field
coherent, 131, 234.
correlation function, 132.
fluctuating, 121, 131, 132.
incoherent, 131, 132.
Finite length cylinder, 41, 310.
Fluctuation dissipation theorem, 152, 153,
200, 212, 276.
Fluctuation field, 121, 131, 132.
Flux vector, 262.
Focusing, 237, 239.
Foldy’s approximation, 73, 273.
Footprint, 237.
Forward phase matrix, 345.
Forward scattering theorem, 37, 72.
see also Optical theorem.
Fourier Stieltjes integral, 392.
Fractional volume, 168, 355.
Fresnel reflectivity, 143, 201.

Gain, 66, 67, 108, 113.
Gamma function, 134.

recurrence relation, 134.
Gauss-Legendre quadrature, 97, 349.
Gaussian correlation function, 181, 392.
Gaussian statistics, 179.
Geometric optics, 5, 415.
Glory effect, 298, 303.
Green’s function, 54, 55, 61.

cylindrical wave representation, 57.
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plane wave representation, 55.
dyadic, see Dyadic Green’s function.
singularity, 56.
spherical wave representation, 59.
two-dimensional, 408.

Green’s theorem, 408.
two-dimensional, 408.
vector, 60, 61, 64.

Half-power beamwidth, 113.
Hankel function, 22.
spherical, 26.
Hermitian conjugate, 90.
Hertzian dipole, 75.
Horizontal polarization, 8.
Huygens’ principle, 41, 60, 63-66, 408.
Hydrodynamic modulation, 192, 194.
Hydrometeors, 172.

Ice, 168.

categorization, 169.

dielectric properties, 169.

loss tangent, 170.

salinity, 169.

temperature profile, 169.
Imaging radar, 243.
Impedance matrix, 310.
Incoherent

approach, 200.

field, 131, 132.

intensity, 132.

wave, 402.
Independent scattering, 109, 112, 125.
Index of refraction, 200.

for water, 116.
Infinite cylinder approximation, 41, 315.
Infinite disc approximation, 46.
Intensity

coherent, 132.

incoherent, 132.

specific, see Specific intensity.
Interferometric SAR (InSAR), 248, 252.
Integral equation, 60, 63, 409.

surface, 64.
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Invariant imbedding, 362.
one-dimensional, 363.
three-dimensional, 370.

Kirchhoff approach (KA), 66, 407.
Kirchhoff’s law, 149, 150.

Lambert’s cosine law, 142.
Lambertian surface, 142.
Laminar medium, 324.
Laplace equation, 72.
Layered medium, 55, 200.
Legendre function, 300.
associated, 24, 25, 29.
Legendre polynomial, 300.
zeros of, 330.
Legendre quadrature, 330.
Loss tangent
for sea ice, 170.

Marshall-Palmer size distribution, 114, 172.
Maxwell equations, 2, 17, 54, 61, 73, 74, 80,
109, 157, 203, 278.

Memory effect, 162, 236.

Method of moment, 310.
body of revolution, 310.

Mie scattering, 29, 32, 303.
absorption coefficient, 353.
arbitrary excitation, 100.
coupling coefficients, 352.
extinction coefficient, 353.
extinction cross section, 98.
for coated sphere, 102.
scattering coefficient, 353.
scattering cross section, 99.
small sphere limit, 99.

Mode radius, 355.

Moisture content, 184, 220.

Monostatic radar, 15, 109, 113.

Mueller matrix, 307, 308, 315-322.

Multipole, 85.

Mutual coherent function, 162.
two-frequency, 163.

INDEX

Narrow beam equation, 113.
Neumann function
spherical, 34.
Neumann problem, 390, 391, 403.
Nonspherical particles, 171
active remote sensing of, 303.
emission vector for, 275.
Euler angles for, 81.
extinction matrix for, 72, 272, 274.
phase matrix for, 271.
passive remote sensing of, 281.
T-matrix, 84.
Normal distribution, 133.

Ocean
permittivity, 359.
surface, 185.

Ocean spectrum
composite model, 192.
directional, 185.
Donelan-Banner-Jahne, 191.
Durden-Vesecky, 189.
Pierson-Moskowitz, 187.
power law, 186.

Ohm’s law, 6.

Opposition effect, 298.

Optic axis, 168.

Optical distance, 293.

Optical theorem, 68, 72, 87, 100, 273.
see also Forward scattering theorem.

Optically thick, 380.

Orientation angle, 117, 121.

p polarization, 8.
Pair distribution function, 174, 234.
Parallel polarization, 8.
Passive remote sensing, 145, 148, 151.
of cloud, 355.
of earth, 264.
of Mie scatterers, 352.
of rainfall, 355.
of random medium, 349, 373.
using discrete ordinate method, 343.
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Permittivity
fluctuation, 252.
fluctuations, 129.
mean, 129.
random, 162,
reconstruction, 19.
tensor, 73.
variance, 129.
Perpendicular polarization, 8.
Phase compensation, 237.
Phase function, 111, 130.
Phase matching, 162
statistical, 237.
Phase matrix, 116, 125, 260, 269, 271.
backward, 346.
for independent scattering, 269.
for random medium, 129, 130.
forward, 345.
Rayleigh, 127, 128.
Phasor, 121, 122.
Physical optics, 414.

Pierson-Moskowitz spectrum, 187, 188.

Planck radiation law, 147.
Planck’s constant, 145.
Planck’s equation, 145.
Planck’s radiation law, 145.
Plane wave, 21.

expansion in cylindrical waves, 24.

expansion in spherical waves, 26.
Poincaré sphere, 120-122, 139.

equator, 121.

north pole, 121.

south pole, 121.
Point scatterers

isotropic, 322.

second-order scattering, 322.

single scattering, 232.
Polarization, 116.

circular, 121.

degree of, 139, 308.

density, 10.

elliptical, 116.

horizontal, 8.

left hand, 117, 118, 121.
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linear, 121.
parallel, 8.
partial, 121.
perpendicular, 8.
phase difference, 117.
right hand, 117, 118, 121.
scattering plane description, 7.
TE, 8.
T™, 8.
vertical, 8.
Porosity, 220.
Power spectrum, 183.
see also Spectral density.
Probability density function, 133, 135.
N-particle, 177.
Gaussian, 179.
Propagating matrix, 210.
foward, 210.
TE, 210.
TM, 210.

Quadrature components, 132.

Quantum theory, 145.

Quasi-crystalline approximation (QCA),
174.

Quasi-monochromatic, 121, 122.

Radar, 66
bistatic, 66, 113.
equation, 108, 109, 112.
imaging, 243.
monostatic, 15, 66, 109, 113.
synthetic aperture, see Synthetic aper-
ture radar.
Radiative transfer equation, 72, 260.
boundary conditions, 264.
discrete ordinate-eigenanalysis method,
288, 324.
for active remote sensing, 337.
for passive remote sensing, 343.
invariant imbedding method, 288, 362.
iterative method, 288.
scalar, 262.
vector, 269.
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Radiative transfer theory, 200.
deficiencies, 203.
scalar, 260.
vector, 269.
Radiometer, 148, 264.
Radius of curvature, 410.
Rain, 114, 172, 355, 356.
Raindrops, 172.
precipitation rate, 173.
size distribution, 172.
Random medium, 129, 161.
discrete, 173, 174.
half-space, 252.
three-dimensional, 349.
Random variable, 133, 135.
Range, 243
resolution, 238, 243.
Rayleigh condition, 390.
Rayleigh distribution, 133.
Rayleigh hypothesis, 397, 398.
Rayleigh phase matrix, 127, 128, 130.

Rayleigh scattering, 5, 9, 10, 72, 114, 126.

ellipsoid, 12.

sphere, 10.

spheroids, 13.

thin disk, 13.
Rayleigh-Jean’s law, 147, 148.
Receiver, 66.
Reciprocal medium, 73.
Reciprocity, 60, 73, 149.

for bistatic scattering coefficient, 75.

for T-matrix, 91.
relations, 73-75.
Reduced intensity, 295, 380.
average, 382.
single scattering, 296.
Reflection coefficient
for half-space medium, 205.
for stratified medium, 205.
for two-layer medium, 207.
Reflectivity, 149, 152.
function, 370.
Remote sensing
active, see Active remote sensing.

INDEX

passive, see Passive remote sensing.
Resolution

azimuth, 242.

range, 238.

spatial 242, 243, 245, 248,
Retro-reflection, 298.
Rough surface

correlation function, 181, 392, 395.

correlation length, 181, 182, 392.

exponential correlation function, 182,

392.
fractal, 182.

Gaussian correlation function, 179, 392.

Gaussian spectral density, 393.
power spectrum, 183.

Rayleigh condition for, 390.

rms height, 179.

slope correlation function, 182, 394.
slope function, 393.

spectral density, 179, 183, 395.
with Kirchhoff approach (KA), 407.

with small perturbation method (SPM),

397.

s polarization, 8.

Saddle point method, 254.

Salinity, 169.
profile, 169.

Scattering amplitude, 2, 6, 68.
coordinate transformation, 271.
integral expression, 16, 17.
matrix, 6-8.
symmetry relation, 90.

Scattering coefficient, 112, 263.
bistatic, 68.
for independent scattering, 128.
for Mie scatterers, 353.
monostatic, 68.

Scattering cross section, 2, 5.
differential, 108.
for small sphere, 100.

Scattering dyad, 14.

Scattering efficiency, 38.

Scattering matrix, 270.
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Sea ice, 168.

Second-order scattering, 322.

Shadowing, 410.

Single scattering, 232.

Size distribution
Gamma, 355.
Marshall-Palmer, 114, 172.

Small perturbation method (SPM), 397.

Snell’s law, 143, 201.

Snow, 170.
as dense medium, 170.
dry, 170.
metamorphism, 170.
permittivity, 171.
water equivalent, 170.
wet, 170.

Soil, 184, 220, 314.
moisture content, 184, 220.
porosity, 220.

Zaneis loam, 220.
Specific intensity, 140, 147, 148, 200, 260,
284.
angular transform, 164.
boundary conditions, 143.
dimension, 140.
downward-going, 200, 264.
for Lambertian surface, 142.
incident, 144.
invariance, 144.
reflected, 144.
relating to correlation function, 164.
transmitted, 144.
upward-going, 200, 264.

Spectral density, 183, 256, 393, 395.
Gaussian, 183.

Spherical harmonics, 26.
completeness relation, 26.
orthogonality relation, 26.
vector, 27.

Spherical wave, 2, 24, 59.
vector, 27, 28.

Spheroid, 13.
oblate, 13.
prolate, 13.

Standard deviation, 179.

Stationary random process, 392.
Stationary-phase method, 211.
Statistical translational invariance, 234.
Stokes matrix, 123, 124, 269, 270.
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Stokes parameters, 116, 119, 120, 123, 124,

135, 136, 154-156, 269, 270.
boundary conditions, 283.
emission, 155, 279.
for fluctuating fields, 122.
for independent scattering, 126.
reflected, 285.
transmitted, 285.

Stokes vector, 124, 260.

Strong permittivity fluctuation (SPF), 174.

Structure factor, 236.

Surface
integral equation, 64.
rough, see Rough surface.

Symmetry relation
for reflection, 149.

Synthetic aperture radar (SAR)
azimuth resolution, 242.
circular mode, 246.
interferometric, 248, 252.
point target response, 248.
range resolution, 243.
spatial resolution, 242, 243, 245, 248.
spotlight mode, 243.

System transfer operator, 83.

T-matrix, 83-85, 91, 95.
for axisymmetric object, 96.
for small sphere, 99.
for small spheroid, 105.
for sphere, 97, 98.
for spheroid, 104.
reciprocity relation, 91.
relation to scattering amplitude, 87.
symmetry, 88, 90.
unitarity, 88, 90.
Tangent plane approximation, 407.
TE polarization, 8.
Temperature
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brightness, 152.
nonuniform, 152.
physical, 152.

Thermodynamic equilibrium, 145.

Thin disk, 13.

Time average, 122.

TM polarization, 8.

Tomography, 19.

Translational invariance, 175.
statistical, 162, 234.

Transmissivity, 149.
function, 370.

Transmitter, 66.

Transport rate, 383.

Two-phase medium, 174.

Vector Green’s theorem, 60, 61, 64.
Vector spherical harmonics, 27.

addition theorem, 99.

orthogonality, 27.
Vector wave equation, 54.
Vegetation, 171, 314.

permittivity, 171.
Vertical polarization, 8.

Water
bound, 184.
content, 355, 356.
free, 184.
index of refraction, 116.
permittivity, 184, 357.
specific density, 356.
Wave
approach, 203.
coherent, 400.
incoherent, 402.
Wave equation
Cartesian coordinates, 21.

cylindrical coordinates, 22.

scalar, 21, 390.
spherical coordinates, 24.
vector, 21, 54.

Wet snow, 170.

Wronskian, 34, 44.
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