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Introduction

In 1824, a young Norwegian named Niels Henrik Abel pub-
lished a small pamphlet announcing a new mathematical
proof for an old problem. Few read his pamphlet or paid
much attention. Five years later, Abel died at age twenty-six,
just before his work started to receive wide acclaim. Devel-
oped by others, his insights became a cornerstone of mod-
ern mathematics. Yet, apart from mathematicians, his ideas
remain generally unknown.

This book tells the story of Abel’s problem and his proof.
The text contains a minimum of equations, so that the main
lines of the argument should be accessible to people who are
intrigued by ideas but feel uncomfortable with mathemat-
ical detail. Boxes develop arguments and give examples in
greater depth, but these can be skipped without guilt. The
appendixes go further still, including an annotated transla-
tion of Abel’s pamphlet. The notes give references and sug-
gestions for further reading.

Abel’s proof concerns the solution of algebraic equations,
that is, equations of the form a4,x" + a,.,x" " + --- + 4,=0,
where x is the “variable” whose “solutions” or
areseeking anda,, 4, 1, ..., 4, are constant “coefficients.” We
classify algebraic equations by #, the highest power. If n =1,

[L IRy ey J
Touls we



2 Introduction

the equation islinear and x has one root. If n = 2, the equation
is quadratic, and we are taught in high school that the gen-
eral solutions for any quadratic equation a,x* +a,x +a, =0

R —aqt+, fa2—4asa R
are given by x = —Y1—"2 no matter what integers or

2a

fractions a,, 41, 4, might be. The quadratic equation is thus
“solvable in radicals,” as mathematicians say, meaning that
its solutions can be expressed in terms of radicals (in this case,
the square root, but in general meaning any root, such as a
cube root, a fifth root, etc.), combined with the four ordinary
algebraic operations (addition, subtraction, multiplication,
division). This is as far as one goes in high school, except per-
haps to learn that there are equations of still higher degree:
if n = 3, we get equations like x° + 2x* + x — 1 = 0, called
cubicor of the third degree. Likewise, there are fourth-degree
equations (also called quartic) that involve x*, fifth-degree
equations (called quintic) that involve x°, and so on, so that an
nth-degree equation has powers of x up to and including x".

For many people, the quadratic formula is a dim memory
at best, though most of us recall that a quadratic equation
has solutions that can be found from a certain formula. What
about cubic equations or quartic equations? It turns out that
they are also solvable in radicals. Their solutions are more
complex than the quadratic formula, but they are available
in books and used to be studied routinely in school texts
of the nineteenth century. In the case of the cubic equation,
the solutions involve cube roots of square roots. It all seems
very routine, even tedious; we expect that all equations have
solutions, no matter what their degree, but that the solutions
get more and more complex the higher the degree. So far, this
all appears very tame.

But there is a great surprise. In general, a quintic equation
is not solvable in radicals. That is, although there are certain



Introduction 3

special quintic equations that have solutions we can express
in terms of radicals, if we take the general equation of the
fiftth degree, a5x° +a,x* +a,X° +a,x> +a,x +a, = 0, there are
infinitely many values of the coefficients for which there is no
way of expressing what values of x would solve this equation
in terms of some formula involving a finite number of square
roots, cube roots, fifth roots, and other algebraic expressions.
That is, there are values of x that will satisfy the given quintic
equation, but we cannot express them in any finite formula,
however complex, involving just roots and powers, added,
subtracted, multiplied, and divided in sormne way, as we could
for all equations up to the quintic. What is worse, the same
holds for equations of any degree higher than five: in general,
equations of the sixth, seventh, eighth, ..., nth degree are not
solvable in radicals either.

Why? What happened to the pattern of algebraic equa-
tions each having solutions? What is it about the fifth degree
that causes the problem? Why does it then go on to affect all
higher degrees of equations? Most of all, what is the signifi-
cance of this breakdown, if one can use such a word?

Such questions have moved me since childhood. Mathe-
matical symbols may indicate hidden truths that have deep
human significance, even as they transcend the human.
Abel’s proof contains a prime secret: how can a search for so-
lutions yield the unsolvable? Perhaps if I tried hard enough,
I could understand. I studied modern texts, but the key re-
mained elusive. Absorbed in advanced studies, experts may
cease to wonder about the elementary. They might not notice
the kind of basic insight I was seeking. To find it, Ineeded to
return to the sources, retracing the journey recounted in this
book. The story begins in ancient Greece and has climactic
scenes in Norway and France in the 1820s. What Abel found
is indeed surprising and strangely beautiful.
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1 The Scandal of the
Irrational

The story begins with a secret and a scandal. About 2,500
years ago, in Greece, a philosopher named Pythagoras and
his followers adopted the motto “All is number.” The
Pythagorean brotherhood discovered many important math-
ematical truths and explored the ways they were manifest in
the world. But they also wrapped themselves inmystery, con-
sidering themselves guardians of the secrets of mathematics
from the profane world. Because of their secrecy, many de-
tails of their work are lost, and even the degree to which they
were indebted to prior discoveries made in Mesopotamia and
Egypt remains obscure.

Those who followed looked back on the Pythagoreans as
the source of mathematics. Euclid’s masterful compilation,
The Elements, written several hundred years later, includes
Pythagorean discoveries along with later work, culminating
in the construction of the five “Platonicsolids,” the only solid
figures that are regular (having identical equal-sided faces):
the tetrahedron, the cube, the octahedron, the dodecahedron,
and the icosahedron (figure 1.1). The major contribution of
the Pythagoreans, though, was the concept of mathematical
proof, the idea that one could construct irrefutable demon-
strations of theoretical propositions that would admit of no
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Figure 1.1

The five regular Platonic solids, as illustrated after Leonardo da Vinci
in Luca Pacioli, On the Divine Proportion (1509). a. tetrahedron, b. cube,
¢. octahedron, d. dodecahedron, e. icosahedron.
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exception. Here they went beyond the Babylonians, who, de-
spite their many accomplishments, seem not to have been in-
terested in proving propositions. The Pythagoreans and their
followers created “mathematics” in the sense we still know
it, a word whose meaning is “the things that are learned,”
implying certain and secure knowledge.

The myths surrounding the Pythagorean brotherhood hide
exactly who made their discoveries and how. Pythagoras
himself was said to have recognized the proportions of sim-
ple whole-number ratios in the musical intervals he heard
resounding from the anvils of a blacksmith shop: the octave
(corresponding to the ratio 2:1), the fifth (3:2), the fourth (4:3),
as ratios of the weights of the blacksmith’s hammers. This re-
vealed to him that music was number made audible. (This
is a good point to note an important distinction: the modern
fraction ¢ denotes a breaking of the unit into parts, whereas
the ancient Greeks used the ratio 3:2 to denote a relation
between unbroken wholes.) Another story tells how he sac-
rificed a hundred oxen after discovering what we now call
the Pythagorean Theorem. These stories describe events that
were felt to be of such primal importance that they demanded
mythic retelling.

There is a third Pythagorean myth that tells of an unfore-
seen catastrophe. Despite their motto that “all is number,”
the Pythagoreans discovered the existence of magnitudes
that are radically different from ordinary numbers. For in-
stance, consider a square with unit side. Its diagonal cannot
be expressed as any integral multiple of its side, nor as any
whole-number ratio based on it. That is, they are incommen-
surable. Box 1.1 describes the simple argument recounted
by Aristotle to prove this. This argument is an example of
a reductio ad absurdum: We begin by assuming hypothetically
that such a ratio exists and then show that this assumption
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Box 1.1
The diagonal of a square is incommensurable with its side

1

Let the square have unit side and a diagonal length s. Then
suppose that s can be expressed as a ratio of two whole
numbers, s = m:n. We can assume further that m and n are
expressed in lowest terms, that is, they have no common
factors. Now note that s? = m*:n* = 2:1, since the square on
the hypotenuse s is double the square on the side, by the
Pythagorean theorem. Therefore m” is even (being two times
an integer), and so too is m (since the square of an even num-
ber is even). But then n must be odd, since otherwise one
could divide m and » by a factor of 2 and simplify them
further. If m is even, we can let m = 2p, where p is some
number. Then m* = 4p* = 2n*, and n* = 2p*. But this means
that 72 is even, and so too is n. Since a whole number cannot
be both even and odd, our original assumption that s = m:n
must be wrong. Therefore the diagonal of a square cannot be
expressed as a ratio of two whole numbers.

leads to an absurdity, namely that one and the same num-
ber must be both even and odd. Thus the hypothesis must
have been wrong: no ratio can represent the relation of di-
agonal to side, which is therefore irrational, to use a modern
term.
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The original Greek term is more pungent. The word for
ratio is logos, which means “word, reckoning, account,” from
a root meaning “picking up or gathering.” The new magni-
tudes are called alogon, meaning “inexpressible, unsayable.”
Irrational magnitudes are logical consequences of geometry,
but they are inexpressible in terms of ordinary numbers, and
the Greeks were careful to use entirely different words to
denote a number (in Greek, arithmos) as opposed to a magni-
tude (megethos). This distinction later became blurred, but for
now it is crucial to insist on it. The word arithmos denotes the
counting numbers beginning with two, for “the unit” or “the
One” (the Greeks called it the “monad”) was not a number in
their judgment. The Greeks did not know the Hindu-Arabic
zero and surely would not have recognized it as an arithmos;
even now, we do not hear people counting objects as “zero,
one, two, three, ....” Thus, the expression “there are no ap-
ples here” means “there aren’t any apples here” more than
“there are zero apples here.”

It was only in the seventeenth century that the word
“number” was extended to include not only the counting
numbers from two on, but also irrational quantities. Ancient
mathematicians emphasized the distinctions between differ-
entsorts of mathematical quantities. The word arithmos prob-
ably goes back to the Indo-European root (a)+7, recognizable
in such English words as rite and rhythm. In Vedic India, rta
meant the cosmic order, the regular course of days and sea-
sons, whose opposite (anrta) stood for untruth and sin. Thus,
the Greek word for “counting number” goes back to a con-
cept of cosmic order, mirrored in proper ritual: certain things
must come first, others second, and so on. Here, due order is
important; it is not possible to stick in upstart quantities like
“one-halt” or (worse still) “the square root of 2” between the
integers, a word whose Latin root means unbroken or whole.
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The integers are paragons of integrity; they should not be
confused with magnitudes, which are divisible.

At first, the Pythagoreans supposed that all things were
made of counting numbers. In the beginning, the primal
One overflowed into the Two, then the Three, then the Four.
The Pythagoreans considered these numbers holy, for
142+ 3+4 =10, a complete decade. They also observed
that the musical consonances have ratios involving only the
numbers up to four, which they called the “holy Tetractys.”
Out of such simple ratios, they conjectured, all the world
was made. The discovery of magnitudes that cannot be
expressed as whole-number ratios was therefore deeply dis-
turbing, for it threatened the entire project of explaining na-
ture in terms of number alone. This discovery was the darkest
secret of the Pythagoreans, its disclosure their greatest scan-
dal. The identity of the discoverer is lost, as is that of the one
who disclosed it to the profane world. Some suspect them
to have been one and the same person, perhaps Hippias of
Mesopontum, somewhere around the end of the fifth century
B.C., but probably not Pythagoras himself or his early fol-
lowers. Where Pythagoras had called for animal sacrifice to
celebrate his theorem, legend has it that the irrational called
for a human sacrifice: the betrayer of the secret drowned at
sea. Centuries later, the Alexandrian mathematician Pappus
speculated that

they intended by this, by way of a parable, first that everything
in the world that is surd, or irrational, or inconceivable be veiled.
Second, any soul who by error or heedlessness discovers or reveals
anything of this nature in it or in this world wanders on the sea of
nonidentity, immersed in the flow of becoming, in which there isno
standard of regularity.

Those who immerse themselves in the irrational drown
not by divine vengeance or by the hand of an outraged
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brotherhood but in the dark ocean of nameless magnitudes.
Ironically, this is a consequence of geometry and the
Pythagorean Theorem itseif. When Pythagoras realized that
the square on the hypotenuse was equal to the sum of the
squares on the other two sides, he was very close to the
turther realization that, though the squares might be com-
mensurable, the sides are not. Indeed, the argument given in
box 1.1 depends crucially on the Pythagorean Theorem. That
argument suggests that, had Pythagoras tried to express the
ratio of the diagonal of a square to its side, he would have
realized its impossibility immediately. He probably did not
take this step, but his successors did.

The discovery of the irrational had profound implications.
From it, Pappus drew a distinction between such “contin-
uous quantities” and integers, which “progressing by de-
grees, advance by addition from that which is a minimum,
and proceed indefinitely, whereas the continuous quantities
begin with a definite whole and are divisible indefinitely.”
That is, if we start with an irreducible ratio such as 2:3,
we can build a series of similar ratios in a straightforward
manner: 2:3 = 4:6 = 6:9 = --.. But if there is no smallest
ratio in a series, there can be no ratio expressing the whole.
Pappus’s words suggest that it was this argument that may
have opened the eyes of the Pythagoreans. Consider again
the diagonal and side of a square. The attempt to express
both of them as multiples of a common unit requires an in-
finite regress (box 1.2). However small we take the unit, the
argument requires it to be smaller still. Again we see that no
such unit can exist.

The challenge of Greek mathematics was to cope with two
incommensurable mathematical worlds, arithmetic and ge-
ometry, each a pertect realm of intelligible order within itself,
but with a certain tension between them. In Plato’s dialogues,
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Box 1.2
A geometric proof of the incommensurability of the diagonal
of a square to its side, using an infinite regress:

A E G B

D Cc

In the square ABCD, use a compass to lay off DF = DA along
the diagonal BD. At F, erect the perpendicular EF. Then
the ratio of BE to BF (hypotenuse to side) will be the same
as the ratio of DB to DA, since the triangles BAD and EFB are
similar. Suppose that AB and BD were commensurable. Then
there would be a segment I such that both AB and BD were
integral multiples of [. Since DF = DA, then BF = BD — DF is
also a multiple of I. Note also that BF = EF, because the sides
of triangle EFB correspond to the equal sides of triangle BAD.
Further, EF = AE because (connecting D and E) triangles EAD
and EFD are congruent. Thus, AE = BF isa multiple of I. Then
BE = BA — AE is also a multiple of I. Therefore, both the side
(BF) and hypotenuse (BE) are multiples of I, which therefore
is a common measure for the diagonal and side of the square
of side BF. The process can now be repeated: on EB lay off
EG = EF and construct GH perpendicular to BG. The ratio of
hypotenuse to side will still be the same as it was before and
hence the side of the square on BG and its diagonal also share
I as a common measure, Because we can keep repeating this
process, we will eventually reach a square whose side is less
than I, contradicting our initial assumption. Therefore, there
is no such common measure I.
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this challenge elicits deep responses, reaching out from math-
ematics to touch emotional and political life. A pivotal mo-
ment occurs in the dialogue between Socrates and Meno, a
visiting Thessalian magnate who was a friend and ally of
the Persian king. Meno was notoriously amoral, a greedy
and cynical opportunist. Strangely, on his last day in Athens
he asks Socrates over and over again whether virtue can be
taught or comes naturally. Their conversation turns on the
difference between true knowledge and opinion.

At the heart of their discussion, Socrates calls for a slave
boy, with whom he converses about how to double the area
of a square of a given size. Unlike Meno, the boy is inno-
cent and frank; he confidently expresses his opinion that if
you double the side of a square, you double its area. Their
conversation is a perfect example of Socrates’ practice of phi-
losophy through dialogue. As they talk, the boy realizes that
a square of double side has four times the area, which leaves
him surprised and perplexed. The Greek word for his situa-
tion is aporia, which means an impasse, an internal contradic-
tion. Just before this conversation, Socrates’” questioning had
revealed contradictions in Meno’s confident opinions about
virtue, and Meno had lashed out angrily. Socrates, he said,
was like an ugly stingray that harms his victims and renders
them helpless. Socrates” answer is to show how well the slave
boy could take being “stung.” The boy is amazed and curious,
not angry. He readily follows Socrates’ lead in drawing anew
picture (box 1.3). In a few strokes, the real doubled square
emerges by drawing the diagonals within the boy’s fourfold
square. Responding freely to Socrates” suggestions, the boy
grasps this himself. Meno is forced to admit that the “sting” of
realizing his ignorance did not harm the boy, who replaced
his false opinion with a true one. The dialogue ends with
Meno smoldering, foreshadowing the angry Athenians who
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Box 1.3
Socrates’ construction of the doubled square in the Meno

H a E
O

D B

G F
C

Let the original square be AEBO. The slave boy thought that
the square on the doubled side HE would have twice the
area, but realized that in fact that HEFG has four times
the area of AEBO. At Socrates’ prompting, he then draws the
diagonals AB, BC, CD, DA within the square HEFG. Each
triangle AOB = BOC = COD = DOA is exactly half the area
of the original square, so all four of these together give the
true doubled square ABCD.

later voted to execute the philosopher. Their outrage points to
the power of the new mathematical insights. Though Socrates
had not referred to the irrationality of the diagonal, it was cru-
cial. The process of doubling a square (an eminently rational
enterprise) required recourse fo the irrational, a fact that was
not lost on Plato or his hearers.
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Though a consequence of logical mathematics, clearly the
word “irrational” already had acquired the emotional conno-
tations it still retains. In Plato’s Republic, Socrates jokes that
young people “are as irrational as lines” and hence not yet
suited to “rule in the city and be the sovereigns of the great-
est things.” Appropriately and yet ironically, Socrates pre-
scribes mathematics, along with music and gymnastics, for
these young irrationals to tame what is most disorderly and
incommensurate in their souls. His joke points to a widely
held sense that irrationality in mathematics was a troubling
sign of confusion and disorder in the world, a danger as fear-
ful as drowning. Certainly the Pythagoreans took this dire
view, but Plato’s dialogues open a larger perspective. What
is irrational, in the soul or in mathematics, may be harmo-
nized with the rational; to use an unforgettable image from
another dialogue, the black horse of passion may be yoked
to the white horse of reason.

Plato’s great dialogue on the nature of knowledge rests on
this mathematical crux. It is named after Theaetetus, a math-
ematician who is introduced to us as he is being carried back
to Athens, dying from battlefield wounds and dysentery. In
a flashback to Theaetetus’ youth, we learn that he made pro-
found discoveries about the irrationals and the five regu-
lar solids, and he conversed with Socrates shortly before the
philosopher’s trial and death. Socrates was deeply impressed
with this youth, who seemed destined to do great things and
who also resembled Socrates physically, down to the snub
nose and bulging eyes. Also present during their conversa-
tion was Theaetetus’ teacher Theodorus, an older mathemati-
cian who had proved the irrationality of +/3, v/5, +/7, .. ., all
the way to /17, where for some reason he stopped.

Socrates’ characteristic irony is not in evidence as he ques-
tions Theaetetus, who explains his discovery that there are
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degrees of irrationality. Though such magnitudes as the
square roots of 3 or of 17 are irrational, they are still “com-
mensurable in square,” since their squares have a common
measure (that is, since (\/5)2 =3and (\/ﬁ )2 = 17 are both in-
tegers). Socrates is struck with the truth and beauty of these
insights and uses them as examples that lead to a broader
conversation about the nature of knowledge. He reminds
Theaetetus and Theodorus that he has a reputation as one
who “stings” by inducing perplexity and jokingly asks
Theaetetus not to denounce him as an evil wizard, explaining
that he is really a midwife who helps people deliver them-
selves of their conceptions.

Anticipating his indictment on the very next day, Socrates
justifies himself not to his angry accusers but to this gentle
and gifted young man, so much like himself. Far from feeling
antagonistic, Theaetetus is ready to enter a searching inquiry
that begins with mathematics as a touchstone of true knowl-
edge, testing whether other knowledge comes through the
senses or more mysteriously from within the soul. Though
he depicts himself as sterile, barren of wisdom, Socrates helps
Theaetetus bring his conception to birth and tests its health.
Socrates had often made fun of his own ugly features, but he
describes Theaetetus as beautiful. Theaetetus’ mathematical
to fight for his city and die with exceptional honor. Such is
the courage of one who could wrestle with the irrational.

During their conversation, Socrates encourages his guests
to “put themselves to torture,” by which he means that they
should struggle fearlessly to test and refine their opinions
together. In Greek, the word for “torture” can also mean
the “touchstone,” a mineral that is able to distinguish gold
trom base metal by the mark each makes on it. This extreme
metaphor has overtones of the judicial torture used to coerce
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truth from slaves, but Socrates uses it to signify a search for
truth that defies even intense pain and humiliation. Like sol-
diers or athletes, Socrates and Theaetetus see in suffering the
path to the superlative pleasure of ultimate truth. This they
have learned from mathematics, whose study often seems
painful to those who do not know the pleasure of insight. It is
no wonder that Plato placed over the door to his academy the
admonition: “Let no one ignorant of geometry enter here.”

The discoveries of Theaetetus and the test of mathemati-
cal proof were enshrined in Euclid’s Elements, which remains
even today a living fountainhead of mathematics, invaluable
for beginners as well as experienced mathematicians. Be-
yond presenting his own results, Euclid set the discoveries of
others in order as a touchstone of mathematical lucidity and
logical force. In the case of the irrational, Euclid drew on
a compromise introduced by Eudoxus, who kept numbers
and irrational magnitudes strictly apart, but yet in propor-
tion. For instance, Euclid considers two numbers in a certain
ratio (say 2:3) and shows how this proportion could be equal
to that between two irrational magnitudes (as 2+/2:34/2 is
equal to 2:3). Nevertheless, he would never mix the two dis-
tinct types so as to allow a ratio between a number and a
magnitude. This was not simply mathematical apartheid but
a decision to consider numbers and magnitudes as entirely
distinct genera, whose mixing might lead to incalculable
confusion.

Euclid’s contribution went far beyond this separation of
realms. In Book V, he introduces a far-reaching definition
of equality or inequality that extends to ratios of irrational
magnitudes. Following Eudoxus, he proposes that if we want
to check whether two ratios are equal, we should multiply
the terms by various integers to check whether these mul-
tiples are respectively greater, equal, or less (box 1.4). This
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Box 1.4
Euclid’s definition of equal ratio, which is applicable to any
magnitude (Book V, Definition 5)

The ratio a:b is said to be equal to the ratio ¢:d if, for any
whole numbers m and #n, when ma is compared with nb and
mc is compared with nd, the following holds: if ma > nb,
then mc > nd;if ma = nb, then mc = nd; and if ma < nb, then
mec < nd.

definition of equality still depends on testing multiples of
magnifudes, even though the magnitudes themselves may
have no common measure. It also uses any multiples what-
ever, as if to examine all possible multiples in order to de-
termine whether the multiplied ratios could ever be equal.
Thus, it is really a test, a trial by multiplication, a way to nav-
igate the irrational sea. Euclid puts it in strong contrast with
the way he treats whole numbers in Books VI and VII, for
integers are commensurable because they have a common
unit.

Euclid’s most daring inquiry into the irrational occurs in
Book X, which asks: Do the irrational magnitudes have some
intelligible order? Can one classify them into clear categories
by genus and species? He begins by showing that any magni-
tude can be indefinitely divided. Though implicit in geome-
try, hebrings into prominence what later came to be called the
continuum, meaning a continuously and endlessly divisible
magnitude, as opposed to the indivisible One, whose infe-
gral multiples constitute all the counting numbers. To show
this indefinite divisibility, Euclid demonstrates how we can
successively subtract from any magnitude half or more of
that magnitude, and then keep repeating this process until
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Box 1.5
Euclid’s statement of the indefinite divisibility of any magni-
tude (Book X, Proposition 1)

Take half (or more) of the given magnitude, and then the
same proportion of what remains, and the same proportion
yet again of what remains, continuing the process as far as
necessary so that the remainder can be made less than any
given line.

finally we have lefta magnitude thatis smaller than any given
amount (box 1.5). Thus, there is no smallest magnitude, no
geometrical “atom” or least possible magnitude making up
all others, for if there were, all magnitudes would share that
smallest magnitude as their common measure. Here again,
Euclid sets in play a process indefinitely repeated, not pic-
turable in a single figure but intelligible and logically com-
pelling, nonetheless.

Then Euclid sets out to classify different kinds of irra-
tionals, naming them and showing their interrelations. As
Theaetetus had shown, irrationality is a relative term. The
diagonal of a square is irrational compared to the side, but
it can be commensurable with another line, which might be
the side or diagonal of another square. What is speakable
depends above all on the relation between figures. Euclid’s
classification of irrationals is intricate, though it does not go
beyond what we would call the square root of the sum or
difference of two square roots. He identifies such quantities
in the division of a geometrical line, but we can also divide
a string to make it sound different intervals. This means we
can formulate a musical version of the mathematical crisis
of the irrational. If we try to divide an octave (whose ratio
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Box 1.6
The sound of square roots

Take two strings, one sounding an octave higher than the
other, so that their lengths are in the ratio 2:1. Then find the
geometric ratio (also called the mean proportional) between
these strings, the length x at which 2:x is the same proportion
as x:1. This means that 2:x = x:1; cross-multiplying this gives
x* = 2. Thus, the “ratio” needed is +/2:1 ~ 1.414, in modern
decimals. This is close to the dissonant interval called the
tritone, which later was called the “devil in music,” namely
the interval composed of three equal whole steps each of ratio
9:8. The tritone is thus 9:8 x 9:8 x 9:8 = 9%:8° = 729:512 ~
1.424,

is 2:1) exactly at the point of the geometric mean, we get
the mongrel “ratio” +/2:1 (box 1.6). This is very close to the
highly dissonant interval later called the “devil in music,”
the tritone. If the whole universe is based on number, such
harmonic problems are critical.

Euclid presents his classification of irrationals through a
hundred careful propositions. After this tour de force, he
says something amazing in the final proposition of the book:
From the lines already drawn, one can go on to define still
other irrational lines that are “infinite in number, and none
of them is the same as any of the preceding.” Although his
tone is impassive, this is a portentous statement. The realm
of the irrational is infinite not just because there are an un-
limited number of irrational magnitudes of each type but
even more because there is an infinite variety of kinds of such
magnitudes, each a different species with infinitely many ex-
amples. The discovery of the irrational disclosed an infinitely
branching path.
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Euclid’s impassive tone does not disclose what he thought
of this situation. By this final proposition, Euclid could have
meant to indicate a disturbing glance into the irrational abyss,
as if to say: Here lies an unfathomable, trackless sea of end-
lessly different magnitudes, from which one should tum
away in horror. But there is another possible reading of his si-
lence. He might have meant: Here lies an inexhaustible store
of treasures, infinite in number though each is finite in mag-
nitude. Behold, and wonder.



This page intentionally left blank



2 Controversy and
Coefficients

In his attempt to survey the irrational magnitudes, Euclid
was laying out possible solutions of what we now call the
quadratic equation. But that statement distorts his own way
of understanding these matters and thus is seriously mis-
leading. The ancient Greek mathematicians did not know the
word “algebra,” or the symbolic system we mean by it, even
though many of their propositions can be translated into al-
gebraic language. Euclid kept numbers rigorously separate
from lines and magnitudes. He might have been horrified by
the way algebra mixes rational and irrational, numbers and
roots. So, as we prepare to consider the meaning of equations,
we need to pause and assess the significance of the mathemat-
ical revolution refiected in the rise of algebra as we know it.

The word “algebra” is Arabic, not Greek, and refers to
the joining together of what is broken. Thus, in Don Quixote,
Cervantes calls someone who sets broken bones an algebrista.
The original Arabic algebraists created recipes for solving
ditferent kinds of problems, usually involving whole num-
bers. They worked by presenting examples with solutions,
but without the methodical symbolism we now associate
withalgebra and without the systematic processes of solution
that are equally important. They did recognize the logical
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force of geometry and tried to illustrate their solutions with
geometric examples, but they could not go far without the
symbols that might have enabled them to speak with more
generality.

What is surprising, then, is that some of the greatest ad-
vances in solving algebraic problems came long before such
powerful symbols were devised. In the case of the quadratic
equation, the Babylonians were able to solve many similar
problems four thousand years ago. Notably more advanced
than the Egyptians, the Babylonians made difficult calcu-
lations using a notation essentially equivalent to modern
place-value, but based on the number sixty (box 2.1). We
still use sexagesimal notation in our measurements of time
(60 minutes in the hour) and of angle (60 minutes of arc
in a degree). Such a notation of place-value was unknown
in Europe until the Renaissance, and the rich achievements
of Babylonian mathematics came fully to light only in the
twentieth century. When they considered a problem, the
Babylonians wrote it out and solved it in words. With no
symbolic notation for unknowns, they could not express the
general solution of an equation with arbitrary values, though
they could solve specific examples, as in box 2.2.

Similar statements could be made about the methods of
the Arabic algebraists, whose principal representative to the

Box 2.1
Babylonian sexagesimal (base 60) notation

The Babylonian notation for our decimal number 870 can
be written as 14, 30 = 14(60)" + 30(60)": the notation for the
modern fraction 0.5 would be 0;30 = 2 = 0(60)° +30(60)".
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Box 2.2
Babylonian solution of equations

Here is an example of a Babylonian solution of what we
would call the equation x* — x = 870, with the numerical val-
ues translated into decimal notation: “Take half of 1, which
is 0.5, and multiply 0.5 by 0.5, which is 0.25; add this to 870
to get 870.25. This is the square of 29.5. Now add 0.5 t0 29.5,
and the result is 30, the side of the square.” Compare this
with the modern solution of the equation a,x* + a;x +a9 = 0,
witha, = 1, a1 = —1, and ag = —870, namely x = (—a; +

a — 4:(12&0)/2(11 gives x = 4/ (%)2 + 870+ 1, each term of
which corresponds to a step in the Babylonian solution.

West was Muhammed ibn-Musa al-Khwarizmi. Writing in
the ninth century aA.p., he sets forth al-jgbr as an eminently
practical art, “such as men constantly require ... in all their
dealings with one another”; he gives as instances the prob-
lems that emerge from inheritances, lawsuits, trade, land
measurement, and canal building. Like the Babylonians, al-
Khwarizmi focuses on specific problems, but he adds that
“it is necessary that we should demonstrate geometrically
the truth of the same problems which we have explained
in numbers.” Box 2.3 shows his geometrical explanation of
one problem: to solve for the unknown “root” if “a square
and 10 roots equal 39 units” (x* 4+ 10x = 39, as we would
say). His method is that of “completing the square,” though
al-Khwarizmi confines it to this one example. Compare the
general expression of this method in modern symbols shown
in box 2.3. Shortly, we will consider the history and signifi-
cance of these symbols.



Chapter 2

Box 2.3
Al-Khwarizmi's geometric explanation of the solution to
quadratic equations

1
J X =r K
e o1
A B
h f
D C
g
M L

Consider the proposition that “a square and 10 roots equal
39 units” (x* + 10x = 39, in modern notation). Let the central
square ABCD have area x7; its side is thus x. Add to this
square four equal areas, labeled e, f, g, i, each of area 23, so
that together they have area 10x. Each of these is a rectangle
of sides x and 2. Now complete the larger square JKLM
by including the little squares at each corner, whose area is
each 23 x 21 = 63; the total area of all four corner squares
is 4 x 62 = 25. We are given that the central square plus
the rectangles equals 39, so the large square [KLM has area
39+ 25 = 64 and hence side 8. But the side of the large square
is 2% + x +21 =5+ x = 8, s0 we conclude that x = 3,

In comparison, the algebraic solution of a,x* +a,x +ay = 0
isx = (—a1£+/a? — 4;13:1.])/2:13. In this case,a> = 1, a; = 10,

ag = —39,s0x = (—10+ 100+ 156)/2 = (=10 £ 16)/2 =3
or —13,
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As the algebraic writings of the Arabs were translated into
Latin, Europeans began to work in what they called “the
great art,” also called the art of the coss or cosg, meaning the
“thing” or unknown. The story of early modern algebra is
tumultuous; after long periods of inactivity, great strides
were made in a matter of years by a few individuals. These
mathematical innovations were often related to problems
raised by economic changes, as the Arabs” work had also
been. During the centuries following the Crusades, new con-
ditions of commerce involving extensive traffic in commodi-
ties required widespread use of currency as a medium of
exchange and a new way of analyzing the flow of assets.
European goods ranged widely, traded for spices and silks.
As merchants strove for rapid increase of capital, they found
they needed new ways to deal with dispersed partners and
factors operating in diverse local economic situations. Marine
insurance emerged, as did bills of exchange in draft form
and modes of international credit. The ancient methods of
bookkeeping also broke down when, as Shylock describes
it, a trader has “an argosy bound to Tripolis, another to the
Indies; I understand, moreover, upon the Rialto, he hath a
third at Mexico, a fourth for England—and other ventures
he hath, squand’red abroad.”

In this new situation, double-entry bookkeeping was an in-
valuable innovation. The basis of all subsequent accounting
practice, this system requires a twofold listing of all debits
and credits, recorded in a single currency and checked by
balancing both the debit and the credit sides of the ledger.
The new bookkeeping was extremely awkward with Greek
or Roman numerals but flourished with the advent of Hind u-
Arabic numerals, which Leonardo of Pisa (better known as
Fibonacci) helped introduce to Europe in his Book of the
Abacus (1202). At this time, the Arabic word sifr gave birth



28 Chapter 2

to the English words “zero” and “cipher,” essential concepts
for reckoning with numbers as a symbolic code.

Fibonacci’s book concerns problems in commercial trans-
actions, especially currency exchanges that involve fractions.
Such practical economic problems lead to more speculative
questions: “How many pairs of rabbits will be produced in a
year, beginning with a single pair, if in every month each pair
bears a new pair that becomes productive from the second
month on?” Considering such problems leads Fibonacci to
his celebrated sequence: 1, 1, 2, 3, 5, 8,13, ..., in which each
term is the sum of the two immediately preceding it. This se-
quence could describe the growth of capital as well as an in-
creasing population of rabbits. Later, the quantity now called
e =2.718..., the key to exponential growth, emerges during
a further consideration of compound interest. Fibonacci also
considers cubic equations, which he argues cannot be solved
with integers, square roots, and fractions, but for which he
presents quite accurate approximations.

Using Fibonacci as its main source, Luca Pacioli’s Summniary
of Arithmetic, Geometry, Proportions, and Proportionality (1494)
is the first treatise on double-entry bookkeeping. Pacioli was
a friend and colleague of the artists Piero della Francesca
(from whom he plagiarized his mathematics) and Leonardo
da Vinci, who illustrated his book On the Divine Proportion
(1509), a treatment of the “golden ratio” of the Greeks.
Pacioli considers that it is necessary in business to be “a
good accountant and a ready mathematician” and that busi-
ness affairs must be arranged systematically, “for without
systematic recording, their minds would always be so tired
and troubled that it would be impossible for them to conduct
business.” The system he expounds has the great advantage
that it envisions an exhaustive accounting in which all the
enterprises of a company can be drawn together.
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It is appropriate that Pacioli’s Summary was one of the first
books to be printed on movable type, since it appealed to the
increasing audience of businessmen who needed systematic
and ironclad schemes of accounting for their businesses. Per-
haps the best known aspect of the double-entry system is the
duality between credit and debit, manifest in the dual record-
ing of every transaction on both sides of the ledger; this leads
to the possibility of double-checking the accuracy of accounts
through the comparison of “trial balances” struck indepen-
dently on each side of the ledger. Though this is surely useful,
it is not the crucial innovation of the double-entry scheme,
for the accounts of Roman slaves or medieval factors were
also able to be balanced. Double entry allows not only bal-
ance but completeness of accounting because it records every
kind of transaction, including both “real accounts” that rep-
resent concrete transactions with a specific client or credi-
tor and what now are called “nominal accounts,” such as
“depreciation” or “good-will.”

Pacioli places his discussion of bookkeeping and commer-
cial mathematics next to his exposition of algebra. Here he
was not an innovator but an influential compiler of tech-
niques. His exposition indicates the close association
between commercial and what we would consider “pure”
mathematics. We gain a similar impression from other early
works, such as the “Treviso Arithmetic” (1478) and Johann
Widman's Mercantile Arithmetic (1489), the oldest book
in which the familiar “+” and “—" signs appear in print. Here
again these symbols at first refer to surplus and deficiency in
warehouse inventory, only later becoming signs of abstract
operations. As with Pacioli, practical considerations lead sur-
prisingly quickly to questions that transcend the symbols’
commercial origins, including questions about the solvabil-
ity of equations.
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Though the Babylonians had made significant strides in
solving what we would call cubic equations, all of their work
had been lost. Fibonacci thought such equations could not
be solved by magnitudes and square roots; Pacioli thought
them quite unsolvable by algebra, an opinion he derived from
the Arabic poet-mathematician Omar Khayyam, who had
done extensive work classifying cubics and exploring their
solvability. Piero della Francesca, a great mathematician as
well as painter, tried unsuccesstully to solve cubic, quartic,
and even quintic equations. The breakthrough came from
a motley bunch of Italians, of whom the most colorful was
Girolamo Cardano, whose life spanned most of the sixteenth
century (figure 2.1). Cardano was a physician, an inveterate
gambler, and an astrologer, whose religious opinions were
sufficiently heretical that the Inquisition jailed him in his old
age. It was his interest in gambling that led Cardano to write
the first book on the mathematics of probability. Despite all
this, he held prestigious professorships and eventually re-
ceived a pension from the pope. He wrote prolifically, and
his Book of My Life is astonishingly frank, detailing not only
his own passions and obsessions but also the misadventures
of his children (one son poisoned his wife and was executed,
the other was a ne’er-do-well who robbed his father). His
role in the history of algebra is central but controversial, the
subject of contention even among his contemporaries.

In his book The Great Art, or the Rules of Algebra (1545),
Cardano treats problems that we would call quadratic as al-
ready solved, and he cites “Mahomet the son of Moses the
Arab” (that is, al-Khwarizmi) as well as Fibonacci. Cardano
gives the problem of the cubic equation a rhetorical form
and a commercial context: “Two men go into business to-
gether and have an unknown capital. Their gain is equal to
the cube of the tenth part of their capital. If they had made
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Figure 2.1
Girolamo Cardano.

three ducats less, they would have gained an amount exactly
equal to their capital. What was the capital and their profit?”
In modern terms, if the unknown capital is x, then the gain is
(£) and the equation defined by the problemis (£)"—3 = x.

The commercial aspect of such problems may have been
less important to Cardano than the possibility of rivaling the

ancients. In those days, classical statues were regularly being
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unearthed in Italy, astonishing beholders with the immense
achievements of antiquity. The works of Plato had only re-
cently been transiated into Latin, and the Greek mathemati-
cians were likewise just beginning to be read. Were these
ancients gods, not to be touched by the moderns? Yet the an-
cients had not solved the cubic, and here the moderns might
still emulate and even surpass them.

The chain of events is not completely clear; what is clear
is that the solution of the cubic became the first example
of a sordid modern genre: the scientific priority fight.
Niccold Fontana, nicknamed Tartaglia (“Stammerer”),
claimed to have solved the problem, but in truth he started
his work after had heard that it had already been solved by
Scipione del Ferro, who did not publish it but disclosed it
to a student before his own death. Tartaglia may well have
had a hint from this earlier source. In those days, standards
of attribution and citation were lax; Tartaglia had already
published someone else’s translation of Archimedes as if it
were his own, and he also tried to pass as the author of the
law of the inclined plane without giving proper credit to
its true discoverer. At any rate, Tartaglia did make a break-
through in solving cubic equations, which allowed him to
win a public contest with del Ferro’s student. These contests
show something of the status of algebra at the time; they were
rowdy tournaments of skill, in which each contestant would
try to stump the other with a problem to win a handsome
prize. The popular appeal of these mathematical gladiato-
rial matches was on a par with bear-baiting and involved
something of the same atmosphere.

But how could Tartaglia win, if del Ferro’s student had
learned the solution from his teacher? In those days, there
were many variations of cubic problems that seemed
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separate, and to which various techniques were applied,
because mathematicians lacked the modern symbolism that
can inciude all possible varieties of cubic equations under
the general form a,x” + a,x* +a,x +a, = 0. Thus, the student
might have been able to solve a problem like “the cube and
the number equal to the first power,” as Cardano calls it (for
instance, x° 4+ 21 = 16x), but still be stymied by “the cube
and first power equal to square and number” (as he would
have written an equation like x° +20x = 6x* + 33). On a
more basic level, since only positive integers were then rec-
ognized, any case involving negative numbers would have
had to be treated separately, by moving such numbers to the
other side of the equation. In any case, news of Tartaglia’s
victory reached Cardano, who pressed him for details of his
methods, hinting that he would arrange a meeting with a
wealthy patron.

Tartaglia was wary but needed money, perhaps hindered in
earning his living because of a speech impediment caused by
saber wounds near the mouth that he received as a child dur-
ing the French invasion of Italy in 1512. He disclosed his se-
cret to Cardano in 1539, but only after making him swear not
to reveal it. Tartaglia communicated the solution in the form
of acumbersome poem, almost riddling enough to be in code.
Years passed, during which Tartaglia did not publish his so-
lution. Then, in 1543, Cardano visited Bologna and gained
access to del Ferro’s papers, which showed that del Ferro
had in fact solved the cubic before Tartaglia. Cardano then
felt free to publish the method in his Great Art, attributing it
to Tartaglia, and del Ferro before him, but without mention
of his oath of secrecy. By giving credit, he surely sought to
avoid the appearance of trying to steal the secret. He says
that before seeing this work, he had believed the claim of
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Luca Pacioli that there was no rule that solved equations
beyond the quadratic. But by mentioning del Ferro’s earlier
discoveries, he diminishes Tartaglia’s claim to uniqueness.
In explanation, he only remarks that, in response to his en-
treaties, Tartaglia “gave” it to him and also that, after learning
it, he went further than Tartaglia ever did.

In fact, Tartaglia did not have the complete solution to
every variety of cubic that Cardano presents, which he di-
vides into thirteen cases, many with subcases. Still, Tartaglia
was outraged and published accusations of plagiarism. At
this point a new challenger stepped in. Cardano had a ser-
vant named Ludovico Ferrari who showed such keen interest
in mathematics that Cardano took him on as a student. With
his master’s honor at stake, Ferrari challenged Tartaglia to
a mathematical duel that ended with Ferrari’s victory, or so
it seems from subsequent events, for Ferrari obtained many
flattering offers, including a professorship in Bologna, while
Tartaglia’s account reveals that he left even before the contest
was over.

How, then, was the cubic equation solved? The method
turns out to be an early instance of a powerful mathematical
strategy: to solve a more difficult problem, reduce it to a sim-
pler problem you have already solved. Here, the technique of
“completing the square” is the key. As noted earlier, we can
solve a quadratic equation by reducing it to the form of a per-
tect square and then taking the square root. It is natural to try
to attack the cubic in the same way by “completing the cube.”
Del Ferro, Tartaglia, and Cardano showed how any given cu-
bic equation can be put in the form of a perfect cube equal
to some numerical value. Then we can complete the solution
by taking the cube root. Though they did not present their
deduction with a three-dimensional diagram, it is useful to
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consider such a picture (box 2.4), for (like the parallel pic-
ture shown for the quadratic equation in box 2.3) it shows
that this problem is essentially like a jigsaw puzzie. The
solution of this three-dimensional puzzle requires breaking
it into slices.

That is, completing the cube involves a series of interlock-
ing solids that must be completed and reassembled. Box 2.4
shows an example from Cardano, along with its solution in
modern notation. Though the result looks a little daunting,
it only involves nested radicals, that is, roots of roots (such
as the square root of a cube root). Just as the solution of the
quadratic involves square roots, the solution of the cubic in-
volves cube roots, which in turn contain expressions involv-
ing square roots. Later, we will see that this characteristic
structure of nested radicals for the solution of the cubic gives
an important clue in the search for the solution of higher-
order equations beyond the cubic.

Ferrari not only defended his master but also made an ad-
vance of his own. At Cardano’s request, Ferrari addressed
the problem of solving what we would call equations of
the fourth degree, or quartics, which they called “square-
square.” Their use of this term shows that they did not yet
have our more general conception of equations of arbitrary
degrees. In Cardano’s book, cubic problems seem entirely
separate from quadratic ones, and both have a geometric
significance that is lacking in the case of “square-square”
equations. Because cubic equations can be solved by a three-
dimensional puzzle, one might think that quartic equations
would somehow require struggling with a puzzle in four di-
mensions. In fact, the solution of the quartic does notrequirea
fourth spatial dimension. It turns out only to require complet-
ing the square in a somewhat different way, using x* as the
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Box 2.4
Cardano’s method of completing the cube
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Consider Cardano’s example “Let the cube and six times the
side be equal to 20,” or x® 4+ 6x = 20, in modern notation. We
want to make this problem take the form of a perfect cube,
and the trick needed is to set x = u — v. In the diagram, let x°
be the upper shaded cube, now embedded in a larger cube
with side AC = u. There is also a lower shaded cube having
side BC = v. To carve the cube with side x from the cube with
side u, we need to take three slices. Each slice individually
has volume #*v, but they overlap. Each overlap has volume
uv?, but the overlaps also overlap in the little shaded cube of
volume v*. Thus x* = u* — {(volume of slices) — [(volume of
overlap) — (volume of overlap of overlap)]} = u® — 3u’v +
3uv® — v*. To this expression for x* we must add 6x = 6u — 6v
in order to satisty the original problem.
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Box 2.4 Continued

Now we have x* 4+ 6x = u® — 3u’v + 3uv® — v° + 6u — 6.
To make this take the form of a perfect cube, we need to get
rid of the “cross terms” —3u”v + 3uv® + 61 — 6v = —3(uv)u —
6v+3(uv)v+6u, here grouped to highlight uv. Now if uv = 2,
then these terms cancel: —3(uv)u — 6v + 3(uv)v +6u = —61 —
bv + 6v + 6u = 0. So to complete the cube, all we need to
do is to stipulate that u and v are determined by the relation
uv = 2, which we are free to do since the two variables u, v
are being substituted for the one variable x, and so u, v must
be subject to one additional condition connecting them.

The rest is clear sailing: with this condition applied, our
cubic looks like #® — v* = 20, with v = 2. Substituting this
back in, we have &’ — 8/u® = 20. Multiplying both sides by
u® gives u® — 8 = 20u?, or u® = 20u° + 8 if (like Cardano) we
want to keep everything positive. This looks worse, because
it seems to be of sixth order in u, but it is not because it is
quadraticin #®. Thatis, let y = u*; then this equation becomes
y* = 20y + 8. We know how to solve this quadratic equation:

y = (20 £ /400 — 4(—8))/2 = (20 = /4(108))/2
=10+ +~108 =10 + /108,

where the negative choice of sign is neglected because itleads
to a negative root, which Cardano would not have accepted.
So u* =10 + +/108 and v* = /108 — 10. Taking the cube root

of each side gives u = y/+/108 + 10 and v = 1/+/T08 — 10.

Finally, recalling that x = u — v, we get Cardano’s final

answer, x = v/ /108 + 10 — v/ /108 — 10.

sides of the initial square. This allowed Ferrari and Cardano
to treat square-square problems in terms of square problems.
Here there was no dispute about priority; Ferrari succeeded
on his own, though doubtless guided by Cardano’s example.
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Box 2.5 shows Ferrari’s solution in modern notation. We can
treat this as a complicated problem of factoring, to use the
modern term. Because it followed so quickly on the solution
of the cubic, it must have seemed that all such problems were
now ripe for solution.

Box 2.5
Ferrari’s solution to the quartic equation

Take the equation x* + a3x® +a2x* +a1x + a9 = 0 and shift
the terms so that it becomes x* + a3x* = —a;x* — a;x — a,.
Then add %xg to both sides to make the left-hand side a
pertect square:

2 2
[ iy d3X
o+ B = (24 1)

22
= (Iﬂ - a;) X% —a1x —ay (2.5.1)

If the right-hand side were a perfect square, we could take
the square root of both sides and reduce the equation to a
quadratic. In general, it is not a perfect square, but we can
make it so0 by adding to both sides the term y(x? + %*) + %:

LY A R £ U Ve S SR |
(x+21+2) (4 a_+y)1+( o+ 2)x

B (—ao " %) . 252)

We can make the right-hand side a perfect square by ad-
justing y. This is equivalent to requiring that, in general,
Ax*+ Bx+C = (ex+ f)*, where A, B, C are the expressions
in parentheses on the right-hand side of equation (2.5.2). If
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Box 2.5 Continued
this is to hold, then we must have A=¢?, B =2¢f, C = f?or

B
F=\/ﬁ,f=\/f=§

To make this consistent requires that B> — 4AC = (2ef)* —
4¢* f2=0. So (substituting the values for A, B,C from
eq. (2.5.2) into B> = 4AC), y must satisfy

2 a
a4 B 4% gt L
( ay + 2 ) —4(4 ﬂ2+y)( dy + 4), (253}

which is a cubic equation in y (called the “resolvent” of
the quartic equation) and hence solvable by the del Ferro-
Cardano-Tartaglia method. Once we have determined y, then
we can use (2.5.3) to determine ¢ and f. Then we can return
to (2.5.2), now written as

T

2, 43 AN 2
(x +EI+E) = (ex+ f), (2.5.4)

which is a perfect square whose square root yields two qua-
dratic equations,

x2+a—;x+% =ex+ f,
X+ ‘I—;x+% — —ex— |, (2.5.5)

where ¢, f, y are now determined. These two equations can
readily be solved by the quadratic formula, yielding the four
solutions of the quartic equation.

In going past the cubic, however, the obvious references
to two and three dimensions disappear and the problem
becomes more abstract. How can the human mind under-
stand what it cannot see? As Cardano puts it, “it would be
very foolish to go beyond this point. Nature does not permit
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Box 2.6
An illustration of the algebraic notation of Cardano and Viéete

Cardano’s notation is “syncopated,” meaning that it is basi-
cally abbreviated words. He does not have a general sym-
bolism for unknowns (which he calls rebus, “things”) or
coefficients.

He expresses his solution to the specific cubic equation in
box 2.4 (which he states as “cubus p. 6. rebus aequalis 20”) as
follows:

K. v.cu. K. 108. p.10./. K.v.cu. K. 108. . 10.

Here p. and . stand for plus and minus, and K. stands for
“radix” (square root), while K. v. cu. stands for “cube root.”
Compare this with its modern form:

¥ = v//108 + 10 — v/~/108 — 10.

In contrast, Viete writes “A cubus + B plano 3 in A,
aequari Z solido 2" for the modern x° + 3B%x = 2Z°. He uses
vowels for unknowns, consonants for coefficients, “cubus”
or “solido” for “cubed,” and “plano” for “squared”; thus, “ A
cubus” is x°, “B plano 3” is 3B*, and “Z solido 2" is 2Z°. Note
that he uses the modern + and — signs and also the radical

sign /.

it.” Moreover, the manner of expression of the algebraists
left much to be desired. Box 2.6 shows the notation of two
Renaissance algebraists, compared with the modern form.
The earlier manners of expression operated on entirely dif-
ferent principles; they were primarily a means of abbrevi-
ating ordinary language, like shorthand. Modern symbolic
mathematics steps decisively away from ordinary language,
allowing systematic manipulations that are foreign to natural
language. Although we can translate an equation into words,
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we cannot manipulate those words as we can the equation.
However impressive the achievements of the Italian mathe-
maticians, they lacked the insights that would be achieved
by symbolic mathematics.

Modern mathematical notation depends on the innova-
tions of a seventeenth-century French lawyer, royal coun-
selor, and codebreaker, Frangois Viéte (figure 2.2), who was

Figure 2.2
Frangois Viete.
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able to merge ciphers, legal abstractions, and mathematics
to devise the basic algebraic symbolism we still use. Viete
considered himseif a rediscoverer of a lost and ancient art,
for he could not bring himself to believe that the ancient
mathematicians could have achieved what they did with the
tools that they claimed to be using. This is not unreasonable;
anyone who has read one of Euclid’s magnificent geometric
proofs cannot help wonder what gave him the idea to draw
the crucial lines on which a proof depends. Certainly any
student of geometry who has tried to create an original proof
understands that there is no “royal road” (as Euclid put it)
to finding them. The student may wander down many blind
paths and suffer much frustration before hitting on a trick
that works.

This is what Pappus had called “synthetic” mathematics.
By this he meant that Fuclid begins with certain axioms
and shows how they can be synthesized to yield the theo-
rem to be proved. But Pappus also alluded to a process of
“analytic” mathematics, in which the mathematician would
work backward from the desired result, finding on the way
what was necessary to arrive at the result in question. There
are some tantalizing examples of this working-backward in
Apollonius” seminal work on the conic sections, and Viete
studied them carefully. He concluded that this analytic art
was probably the way the ancients had devised their mirac-
ulous proofs: to reach a certain theorem, work backward until
you find out what steps are necessary to reach that theorem,
then turn around and begin again from that starting point,
setting out the steps that you have found to be necessary.
Thus, analytic problem solving sets up a kind of scaffold-
ing from which the perfected architecture of the proof can
be constructed. At the end, Viéte inferred, the ancient mas-
ters would remove the scaffolding so that the beholder could
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admire the beauty of the proof, unobstructed by the tools that
built it.

In Viete’s view, the ancients obscured traces of their work-
ing methods both to excite more admiration and to accentu-
ate the beauty of the finished product. He thought he was
only rediscovering their methods, not innovating. However,
there is no evidence that the ancients really had the art that
Viete reconstructed; and if they did, it was most likely a
heuristic working-backward that lacked the symbolism he
created. Not knowing the place-system or the Hindu-Arabic
zero, the ancients had not taken the decisive steps toward true
symbolism. Viete himself was guided by his work in code-
breaking, so that the process of solving an algebraic problem
through symbolic manipulation became, for him, closely tied
to the methods used to solve ciphers, another practice un-
known to the ancients. He also may have been influenced
by Roman law, which would use a letter to symbolize an
unknown defendant (a “John Doe,” in modern terms). If one
could use such a symbol to represent a person, why not use
a symbol to stand for the cosq, the “thing” sought for in a
problem?

Further, Viete realized that such a symbol might itself be
manipulated as if it were a number, rather than an alphabetic
letter. Here we have the crucial moment in which algebraic
symbolism steps beyond the bounds of ordinary language
and semantics, if only through conciseness: compare the
brevity of 4x* with “four times the unknown squared.” But
the advantage of algebraic symbolism goes further: we can
add two equations (or otherwise manipulate them) in ways
that are impossible for two sentences. What language accom-
plishes with syntax, algebra can do by juxtaposing a few sym-
bols. Moreover, the ambiguities of language are eliminated
in algebra, whose symbols are unequivocal. Where language
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calls for judgment and logic, algebra requires only symbolic
manipulation according to fixed rules. We might even say
that the symbols do the thinking, because they embody log-
ical and mathematical power without the user’s needing to
reinvent it each time, or even understand it beyond following
the rules. As our story unfolds, it will become increasingly
clear that this power has complex consequences, for itenables
amazing discoveries while hiding their meaning behind the
very symbolism that discloses them.

Viete called his new discovery a “logic of species,” as op-
posed to a “logic of numbers.” He meant by “species” the
way the unknown could stand not just for a single num-
ber but for a whole class of possible values. That is, “the
unknown” is not just a stand-in for a single value but repre-
sents the whole spectrum of possibilities: it is a variable, as we
now say. Here again language falls behind, for Plato had sug-
gested that each word aspires to a natural connection with
what it represents, at least for nouns as naming words. Al-
gebra is more like a discourse composed solely of pronouns
and verbs and is self-consciously artificial: there is nonatural
relation between whatever we label the unknown, whether x
or @, and the variable it represents. Unlike language, which is
meaning-laden and intentional, algebra removes all trace of
ordinary intentionality and meaning. It points toward a very
different view of discourse than Plato’s, toward a stream of
purely conventional symbols, devoid of intrinsic sense.

The abstractness of mathematics is amplified by Viete's
even more remarkable discovery: the coefficient. It may not
have been so startling to symbolize the unknown by a single
symbol, for the Italians were already symbolizing the com-
plex notion of “a number I am looking for but don’t know”
by the word cosa or even by a single character (sometimes
even as simple as a dot, -). But that unknown was always
multiplied by a definite quantity, and it was bold of Viéte to
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allow that quantity to become as indefinite as the unknown
itself. Here we have the birth of the coefficient, which enables
a huge increase in generality and power. Compare the partic-
ular case x* —3x +2 = 0 with a,x* +a,x + a4, = 0, which in-
cludes the specific equation as a single special case among
an infinite expanse of possibilities in which the coefficients
iy, i, 4y roam over all possible values. Indeed, an expression
like a,x is awkward to render in ordinary language: “Multi-
ply an arbitrary number called @, by another arbitrary num-
ber called x.” Algebraic symbols avoid the debacle of Babel,
bypassing the human confusion of tongues.

Viete not only made these important advances but also
grasped their immense power. Though he calls himself
merely a restorer of what was lost, he wraps himself in a
heroic mantle. He considers Arabic algebra “tedious” and
“barbaric,” rejecting even their word “algebra” for what he
calls instead “the analytic art.” Viete rebukes them, as if they
were false alchemists, whereas he has the royal touchstone
that will actually separate mathematical gold from dross.
Viete was cold to the bitter religious controversies of his age.
He saves his excitement for mathematics, which, through his
newly systematic codebreaking, he uses to protect France. He
exults in these analytic powers, realizing that he has purified
an ancient art and given it new life.

At the height of those powers, Viete accepted a challenge
that pointed to a new frontier in algebra. In 1593, the Belgian
mathematician Adriaan van Roomen challenged “all the
mathematicians of the whole world” to solve amonster equa-
tion of the forty-fifth degree (box 2.7). The Dutch ambassador,
paying a call on Henry IV, Viete’s royal master, ironically of-
fered the king his condolences that there were no French
mathematicians up to the challenge. Stung, Henry called for
Viete, who sat down with the problem and was able within
a few minutes to find the positive roots of the equation.
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Box 2.7
Adriaan van Roomen's test problem

Solve

x® — 45x% 4 945x* — 12,300x™ 4 111,150x" — 740,459
+3,764,565x* — 14,945,040x°" + 469,557,800x>
—117,679,100x* + 236,030,652x> — 378,658,800x>
+ 483,841,800x7" — 488,494,125x" + 384,942,375x"7
— 232,676,280x™ + 105,306,075x"™ — 34,512,074x"
+7,811,375x" — 1,138,500x7 + 95,634x° — 3,795x"
+45x = K,

where K is a given number.

Viete published this result in 1595, along with his expla-
nation of his method. Humorously, he offered to sacrifice
a hundred sheep to celebrate the occasion, ironically echo-
ing Pythagoras’ mythical gesture, though with more tranquil
animals. Viete emphasized the connection between his “new
algebra” and geometry, noting that earlier mathematicians
were not able to reconcile them. “But was that not because
algebra was up to that time practiced impurely? Friends of
learning, embrace a new algebra; farewell, and look to the
just and the good.” Viete’s triumph confirmed his sense that
what he had solved was not just one problem but “the proud
problem of problems, which is: TO LEAVE NO PROBLEM
UNSOLVED.”



3 Impossibilities and
Imaginaries

Van Roomen was so impressed by Viete’s astonishing feat
that he traveled to France expressly to meet him. Here was
aman who claimed to have found the master art that would
solve any algebraic problem. Was it really possible that Viete
had the tools to solve every possible equation, of whatever
degree? In the case of van Roomen’s equation of the forty-
fifth degree, Viete was lucky, for he recognized that par-
ticular equation as closely related to formulas he found in
trigonometry. Had van Roomen changed a single coefficient,
Viete’s solution would no longer have been valid. Clearly,
van Roomen had not been envisaging the general problem
of solving equations of higher degrees but had come upon
that specific equation in the course of his trigonometric stud-
ies, and was testing to see if others had discovered it also.
Thus, the solution of van Roomen’s equation did not
after all illuminate the general question of whether all equa-
tions are solvable in radicals, and indeed Viete’s solution in-
volved trigonometry, which (as we shall see) goes beyond
radicals. The tenor of Viete’s conviction was clearly that all
equations are solvable by the same general procedures used
to solve the quadratic, cubic, and quartic equations. Other
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mathematicians were skeptical about algebraic solutions,
and their reservations were an important countertheme to
the triumphal march of modern algebra. For all his boldness
in astronomy, Johannes Kepler was one who remained criti-
cal of the claims of algebra, holding that “nothing is proved
by symbols, nothing hidden is discovered in natural phi-
losophy through geometrical symbols.” This went beyond
Kepler’s vehement declaration that he hated all kabbalists
and their esoteric symbolism. He considered algebra to be
“ingenious and surprising,” but always thought it fell short
of the certainty of geometry, his mathematical touchstone.
The question about algebra comes to a head in Kepler’s
Harmony of the World (1619), in which he tried to place
music on a new geometrical foundation, in place of the old
Pythagorean numerology of simple whole numbers. The new
foundation would be based on the ratios between the sides of
the simplest regular polygons. One of his goals was to create
a theory that would encompass contemporary musical scales
(which used intervals like 5:4 and 6:5), rather than simply the
Pythagorean scales (which only used numbers up to 4). To
do this, he needed to use all the regular figures up to and
including the hexagon but excluding the heptagon, a seven-
sided figure that would have introduced harsh dissonances
like 7:3 into his scheme. He had a geometrical argument for
this, in that the regular heptagon cannot be constructed with
straightedge and compass. He was aware, however, that the
Swiss mathematician and clock-builder Jost Biirgi had found
algebraic equations whose solutions gave the sides of regular
polygons. In the case of the heptagon, the equation is cubic
and thus solvable by the del Ferro-Cardano-Tartaglia method
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theory, since accepting this solution would open the door to
those terrible dissonances. But the solution involves factors
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Box 3.1

If we call the side of the polygon x and let y = x?, Biirgi's
equation for the pentagon is y* — 5y + 5 = 0, and for the
heptagon, y° —7y” + 14y — 7 = 0. These are both solvable, but
the solution of the heptagon’s equation using the del Ferro-
Cardano-Tartaglia method yields

x= % [{/g(ffl-\/——z?+ Vi 1+J——2?)‘.

like v/1 — /=27, which seemed at that time bewildering if
not absurd. Kepler anticipated correctly that the solution of
such complex roots would require an infinite process. Since
even the “Omniscient Mind” of God could not know such
roots in a “simple eternal act ..., neither can it be known by
the human mind.”

Because geometry always mirrors the “simple eternal act”
of the divine intelligence, Kepler preferred it to the question-
able processes required to solve cubic equations. The issue
was important, for on it hung not just musical questions but
the whole structure of the universe, which he took to rest
on musical relations. Kepler’s search for cosmic harmony
led to his Third Law of planetary motion: The square of the
period of a planet is proportional to the cube of its mean or-
bital radius. If the cosmos were organized geometrically, as
Kepler believed, algebra might be irrelevant or inadequate.
Others paid even less heed. Galileo Galilei never once men-
tioned algebra, though it would seem likely that he had at
least heard of it. When he famously described the “Book of
Nature” as written in “the characters of mathematics,” he
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explicitly meant triangles and geometrical figures, not alge-
braic symbols. Perhaps here Galileo was influenced by the
academic mathematics of his time, which stood aloof from
the commercial aspects of early algebra.

Nevertheless, Viete’s discoveries drew wide attention in
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France. His optimism about the possibility of solving every
problem was shared by his great successor, René Descartes,
who was seven when Viete died in 1603 and whose semi-
nal book La Geometrie (1637) would consolidate and extend
Viéte’s results. Despite the closeness of their work, Descartes
was for some reason reluctant to acknowledge Viete’s pri-
ority, mentioning him only grudgingly and claiming to have
made the same discoveries independently, before reading the
older mathematician’s books. Nevertheless, it must be said
that Descartes employed the new algebra with unparalleled
clarity and force. He also put the new discoveries at the ser-
vice of a new philosophy, reaching toward a larger vision of
understanding the world as matter whose motion is mathe-
matically intelligible.

The thread of algebraic mathematics runs through
Descartes’s work. Symbolic mathematics and rigorous rules
exemplify his watchword: method. Indeed, La Geometrie and
essays on optics and meteorology form an appendix to his
Discourse on the Method of Rightly Conducting the Reason. These
technical works vindicated his insistence on correct method
(Rules for the Direction of the Mind, as an earlier work called
it). He applied this touchstone by systematically doubting
the received learning of his time. Descartes also applied his
criteria of method to bring algebra essentially to its modern
form. Viete had stipulated that all the terms in an algebraic
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sion; that is, if x has the dimensions of length and an equa-
tion contains an x°, all the other terms must also have the
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dimension of volume (length cubed). Descartes showed that
this was unnecessary: we can make all terms have the same
dimension by multiplying by a unit length as many times as
needed, that is, if 6 and x each have the dimensions of length,
we can simply multiply by a unit length to give 6x the di-
mension of volume. Looking at a page of La Geometrie, one
sees equations that are almost exactly like ours (figure 3.1).
As he shows how the geometry of Euclid and the conic
sections of Apollonius can be described by quadratic equa-
tions, Descartes illuminates nagging problems that had shad-
owed these equations. Already the Arabs had realized that
some quadratic equations seem to have solutions that are not
positive numbers. They did not recognize negative numbers
as numbers, although they did seem to have had ways of
dealing with debits and credits that approach our concept
of signed numbers. Here again the primal notion of number
shows its tenacity, for the concept of a “negative number”
seems to violate our intuitive sense of counting: how can one
count negations? Even Viete did not allow his unknowns or
coefficients to be negative. Only in 1629 did Albert Girard
recognize negative roots, explaining that “the negative in ge-
ometry indicates a retrogression, where the positive is an
advance”—essentially the modern idea of a “number line,”
in which positive and negative represent directions forward
and backward along the line. 5till, the newcomers were not
fully welcome. Other mathematicians of the time refused
to admit them, naming them “absurd numbers,” and even
Descartes called them “false or less than nothing.” As late as
the eighteenth century, some textbooks denied that the prod-
uct of two negatlve numbers is a positive number, a rule that
place said “presents some difficulties” even

in 1795.
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Figure 3.1
From René Descartes, La Geometrie (1637) (p. 373).
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Though Descartes refers to “false roots,” he does concede
that they exist and are roots. He even constructs an ingenious
way to tell how many positive and negative roots any equa-
tion has, known as “Descartes’s rule of signs.” It is amazingly
simple: “An equation can have as many true [positive] roots
as it contains changes of sign, from + to — or from — to +; and
as many false [negative] roots as the number of times two +
signs or two — signs are found in succession.” Box 3.2 shows
an example, along with Descartes’s argument for why the
rule holds. Here the power of the new notation comes to the
fore, because merely by looking at the signs of the successive
terms in the equation one can determine the signs of the roots,
even if we don’t know their numerical values. Descartes’s ar-
gument is perfectly general and applies to equations of any
degree. He also shows that “it is also easy to transform an
equation so that all the roots that were false shall become
true roots, and all those that were true shall become false,”

Box 3.2
Descartes’s rule of signs

In the page shown in figure 3.1, Descartes explains that
the equation x* — 4x* — 19x? 4+ 106x — 120 = 0 has three pos-
itive (“true”) roots and one negative (“false”) root because
there are three changes of sign between the terms. Note that
the equation can be factored into (x =2)(x =3)(x —=4)(x45) =
0; when multiplied out, note that the x* term is positive, but
the x* term then must have a negative coefficient since it is
formed by the terms (-2 — 3 — 4 4+ 5)x* = —4x*. Here, the
negative sign comes from the odd number of positive roots.
Similar considerations lead to Descartes’s general rule of
signs.
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by changing the signs of every other term, in accord with his
rule. Surely his awareness that “true” roots could be changed
into “false” and vice versa must have helped him accept both
as different but comparable kinds of solutions.

Descartes also opens the door for an even more problem-
atic set of solutions that includes square roots of negative
numbers, which we still hold at arm’s length by using the
loaded term “imaginary numbers.” As difficult as it is to
understand what a negative number might mean, an imagi-
nary number is more perplexing still, and many educated
people even today would be hard pressed to account for
them. Their alien status is emphasized by calling all non-
imaginary numbers “real numbers.” The Arabs simply did
not allow the square root of a negative number; in such cases,
al-Khwarizmi says “there is no equation.” Cardano thought
such a quantity was “sophistic” and “as subtle as it is use-
less.” Indeed, when one is dealing with quadratic equations,
if the root is real, then the formula does not include any imag-
inary numbers, and all is well. Conversely, if the root is an
imaginary number, we could reject it on the grounds that such
a solution is not allowable because it is not real. However, in
the case of cubic equations, even when all the roots are real,
the del Ferro-Cardano-Tartaglia formula explicitly involves
imaginary numbers. This “irreducible case” (as it came to be
known) means that we must come to terms with imaginary
numbers if we want to use the formula for the cubic equa-
tion. In 1560, Raphael Bombelli had what he called “a wild
thought” about how he might resolve this puzzle by showing
that the imaginary parts might cancel each other (box 3.3).
This trick works in only a few cases, however, leaving open
the general question of how to understand imaginary num-
bers and (even worse) how to take their cube roots or manip-
ulate them when they appear alongside real numbers.
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Box 3.3
Bombelli’s wild thought

Bombelli considered the equation x* = 15x + 4, whose roots
are given, according to the del Ferro-Cardano-Tartaglia so-

lution, by x = /2 4 /=121 + /2 — +/=121. Now by sim-
ple substitution we can show that x = 4 also solves this
equation. To reconcile the two solutions, Bombelli proposed
the substitution /2 + +~/—121 = 2 + b+/—1, where b re-
mains to be determined. Cubing both sides of this expres-
sion yields 2 + /=121 = 2 + 11J/=1 = (2 + b/=1)* =
8+ 12b+/=1 — 6b*> — b*/=1, which is only true if b = 1. Sim-
ilarly, Bombelli showed that /2 — /=121 = 2 — /=1. The
whole solution x is then x = 2 + /=1 42 — /=1 = 4. This
ingenious trick “seemed to rest on sophistry” to Bombelli; in-
deed, it cannot be applied to every cubic equation, only spe-
cial cases. (The solution of the heptagon equation in box 3.1
that perplexed Kepler is one example that cannot be treated
in this way.)

Descartes introduced the terms “real” and “imaginary” in
their modern sense. Numbers that have both real and imagi-
nary parts he called “complex.” By giving both parts a name,
he granted the imaginary roots a kind of legitimacy, albeit
under a name that suggests unreality. This aura persisted
evenin Gottfried Wilhelm Leibniz’s intriguing description of
“almost an amphibian between being and nonbeing, which
we call the imaginary roots.” Leibniz may have been alluding
to the mysterious procession of the Holy Spirit in Christian
theology, but his description perpetuates a certain spooki-
ness about quantities that arguably have as much reality as
“real” numbers. This impression is perhaps best dispelled
by thinking of complex numbers as points on a plane, with



56 Chapter 3

imaginary

axis ,
2it+

1 2 real axis

Figure 3.2
The two-dimensional representation of complex numbers.

the real part giving the x coordinate and the imaginary part
the y coordinate (figure 3.2). In this view, a complex num-
ber is fundamentally two-dimensional, whereas the “real”
numbers are one-dimensional.

Beyond counting complex roots, Descartes states (but does
not prove) that each equation has as many roots as its degree:
a quadratic equation has two roots, a cubic three roots, and
an nth degree equation # roots. This is a crucial insight, ori-
ginally formulated in 1629 by Girard, which expresses the
confidence of Viete and Descartes that all algebraic prob-
lems have solutions. It will later lead to the Fundamental
Theorem of Algebra, which states that all equations have at
least one root, but for the moment that is only a gleam in
Descartes’s eye.

Descartes also notes that it is possible to shift the roots
of any equation by a certain value, even if those roots are
unknown. If you wish to increase the value of each root by 3,
simply substitute ¥ — 3 into the given equation wherever x
occurs; the new equation in powers of y will, by definition,
have roots y = x + 3, shifted as required. To scale the value
of each root by a factor s, substitute sy for x everywhere;
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the new equation in y has roots ¥ = x/s. By such simple
transformations, any given equation can generate a family of
similar equations, with different specific values of the roots in
each case. However, these transformations do not affect the
relative relation of the roots, which are all affected equally. We
will return to this “relativity” of roots (which Descartes did
not discuss) in chapter 9.

Descartes is so sure that equations of degree beyond four
can be solved that he doesn’t bother to give specific proce-
dures, but instead offers a “general rule”: try to simplify the
equation to one of lower degree by factoring it. Not only does
he have the work of Cardano and Ferrari to rely on, but he
(like Viete before him) has been able to use his analytic ap-
proach to geometry to solve problems that had baffled the an-
cients: the trisection of an angle, the duplication of the cube.
To be sure, in those cases he has to use tools not allowed in an-
cient geometry, that is, not just straightedge and compass but
also conic sections. Descartes’s proudest achievement is to
have solved another problem that troubled the ancients, the
tour-line locus problem posed by Pappus: to find the curve
that lies at a given distance from each of four given lines.
Not only does Descartes solve this problem with almost ar-
rogant ease, but he goes on to solve a five-line locus problem,
which the ancients did not even attempt. These triumphs oc-
cupy him far more than the problem of solving equations
beyond the quartic. He does give one example, solving an
equation of the sixth degree by ingenious manipulations of
conic sections, but his equation is not completely general;
he restricts its coefficients to allow his geometric method to
succeed. With an ironic flourish, he concludes that “it is only
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problems, more and more complex, ad infinitum; for in the
case of a mathematical progression, whenever the first two
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or three terms are given, it is easy to find the rest.” He asks
pardon for what he has “intentionally omitted, so as to leave
to others the pleasure of discovery.”

But having left the problem of equations beyond the fourth
degree as an exalted exercise for the reader, he evidently does
not realize how difficult that exercise will prove to be. The
next centuries contain many attempts to realize the vision
of Viete and Descartes. Though there had been extraordi-
nary progress in solving cubic and quartic equations during
the sixteenth century, it is perhaps not so surprising that the
issue of the quintic equation lay unresolved for two hundred
years more. After Descartes, a whole huge field of investi-
gation lay open, in which the question of solving higher-
degree equations was only one problem among many. Yet this
strand is richly interwoven in the mathematical history of the
two centuries after Descartes, which will produce the great-
est mathematicians yet to have lived: Newton, Euler, and
Gauss.



4 Spirals and Seashores

Sir Isaac Newton’s relation to algebra was peculiarly ambiva-
lent. As a young man, he studied Descartes’s works carefully.
Inmaturity, he so loathed Descartes that he sometimes seems
to have been unwilling to utter or write Descartes’s name, as
it it would defile him. The reasons for this are not totally
clear. Newton despised Descartes’s philosophy as cloaked
atheism, but there were also mathematical reasons for his
displeasure. Newton, like Viete, styled himself a devotee
and restorer of antiquity, whereas Descartes, he felt, had be-
trayed the profundity of Greek geometry for the questionable
advantages of analytic geometry.

To demonstrate his claim, in his Principia Newton offers
a purely geometric resolution of the four-line locus problem
Descartes so prided himself on, noting caustically that this
gives “not an [analytical] computation but a geometrical syn-
thesis, such as the ancients required, of the classical problem
of four lines, which was begun by Euclid and carried on by
Apollonius.” In the rest of the Principin, Newton also tends to
avoid analytical algebra, preferring to state his propositions
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tive, for in fact Newton does use algebraic expressions as
well as a new tool of analytical mathematics that he himself
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has created: the calculus. Though he phrases it in terms of
geometry, Newton’s calculus goes beyond anything known
to the ancients, even Archimedes, whom Newton considered
his precursor.

Thus, fhnncrh he tends to vrefer eometry 7 Newton is
steeped in algebra. As a young professor, he lectures on the
topic (during 1672-1683), though his lectures on Universal
Arithmetic are not published until 1707. Newton also makes
a number of discoveries that will bear on the problem of the
quintic. He was able to make simple connections between the
coefficients of an equation and its roots, known as “Newton’s
identities.” These generalize “Girard’s identities”: the coeffi-
cient of the next-lowest degree term (of x*, for a quintic equa-
tion) is equal to the negative sum of all the roots (see box 4.1).
Likewise, all the other coefficients are equal successively to
the sum of all products of the roots taken two at a time, then
three at a time, until the final, constant term is equal to the
negative of the product of all the roots. Later on, it will be-
come extremely important to note that all of the roots appear
in a symmetric manner in each of these products and sums.
That is, every root appears in exactly the same way as ev-
ery other root, so that if one were to exchange two roots, the
product of all of them would be unchanged, as would the
products of them taken two at a time, and so on. The im-
portance of these rules is that they let us see direct relations
between coefficients and roots, without knowing the value
of the roots. Newton is also able to obtain upper and lower
bounds for the roots, that is, to show how large (or small)
they could possibly be. Using these tools, we can look at any
equation and determine the range within which its roots lie,
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Newton’s deepest insight, however, remained hidden for
many years, buried in a passage in his Principia that was
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Box 4.1
Girard’s and Newton's identities

Consider a cubic equation with the roots x;, x,, x3. The equa-
tion can be written (x — x1)(x — x2)(x — x3) = 0. Multiplying
it out, we get x* — (x + 2 + X007 + (X0 + X0 + X)X —
x;%x; = 0. Note that the coefficient of the x* term is the
negative sum of all three roots, —(x; + x; + x3), while the co-
efficient of the x term is the symmetric product of all the roots,
taken two at a time: (x;x; + X3 %3 + x2x3). Finally, the constant
term of the equation is the negative product of all three roots:
—x; X2 x3. We can apply the same reasoning to an equation of
any degree, so that the coefficient of the next-to-highest
power of the unknown must be the negative sum of all the
roots, the next coefficient must be the symmetric sum of all
the roots taken two at a time, and so on. We will refer to
these simple relations as “Girard’s identities,” which Newton
greatly generalized in expressions he derived for the sum of
the square of all the roots, or the sum of their nth powers,
“Newton’s identities.”

not much noticed until the twentieth century. In lemma 28
of Book I, in an investigation of the curved paths that bod-
ies can take (as in the orbits of planets), he shows that “No
oval figure exists whose area, cut off by straight lines at will,
can in general be found by means of equations finite in the
number of their terms and dimensions.” That is, if we draw
lines across an oval, the area between those lines cannot be
expressed by a finite algebraic equation. Though he does not
define the word explicitly, by “oval” Newton seems to mean
any closed curve that does not cross itself (it is “simple,”
in the language of modern mathematicians) and is infinitely
smooth (it always has finite curvature, never is “flat”). The
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simplest such curveis a circle, and ithad long been suspected
that the area of a circle is irrational with respect to its radius.
But what Newton surmises goes far beyond the irrationality
of 7, the name later given (by Euler) to the value of a circle’s
perimeter divided by its diameter, and beyond the irrational-
ity even of m°. Newton’s argument indicates that the area of
a circle is not given by any algebraic equation, however high
its degree, and thus that area (and hence 7 also) cannot be
expressed in terms of any finite number of square roots, cube
roots, fifth roots, and so on.

To use the term that Euler later introduced, the area of a
circle is transcendental, meaning it cannot be expressed as the
root of any equation of finite degree whose coefficients are
rational numbers. At one stroke, Newton indicates that such
magnitudes exist (because circles exist, and have areas), and
also that there are infinitely many of them, since his proof
is not restricted to circles but holds for any “oval” curve. His
proof is a miracle of simplicity and power, for which he does
not even bother to draw a picture or write down a line of
algebra. It follows from a single brilliant contrivance. Inside
the oval, pick any point whatever; let us call it the pole, P.
Now let a straight line come out from that pole and rotate
around it at uniform angular speed. Picture a clock hand
that makes a complete revolution in one hour. Now imagine
a point of light moving along that hand, starting from the
pole and moving outward along the hand with speed given
by the square of the distance from the pole to the point A
where the hand intersects the oval (figure 4.1).

Newton has set up a way of measuring the area of the cir-
cle, for each hour the hand sweeps through that area, and the
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with speed proportional to the area swept out. Here Newton
is implicitly using his new calculus of motion, for he knows
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Figure 4.1

Newton’s diagram for his lemma 28, which argues that no oval curve has
an area expressible by a finite algebraic equation. From any point P inside
the oval, draw a straight line that rotates about P at uniform angular speed.

Figure 4.2
Detail of Newton's lemma 28; the speed of the moving point is proportional
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that, in an infinitesimally short time, the point travels a dis-
tance from the pole equal to the area the hand has swept out
in that time (figure 4.2). However, we don’t need to know
anything about calculus in what follows. All that matters is
that since, second by second, the moving point is registering
the area that the hand sweeps out, we can measure the whole
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area of the oval merely by waiting until an hour has elapsed
and measuring the distance the moving point has traveled
radially outward from the pole. For the two-dimensional
problem of measuring an area, Newton has substituted a one-
dimensional problem that gives the same answer: find the
length traveled outward by the moving point during anhour.

The hand moves around uniformly, but the moving point
speeds up and slows down in the course of each hour, in pro-
portion to the square of the distance from the pole to the oval
at any given moment. Each hour it returns to its initial speed
of an hour before. If you were to watch the 1 ugntea p()lll[ (OI'
if you were to open the shutter of your camera and make a
long exposure), you would see it move in a spiral, starting
at the pole and making “an infinite number of gyrations,” as
Newton puts it (figure 4.3). Now Newton applies a reductio
ad absurdum: Suppose that it is possible to describe this spi-
ral (and hence also the area of the oval) by some polynomial
equation with a finite number of terms, f (x, ¥) =0. Then con-
sider a straight line running across the spiral that we will call
the x-axis, defined by iy = 0. What can be said about the inter-
sections of this line and the spiral? Each of them is a root of the
equation f (x, 0) = 0. For instance, Descartes showed that all
the conic sections can be described by equations of the second
degree, and those curves can be cut by a straight lineno more
than two times. Now Newton relies on the fact that an equa-
tion of finite degree can have only a finite number of roots,
no matter how large. But the spiral in its “infinite number of
gyrations” crosses the line an infinite number of times. Thus,
there should be an infinite number of intersection points,
corresponding to an infinite number of roots of the equation.
This contradicts our hypothesis that the equation has finite
degree, and hence Newton’s conclusion follows: there is no
such equation that gives the area of the oval.
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Figure 4.3

In Newton’s lemma 28, the track of the moving point forms a spiral, com-
posed of the motion of the point along the line and the uniform rotation of
the line itself about P. Newton determines the area of the curve by com-
paring the distance from the pole P to the point X after one full revolution,
which sweeps out the full area of the oval. The moving point travels an equal
distance XX = P X during the next sweep, and so forth.

This brilliant argument indicates that all simple closed
curves, such as the circle or the ellipse, have areas that can-
not be described by finite algebraic equations. The argument
seemed so simple that it made Newton’s contemporaries sus-
picious. Daniel Bernoulli and Leibniz tried to state counterex-
amples, but these each involved a curve that intersects itself
(for example, the lemniscate, a figure-8 on its side, co) or that
isnot closed (for example, a parabola). Later mathematicians

demanded greater rigor than Newton’s beautifully simple
arguments (how can we prove that the spiral must have
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infinitely many intersections with the line?), but the basic
thrust of his insight was sustained. There are infinitely many
magnitudes that are more irrational than any radical, in the
sense that no finite root is commensurable with them. In this
sense, they are transcendental. Implicitly, Newton considers
that his proof argues the priority of geometry over algebra
by showing that a simple geometric figure includes quanti-
ties that defeat any finite amount of algebra. This makes his
own preference for geometry (and his geometrically phrased
calculus) more persuasive, for he thereby places his master
tneory Deyona the limitations of dlgeflfd In Newton's VlEW
the ancients, with him as their modern champion, have de-
feated the upstart Descartes by subsuming algebra under the
larger umbrella of geometry.

With this in mind, it is understandable that Newton may
not have considered the solution of the quintic to be germane
to his larger project, though in his younger days he did spend
much energy in classifying cubic equations and contributing
to the advance of algebra (for instance, “Newton’s method”
for the approximation of roots). If the real battle concerns
geometric magnitudes not expressible in finite equations,
why worry about the details of quintics? Ironically, succeed-
ing generations of mathematicians would take up Newton’s
work in the simpler algebraic notation devised by his arch
rival, Leibniz. His insights about transcendental magnitudes
would be rediscovered centuries later. We will return to them
later in light of the unfolding story of the quintic.

Despite Newton, the power and beauty of the algebraic
notation ensured that interest in basic questions of algebra
remained high. New hope for the solution of equations
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man, Count Ehrenfried Walter von Tschirnhaus. Tschirnhaus
had varied interests. He served in the Dutch army and spent
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time in Paris and England. His interest in optics led him to
set up glassworks in Italy. He was called “the discoverer of
porcelain” because he helped set up the pottery works at
Dresden (though the art had been long known in China). In
algebra, he sought to generalize Cardano’s approach to the
cubic by setting up transformations that would simplify a
higher-degree equation. In 1683, Tschirnhaus showed that,
in a polynomial of degree # (greater than 2), the terms pro-
portional to the two next-highest powers of x (namely, x""
and x"7*) can always be eliminated with one of his transfor-
mations (box 4.2). Thus, in a quintic, we can always change
variables to get rid of the x* and x’ terms. A century later, the
Swedish mathematician E. S. Bring showed that we can also
get rid of the x* term, leaving the general quintic in the much
simplified form x° + px + g = 0. The quintic now looked so
simple that it became increasingly perplexing why it would
not yield. Indeed, George B. Jerrard was convinced that he
had found a solution, defending it as late as 1858.

The quintic’s intractability was considered a challenge that
simply awaited the right assault, and it was widely believed
to be solvable until almost 1800. However, already in the
1680s, when Tschirnhaus’s friend Leibniz turned his atten-
tion to the solution of the quintic, he noticed what later
emerged as evidence of a fatal difficulty. Leibniz wondered
if an extension of Tschirnhaus’s technique could simplify the
quintic into the form x° equals a constant, which would be
readily solvable. Unfortunately, the equations needed to do
this are of higher degree than five. Thus, this approach would
not really simplify the problem of the quintic because it leads
to equations that are even more complicated, notless. Leibniz
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to fail, though he did not draw the inference that no other
method could succeed.
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Box 4.2
Tschirnhaus’s transformation (1683)

For any equation of the nth degree,
X"+ a, X" axt +ax+ag =0,

consider a substitution that transforms the roots x;, x5, ..., X,
into new roots z, o, . .., Z,, such that

2 = b4I14 + ngf +ng{f +b11’1 +b|],
Z7 = qug + ngg +52I§ +b11’2 +b|],

Zn = bd-x: + bﬁx,:: + bzxﬁ + blxu + bl:l'!
where by, by, ..., by are functions in radicals of the original
coefficients ay, a4, d-, ..., a,.

Tschirnhaus showed that we can eliminate the two next-
higher powers of the unknown, x"~! and x"~? by choosing
by, by, ..., by through solving these quartic equations. In 1843,
George B. Jerrard showed that the x"~? term could also be re-
moved by a similar transformation. Thus, these transforma-
tions allow any quintic equation to be rewritten in the much
simpler form x° + px + g = 0. However, in general this pro-
cedure is extremely complex; even if we use a computer, it
takes megabytes of memory to store the result.

In this period much attention was also paid to the general
question of whether all equations do have at least one so-
lution, which is the Fundamental Theorem of Algebra that
Girard and Descartes had stated without real proof. In 1748,
Jean Le Rond d’Alembert offered a proof, but it was insuf-
ficient, as were the efforts of Leonhard Euler in the years
following. Despite the basic simplicity of the theorem, it
proved difficult to establish because of the vast generality
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of the possibilities. That is, solving an equation can be visu-
alized (following Descartes) as finding the point (or points) at
which acurve y = x"+4,.,x"" 4+ - - - 44, crosses a given line
(say the x axis, ¥ = 0; see figure 4.4). We already know that
this happens for the quadratic, cubic, and quartic equations,
for those intersections are just the roots that were found by
Cardano, Ferrari, and the rest. But how can we be sure that
there isn’t even one weird equation that does not cross the
line? Euler was able to give many ways to factor equations
of higher degree into products of lower-degree equations,

but, despite his immense ability and productivity (which

f(x) =x3—16x2 + 9x + 3

T
[ o

Figure 4.4

The graph of a quintic equation, ¥ = f(x) = x° — 15x% 4 9x + 3, whose three
crossings of the x axis give the three real roots of the equation y = 0. Note
that two of the roots are positive, as given by Descartes’s rule of signs (see
box 3.2). It turns out that these roots cannot be expressed in radicals.
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continued even after he lost his sight), he could not give a
completely general result.

That was left for “the prince of mathematicians,” Carl
Friedrich Gauss. Even before he was eighteen, Gauss had
made an important discovery about a special class of equa-
tions that correspond to inscribing regular polygons inside a
circle. Euclid’s geometry only allows the use of straightedge
and compass. Descartes showed that, in algebraic terms, this
means that solutions of the corresponding equations can in-
volve only square roots. For this reason, it seemed impossi-
ble to construct a regular polygon having a prime number
of sides greater than five without recourse to higher roots
than square roots. The young Gauss showed that, on the
contrary, a seventeen-sided polygon could be constructed,
meaning that he had found a solution of its special sixteenth-
degree equation, expressible solely in terms of square roots.
This discovery confirmed his decision to devote himself to
mathematics rather than philology.

Gauss was to give four proofs of the Fundamental Theorem
over the course of his long career. The first was his doctoral
dissertation of 1799. The last (and perhaps the most elegant)
allows x to be a complex number, with both a real and an
imaginary part, and allows the coefficients also to be com-
plex. The use of complex numbers enables Gauss to ground
general statements in a kind of picture. Figure 4.5 shows the
heart of his proof. It depicts a quintic equation, but the same
considerations will apply to any equation. Gauss represents
the behavior of the equation in terms of the polar coordi-
nates » and 6. The figure shows a complex plane, as defined
in ﬁgure 3.2. In that plane, we have a circle whose radius
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dominated by the behavior of its leading term, x” (or #*, in
polar coordinates), when r is greater than R. Gauss shows
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Figure 4.5
Gauss’s diagram to establish the Fundamental Theorem of Algebra. The

shaded areas are the “seas,” in which the real part of the polynomial is less
than zero; the unshaded areas are “land,” in which the real part is greater
than zero. Walking along the “shore” from P to (J, at some point we must
find a root (for instance, at A). Likewise, we find roots at D and C (here, a
double root).

that one can always find such a circle, no matter what the
equation. He also shows that, going around that circle, the
real part of the equation takes alternately positive and nega-
tive values; at those points, the imaginary part is always the
opposite in sign, alternately negative and positive.

To complete the proof, Gauss draws lines showing the
regions where the real part of the polynomial is positive
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(unshaded in the figure), separated from the regions where it
is negative by lines indicating where the polynomial is zero.
This picture can be understood if we think of the shaded
(negative) region as “sea” and the unshaded (positive) region
as “land”; the lines show the seashore, where the real part of
the polynomial is zero. Now if there is a solution, both the
imaginary and the real parts of the polynomial must vanish.
So let’s take a walk along the seashore from P to Q, two
points along the big circle, keeping the “sea” always on our
lett. From Gauss’s earlier result, we know that the imagi-
nary part of the equation must go from being negative to
being positive as we walk along the shore. This means that
at some point in the walk the imaginary part will be zero,
and that is the root, because the real part is zero all along the
shore. This is point A in the picture; there are also roots at B
and D and a double root at C (that is, two roots that happen
to be equal; note the intersecting shorelines there).

Thus, this particular quintic has five roots (two of them
equal), and one can make a similar argument for any other
quintic, no matter what “geography” the seas and land have,
for there will always be shorelines curving in some manner,
along which the real and imaginary parts will both vanish at
some point. Here Gauss invokes arguments that later came
to be called topological, meaning that they make use of the
overall features of a figure that do not depend on its de-
tailed shape. By his choice of examples, it is clear that Gauss
thought he was tracking the solutions of the quintic. He had
just shown that they must exist. There they are, right at the
water’s edge. The problem was simply how to express them.



5 Premonitions and
Permutations

Gauss’s full proof of the Fundamental Theorem was pre-
ceded by many inconclusive attempts. Mathematicians an-
ticipated that all equations would have solutions, following
the vision of Viéte and Descartes, and most were not daunted
by the centuries-long roadblock at the quintic. Then, in the
late eighteenth century, Joseph-Louis Lagrange brought to
light evidence that would prove crucial. In doing this, he re-
vealed an approach that would open the way to anew kind of
mathematics. Those who came afterwards regarded his 1771
paper, “Reflections on the Algebraic Theory of Equations,”
as a foundational document.

Lagrange began by asking why the solutions of the cubic
and quartic had succeeded in the first place. He reviewed
the process of factoring (completing the square or the cube)
and concluded that this sort of procedure could not work
for the quintic. Of course, this did not mean that the quintic
could not be solved, but only that it was insoluble through
this well-tried method.

Assume, then, that we know the three roots of the cubic
equation, a;x° + @.x> + @:x + d, = 0; we can call them
X1, %2, X;. As he analyzed these roots, Lagrange noticed that,
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Box 5.1
Roots of unity

We are looking for roots that satisfy o — 1 = 0, other than
o = 1. We can start by factoring out a term (« — 1), yielding
a? —1 = (e — 1)(e* + @ + 1) = 0, as can be verified by multi-
plying it out. For « # 1, we must then have ¢> + o + 1 =0.
This is a simple quadratic equation whose solution is « =
Lﬁ-&, which are the other two cube roots of unity besides 1.
The equation for the nth root of unity, " —1 = 0, can be
factored in a similar way, yielding ¢" — 1 = (« — 1)} a"" +
a4+ . +a?+a+1) =0 Ifa # 1, then o must satisfy
a4 ol +a+1=0.

in the solution of cubic equations, a special role is played by
the three cube roots of unity, which are the solutions of the
simple equation «® = 1 (see box 5.1). These are solutions of
the simplest possible cubic equation and thus give the basic
elements of the solution of more complicated equations. This
i3 not surprising. In the case of the quadratic equation, the
solution of & = 1 gives +1 and —1, the two fundamental ele-
ments from which all other (positive and negative) numbers
are built. Gauss’s work, mentioned in the preceding chapter,
also showed the general importance of the equation " =1
in constructing an n-sided regular polygon. Clearly, the so-
lutions of this equation would also be important in finding
the solution of an nth degree algebraic equation.

Returning to the general cubic equation, Lagrange then
took the three roots x;, x;, x; and formed a very simple
expression: R=(1x, + ax; + «’x;)°, the cube of the sum of
the products of each of the three roots times each of the three
cube roots of unity. At this point, Lagrange noted a simple
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and striking property. Our naming the roots x;, x;, x; is quite
arbitrary; we could just as well switch the names around and
call them x,, x;, x; or x, X,, x; without changing anything.
What this means is that we can permute the roots in various
ways. In fact, there are just 6 = 3 x 2 x 1 different ways to
permute the 3 roots. In general, given n quantities, there are
nt=nx(n-=1) x(n-=2) x---2 x 1 permutations, where n!
is read “n factorial” (see box 5.2).

By examining the permutations of the roots, Lagrange
found a crucial clue to understanding the solution of
the equation that will be all-important in what follows. (The
point was made independently in 1770 by Alexandre-
Théophile Vandermonde.) Lagrange asked what happens to
R when we permute the roots. As box 5.3 shows, although
there are six different permutations of the three roots, they
lead to only two possible values for R. Lagrange thought
this was “very remarkable” and used it to show how a
cubic equation can be reduced to the solution of a quadratic
(box 5.4).

Lagrange extended this idea to higher-degree equations:
There is always a quantity analogous to R that takes a certain

Box 5.2
Permutations

Consider n objects, for instance the 52 cards in a deck. There
are n ways to pick the first one of them (52 for a deck). For
each of these, there are (n — 1) ways to pick the second (51),
hence n(n — 1) ways to pick the first two (52 x 51). Like-
wise, there are (n — 2) ways to pick the third, ..., all the
way to 1 way to pick the final item. Thus there are n! = n x
(n—1) % (n—2) x --- x 2 x 1 permutations.
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Box 5.3
Lagrange’s permutation of the roots of a cubic equation

Consider R; = (1x; +ax; + «’x3)* and make the substitution
XXX = X2x3x1, which can be written symbolically as (123).

Under this substitution, R; a3 Ro = (1xy + arxsy + a®x1)°.
Under the substitution x;x,x; 2 X3X; X7, or (132), Ry &3
Ry = (1xs + ax) + o®x0)°. Of the six different permutations of
the three roots, these three are even permutations (counting
the possibility of leaving them unpermuted, the “identity”),
meaning that an even number of transpositions have been
made (two for R, and Rs, zero for the identity). There are
three odd permutations left: (32), which means interchange
Xz <> X3, leaving x; alone, yielding Rs = (1x; + ax; + a’xp);
(12), yielding Rs = (1x; + ax; + o®x3)°; and (13), yielding
R = (1x3 + axo + o*x1)°. However, these expressions turn
out to be related: Ry = Ry, Ry = Ry, Rs = Ry, and Ry = R,.
As a result, there are only two distinct values for R under
these permutations, which we call, = R; = R» = R; and
f2=R4=R5=R5.

number of values when the roots are permuted, and this
number is an important indicator of solvability. In the case
of the quartic, Lagrange formed a resolvent R from the four
roots (box 5.5). These roots can be permuted in 4! = 24 dif-
ferent ways, but under these 24 permutations R takes on
only three values, the three roots of a cubic, and from there
Lagrange could re-derive Ferrari’s solution.

Thus, in all the soluble equations so far, when the roots
are shuffled around, the resolvent R takes on fewer values
than there are permutations. This reflects the fact that the
equation can be reduced to solving one of lower degree. The
cubic’s resolvent has two values and the quartic’s resolvent
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Box 5.4
Lagrange’s resolvent for a cubic equation

Following box 5.3, consider again the cubic equation x* +
a,x* +a,x +ag = 0. Girard’s identity (box 4.1) —a, = x +
X; + x3 and the definitions J/f = /R, = 1x; + ax; + o°x3,
B = JRy = 1x + a’x; + ax; provide three linear equations
that determine x1, X2, x3 in terms of /f;, &/, and the constant
a>. To find t; and £, Newton’s identities allow us to calculate
t+ bt = —2a3 +9a,a, — 27ay and bt = (a% - 3a1)3. Then we
can express f and t, as the two roots of the quadratic equation
(t—thWt—h)=0=1t> —t(t + t) + t,1> or

£+ t(Eag — 9aa- + 2'7(1,;,) + (a% - 3&1)3 =0,

the “resolvent equation” mentioned in the text. The final re-
sult is identical to the del Ferro-Cardano-Tartaglia formula.

has three, each one smaller than the degree of the equation
being permuted. When Lagrange turned to the quintic, he
found that the resolvent takes on six values, a larger number
than the degree of the equation. This showed that the method
that worked to solve equations up to quintic was breaking
down. This was also realized independently by the Italian
Gianfrancesco Malfatti (1770) and may have been noted
by Leibniz much earlier, as mentioned in the previous
chapter.

Lagrange drew from this work the moral that a new way
of attacking the quintic was needed, and he probably hoped
that his work would enable him to find it, if only by steering
him away from the false paths of the past. But he was not yet
close to being convinced that the quintic isnot solvable. What
he did argue is that “it is very doubtful that the methods we
have just discussed can give a complete solution of equations
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Box 5.5
Lagrange’s resolvent for the quartic equation

For the quartic equation x* + a3 + a,x* +4,x +ay = 0, con-
sider the four roots x), X, X3, x4 and the function R = (x; 4+
X; — X3 — X5)°. As we go through the 24 permutations of the
4 roots, R takes on only 3 distinct values:

Ri = (x + 2% — x5 —x)%

Ry = (xy + 33 — xp — x3)°,

Ry = (x1 + x4 — 20 — x3)°.

As in the case of the cubic, the four roots can be expressed as
simple combinations of these different values of /R, namely
VR, VRo, /Rs, and the condition that the sum of all four
roots equals —a;. In turn, various sums and products of the
resolvent can be expressed in terms of the coefficients of
the original quartic equation, using Newton's identities.
From these expressions, Lagrange showed that R must satisfy
a cubic equation. Having solved this cubic equation, whose

three roots are R;, R», Rs, we can recover x, X, X3, ¥s, which
are exactly as given by Ferrari’s formula.

of degree five and, all the more so, of higher degrees.” In the
process of working out the resolvent for the quintic, he noted
that the computations are “so long and complicated that they
can discourage the most intrepid calculators,” by which he
means human calculators, in that pencil and paper era. For
him, all this reflected an “uncertainty [that] will discourage
in advance all those who might be tempted to use [the older
methods] to solve one of the most celebrated and important
problems of algebra.”

Thus Lagrange still remained hopeful that new methods
might succeed where the old ones failed. His contemporary,
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the mathematical historian Jean Ftienne Montucla, expressed
this optimistic spirit in a military metaphor, as if the quintic
were a town under siege: “the ramparts are raised all around
but, enclosed in its last redoubt, the problem defends itself
desperately. Who will be the fortunate genius who will lead
the assault upon it or force it to capitulate?”

Here Gauss came to a different conclusion. In his doc-
toral dissertation of 1799, he first recorded his belief that the
quintic equation has no general solution in radicals. Gauss
announced this possibility along with his first proof of the
Fundamental Theorem of Algebra. In 1801, Gauss published
his opinion in his masterwork, Disquisitiones Arithmeticae,
a compendium of many remarkable results. Among them,
Gauss included his famous work on constructing regular
polygons, which involved the question of the solvability of
their equations. It was natural that, in this context, his
thoughts turned to the more general problem of solvabil-
ity. “Everyone knows that the most eminent geometers have
been ineffectual in the search for the general solution of equa-
tions higher than the fourth degree. ... And there is little
doubt that this problem does not so much defy modern meth-
ods of analysis as that it proposes the impossible.” Gauss,
knowing the extent of his own powers, would have been the
last to give up had he not divined far deeper problems than

those his incenuity and nersistence micht solve
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But while Gauss guessed this new level of difficulty, he did
not explain why the quintic is unsolvable. He never seemed
to be attracted to permutations and combinations, so it is
not clear that his opinion was founded on the kind of per-
mutational arguments that Lagrange had made. All the more
striking, then, that even before Gauss announced his opinion,
a little-known mathematician in Italy formulated and sought
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to prove the assertion that the quintic is unsolvable in rad-
icals. The son of a physician, Paolo Ruffini was born in a
small Italian town, moving in childhood to Reggio near the
city of Modena (figure 5.1). As a child, he seemed destined
for the priesthood, but he finally chose to study philosophy,
medicine, and surgery, graduating in 1788. He served as a
professor of mathematics in Modena until the upheavals in
the wake of the French Revolution hit Italy. Though not a
revolutionary himself, Ruffini refused to swear a loyalty oath
to the French and was barred from his university post until
1799. L)UI'lIlg this enforced absence from academic llIe his
mind was preoccupied with mathematics, though the bulk
of his time was devoted to medicine. At the end of the day, he
would jot down his thoughts and ideas on letters he received
and in the margins of papers he read. His thoughts turned to
the theory of equations as he prepared his first work, which
included his first proof of the impossibility of solving the
quintic.

Ruffini’s devotion to medicine was deep, despite his math-
ematical preoccupations. In 1817 to 1818, there was an epi-
demic of typhoid fever, during which Ruffini tended to the
sick with great dedication and courage. He himself fell ill
with the disease. Characteristically, he used his experience
to write a paper on contagious typhoid. He also maintained
his philosophical and religious interests, writing about the
definition of life and against Laplace’s mechanistic theory
of morality. His contemporaries noted his self-effacing mod-
esty and spirituality. Indeed, in later life Ruffini was offered
a mathematical post at the University of Padua, but declined
because he was reluctant to leave his many patients.

L CJJlCllJD because of this LITURICOLY, Rutfini has been some

what neglected, despite his deep merits and the singular
interest of his dual life as physician and mathematician.
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Figure 5.1
Paolo Ruffini.
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Though he did not seem to covet the usual rewards of pro-
fessional glory, however, Ruffini was tenacious in his quest
to prove the unsolvability of the quintic and to bring his
work before the mathematical world. He published no fewer
than six versions of his proof (the first in 1799, the last in
1813), several of them responding to questions and criti-
cisms raised both by his friend Pietro Abbati and by the older
mathematician Malfatti, who could not accept the notion of
unsolvability.

He began his first proof by announcing that “the algebraic
solution of general equations of degree greater than 4 is al-
ways impossible. Behold a very important theorem which
I believe I am able to assert (if I do not err); to present the
proof of it is the main reason for publishing this volume. The
immortal Lagrange, with his sublime reflections, has pro-
vided the basis of my proof.” Indeed, Ruffini was among the
first to grasp the immense importance of Lagrange’s idea of
“permutations” (as Ruffini called them) and was the first to
offer a proof of the unsolvability of the quintic.

Unfortunately, Ruffini expressed these proofs in long and
obscure forms, which rendered them hard to understand.
He sent his proof to Lagrange, hoping for recognition from
the man whose work had given him his inspiration. Lagrange
never replied, a bitter disappointment to Ruffini and his
friends, for they considered Lagrange (born in Turin, though
of a French family) as a fellow countryman who they thought
should recognize this Italian achievement. Later, Lagrange
was on a committee to examine Ruffini’s memoir, but he was
cool toward it, finding “little in it worthy of attention.” As it
later emerged, Lagrange (then elderly) may have had trouble
wading through the paper and eventually told a third party

that it was “good” but did not give sufficient proof of some
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of its assertions. Indeed, he may not have spent much time
studying Ruffini’s proof.

Other mathematicians were more favorable. Some read-
ers at the Royal Society were “quite satisfied” with Ruffini’s
proof. Most important, the great French mathematician
Augustin Cauchy recognized the importance of Ruffini’s
work and generalized some of its results during 1813 to
1815 (as will be discussed later and in appendix C). One can
imagine Ruffini’s gratification when, six months before his
own death, he received a letter from Cauchy, who wrote that
“your memoir on the general resolution of equations is a
work that has always seemed to me worthy of the attention
of mathematicians and that, in my judgment, proves com-
pletely the unsolvability of the general equation of degree
greater than 4.” Cauchy also told Ruffini that he had cited
this work in his lectures.

Despite Cauchy’s strong endorsement, Ruffini’s work still
did not achieve general acceptance among mathematicians.
The reasons are unclear but seem to center on the novelty of
arguments from permutations and even more on the radical
notion that some equations might not, in general, be solvable
in radicals. This might have been behind Lagrange’s wari-
ness, for he described Ruffini’s proof as a “difficult matter,”
something that he himself thought improbable, if not incredi-
ble, and for which he thought Ruffini’s reasoning insufficient.
To be sure, later mathematicians confirmed Lagrange’s con-
tention that there was an important missing step in Ruffini’s
arguments. Thus Ruffini’s proof fell short, at least in the sense
that it left others unconvinced. He deserves credit for his
vision and his courage, but it remained for others to resolve

.
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6 Abel’s Proof

Ideas, especially mathematical ideas, have a life that goes be-
yond their human creators. Without knowing Ruffini’s work,
Niels Henrik Abel (figure 6.1) discovered the same argument
only a few years later and also gave the first essentially com-
plete demonstration. Abel’s story is one of the most moving
in the history of mathematics. In his twenty-six years of life,
he discovered whole new territories in mathematics, though
struggling constantly with poverty and misunderstanding.
His native Norway was then in its youth as an independent
nation, and Abel’s checkered fortunes to some extent mir-
rored Norway’s struggle.

When Abel was 12, Norway separated from Denmark, long
the dominant partner in their dual kingdom, and set up her
own parliament, the Storting. But Norway could not com-
pletely separate from her more powerful neighbors. In 1814,
Abel’s father was among the delegates sent to offer the crown
of Norway to the reigning Swedish king, Karl XIII. Abel’s
father was a pastor, like his father before him, and had a
notable career as a member of the Storting. He was a man

Af tha Frnlichtanmaoant swlhn vasd Valtaiva and sarac a~tion
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the movement for literacy and vaccination in rural Norway.
He wrote several popular catechisms and books of prayer
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Figure 6.1
Niels Henrik Abel.
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doubtless read by his son. He was interested in natural sci-
ence and woke his children to see lunar eclipses. However,
his political career ended ignominiously when he pressed
unfounded accusations against certain powerful persons.
He died an alcoholic, leaving nine children and a widow
who also turned to alcohol for solace. After his funeral,
she received visiting clergy while in bed with her peasant
paramour.

Abel, then eighteen, found himself without support and
obliged to act as the responsible adult for his younger sib-
llIIgb DOII'leﬂOW tnougn he continued his education. He had
been fortunate to find a mentor in a young mathematics
teacher, Berndt Michael Holmboe, who inspired him and
became his lifelong friend. Abel soon showed an amazing
ability to solve difficult problems. While still a high school
student, he read Lagrange’s work and Cauchy’s 1815 pa-
per on permutations. (Though Cauchy’s paper was based on
Ruffini’s work, Abel did not read Ruffini, perhaps because
his works were hard to find and in Italian.) Holmboe rec-
ognized and extolled his student’s “excellent mathematical
genius.” In 1821, Abel entered the Royal Frederick’s Univer-
sity, which had opened in 1819 in the new capital, Christiana
(now called Oslo), then a city with only 11,000 inhabitants.
He continued to make rapid strides, beginning to write orig-
inal papers and going far beyond the skill of his teachers.
With admirable understanding, those teachers proposed that
he be granted a special fellowship to visit Paris and Berlin,
though in fact he had little to learn even from the greatest
mathematicians of the time.

While always modest, Abel during this time set himself

to solve the most difficult and famous Pluuu:um 11l 1045,

he tried his hand at Fermat’s celebrated last theorem, to show
the impossibility of finding integers a, b, and ¢ that would
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satisfy the equationa” = D" +¢", where nis an integer greater
than 2. Not surprisingly, he found himself “at the end of my
tether,” as he put it, for this problem resisted solution until
1993, when it finally succumbed to very elaborate abstract
techniques. Even so, he found what now are called “Abel’s
formulas,” which showed that if any solutions existed, they
would have to be extremely large numbers. Abel also turned
his mind to the problem of the quintic equation. At first, he
thought he had managed to solve it and was very excited.
This was in 1821, twenty-two years after Ruffini had pub-
lished the first version of his pI'OOI At this POIIU: Abel still
did not know Ruffini’s work, which is not surprising consid-
ering the isolation of Norway and its lack of mathematical
libraries. Indeed, during the winter months, the Oslo fijord
remained frozen and mail was often delayed.

Though Abel had probably taken note of Gauss’s opinion
that the quintic was unsolvable, he nonetheless refused to
give up the search for a solution. After all, Gauss offered no
proot for his assertion, and Abel, like Lagrange and most
other mathematicians, could well consider that the search
was not over. However, when his teachers asked him to give
some numerical examples of his solution to the quintic, Abel
soon realized that it was not as general as he had thought.
This was a decisive moment, for he could have stubbornly
resumed the quest for a fully general solution to repair the
gaps in his work, on the assumption that a solution had
to exist. Instead, he made an about-face and turned his ef-
forts to proving the unsolvability of the quintic. He never
explained his reasons, and one wonders what moved him.
In 1824, two years after Ruffini’s death, Abel published his
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ways is close to Ruffini’s proof, although it fills in an im-
portant gap that Ruffini had not noticed. In 1826, Abel read
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anonymous articles summarizing the work of Ruffini, which
Abel acknowledged in his final (posthumous) paper: “The
first, and if I am not mistaken the only one, who before me
had tried to show the impossibility of the algebraic solution
of general equations is the geometer Ruffini. But his paper is
so complicated that it is very difficult to decide the correct-
ness of his reasoning. It seems to me that his reasoning is not
always satisfactory.”

Because Ruffini’s work overlaps largely with what Abel
went on to do, I will not discuss it separately. I do not mean
to belittle the recognition Ruffini is due. The theorem of un-
solvability may better be called the Abel-Ruffini Theorem.
Yet Abel’s remark, as well as Lagrange’s hesitation, indicate
aspects of decisive proof in which Ruffini fell short. A proof
that lacks a decisive step is not yet a proof. Accordingly, I
will summarize Abel’s version, indicating along the way the
common elements in their arguments and the crucial gap in
Ruffini’s reasoning that Abel filled.

If you wish to read Abel’s own words, appendix A contains
a translation of his 1824 paper. Abel had this earliest version
of the proof printed at his own expense as a pamphlet, hoping
to use it as a “calling card” that would gain the attention of
the great mathematicians, Gauss above all. However, to save
paper and money, Abel compressed his argument to tele-
graphic terseness, which he amplified in his later accounts of
the proof. Accordingly, I have added a running commentary
to help the reader follow Abel’s argument. Appendixes B and
C fill out details he merely mentions. Here I will present the
four crucial stages of the proof as Abel presented them in
1826, without spelling out all the technicalities to be found
in the appendixes. In each case, I will present a summary

statement, followed by my explanation.
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Abel uses the time-honored method of reductio ad absur-
dum: he begins by assuming that the quintic is solvable and
shows that this leads to a contradiction. His first step is to
specify the form that a solution must have. Given a general

equation of the mth degree (taking m as a prime number, so
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that it cannot be factored further),
umym + {’lm—lym_l + am—Zym_z + - aZyz + {'lly + o = 0, (6.1)

Abel proves a very general statement about any solution,
which he calls an “algebraic function”:

(I) Al algebraic functions y can be expressed in the form

y=p+RF + pRF 4.+ p, R, (6.2)
whete p, p,, .. . are finite sums of radicals and polynomials and
R is in general an irrational function of the coefficients of the
original equation.

That is, if yis the solution of an algebraic equation of degree
m, y can be expressed as a series of terms that contain nested
roots involving the coefficients and irrational expressions like
R#. (Remember that R7 is just another way of writing the
mth root of R, /R.) This is very close to the general form that
Euler had already conjectured some years before. Abel gives
a detailed proof (see appendix B, including some subtleties
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few examples. As box 6.1 shows, the solution of the quadratic
equation can be expressed as y = p + Rz, which is just the
general form above with m = 2 and p a simple polynomial.
Likewise, the solution of the cubic can be expressed as y =
p + R* + p,R3, which follows the general form, with m = 3.
In both of these cases, m = 2 and m = 3, m s a prime number.
For the quartic, m = 4 is not prime and the general solution
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Box 6.1
Abel’s form for the quadratic equation

In the quadratic equation, y* — a;,y + a9 = 0, substitute y =
p+ R? to yield (9 + R—ap+ag) + 2p —aR? =0. To
satisfy this in general, each parenthesis must be separately
zero (as Abel discusses in [A8] in appendix A), so p = 3 and
then R = —ag + 5412- Thus, y = % + 1\/al —4ay, the fami-
liar form of the quadratic solution. For the case of the cubic
solution, see p. 174 in appendix B.

involves only combinations of the quadratic and cubic forms,
as was discussed earlier.
In the case of the quintic, Abel’s general form (6.2) becomes

y=p+ RS+ p,R% + p,R% + p,R3, (6.3)

Because this follows from his general result about the form of
the solution, either the solution of the quintic has this form,
or there is no such solution. So Abel assumes hypothetically
that the quintic does have a solution of exactly this form. He
now goes on to show that this form leads to a contradiction.
This requires three further steps.

The next step is crucial; Ruffini had assumed it without
giving a proof, but Abel remedies this.

(I) All algebraic functions y can be expressed in terms of
rational functions of the roots of an equation.

The idea here is simple but telling. In equation (6.3), the
general form of y is expressed in terms of polynomials and
also various irrational functions (here, R%, R%, R%, Rﬁ) of the
coefficients. But Abel brilliantly proves that we can express
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Box 6.2
The relation between roots and coefficients

Let y=p+ Ri,ﬁas shown in box 6.1, which also shows
that R = —ap + ”Tl* Now consider the two roots, y = 3 +

%,.ﬂ"ﬂ%-ﬁ]ﬂu, ¥h = “—21- - %1;’{1%—4&0. Then (yl 2— yz) =

\/ai —4ag and thus (y — ) = af —4ag = 4(—aﬂ+%) = 4R.
The name discriminant is given to a? — 4ay, which is zero
when the roots are equal, ¥, = 1, positive when the roots

are real, and negative when they are imaginary.

¥ in terms of the roots instead of the original coefficients of
the equation. What is important here is that all the various
irrational functions of the coefficients that appear in y
(e.g., R%) are rational functions of the roots of the equation.
To choose a simple example, in the quadratic equation
above, whose general solution is y = p + R, box 6.2
shows that 4R = (11 — 1)°, where 1, 11, are the two roots
of the quadratic. So 2R?, the square root of 4R, is equal
to the difference of the two roots, (i — ). In agreement
with Abel’s proof, this is indeed a simple rational function of
the roots.

In the case of the quintic, Abel’s step IT implies that R% is a
rational function of the roots, as are its powers, RE, RE, RE,
as well as p, p,, .... Because it is made up of products of
all these rational functions, y is thus a rational function of
the roots. Here there is an interesting tension: The roots are
irrational functions of the coefficients, but those coefficients
are always rational sums or products of the roofs. This harks
back to Girard’s identities (see box 4.1), which showed that
the coefficients were sums and products of the roots.
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Let us return to the tension between the irrationality of the
roots as functions of the coefficients, on the one hand, and
the rationality of the coefficients as products of the roots, on
the other. Roughly speaking, as the degree of the equation
grows higher, it is harder and harder to reconcile this tension.
Finally, with the quintic equation, it is no longer possible, and
we cannot, in general, find a solution in radicals. However,
this idea must be amplified much further.

The next step limits the hypothetical solution in a way that
will prove to be decisive.

(IIT) If a rational function of five quantities takes fewer than five
values when the five quantities are permuted, it can take only two
different values (equal in magnitude and opposite in sign), or one
value, but never three or four values.

Abel drew this theorem from the work of Cauchy, of which
itis a special case. Cauchy’s proof is presented in appendix C.
It relies on looking at the different ways we can permute the
roots of the equation. Abel also relies on the Fundamental
Theorem of Algebra: A quintic equation must have at least
one root and no more than five ditferent roots. So there can
be no more than five values for y, which, according to step 11,
is a rational function of the roots of the equation.

As before, let us consider any of the expressions in the
solution that is a rational function of the roots, such as RS,
Cauchy’s result requires that R5 can take only one, two, or
tive values as the roots are permuted, but never three or four
values. This gives Abel leverage to show that the solution
cannot work. First, note that R% cannot, in general, take only
one value, because then it could lead to a single solution,
not five roots, which we have assumed to be unequal. Then,
Abel investigates what happens if R3 takes on five values
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(appendix A, [A15]-[A16]). This leads to a contradiction; he
shows that R, having five possible values when the roots are
permuted, would have to be equal to an expression having
120 values, which is impossible.

That excludes the possibility that there are five values
for y. So Cauchy’s result must require that there be only two
(appendix A, [A27]). But this too leads to a contradiction,
because when we switch the five roots around, Abel shows
that we get an inconsistent result again. He derives an equa-
tion whose left-hand side has 120 possible values, while the
right-hand side has only 10. Clearly, such an equation cannot
be solved in general, and so the hypothetical solution leads
to absurdities. Therefore Abel concludes that

(IV) It is impossible to solve the general equation of the fifth
degree in radicals.

The strategy of Abel’s argument is straightforward: he
takes the only possible form a solution could have and shows
that it leads to contradictory results when we permute the
roots of the equation. This contradiction rests on a special
property of the number five, shown by the number of values
the hypothetical solution can take when subjected to permu-
tations of its five roots. The argument also applies for degrees
higher than five. For instance, we can multiply an unsolvable
quintic by a factor of ¥y = y — 0, and it would then be a sixth-
degree equation that has one root ¥ = 0 and five unsolvable
roots, and similarly for any higher degree.

Though Abel’s argument shows the impossibility of solv-
ing the quintic in general, it still seems opaque. The ques-
tion remains: why this impossibility? To examine this further

means we must seek the heart of Abel’s proof.



7 Abel and Galois

Abel published his proof shortly before he began his travels
abroad, hoping that it would open doors for him. He knew
that this trip was a godsend, his only chance to make a mark
on the larger world. He was so poor that he barely scraped
by at home; only the stipend given him by his university
made such a dream voyage possible. Because he was shy
and prone to loneliness, he decided to travel with friends,
fellow Norwegians also pursuing studies abroad. For this
reason he did not go directly to Paris, the mathematical
center of the world at that time, but headed rather to
Berlin. He hoped to meet Gauss, but the great man received
very few visitors, turned inward on his own concerns. He
received Abel’s proof but did not cut its pages, setting it
aside as if it were from a crank: “Here is another of those
monstrosities!”

In Berlin, Abel did meet August Crelle, an amateur math-
ematician of some distinction who had founded a journal
of mathematics that would become so well known that it
would be called simply Crelle’s Journal by its readers Crelle
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extraordinary gifts. He published seven of Abel’s papers in
the first volume of his journal and also began working to find
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him a position in Berlin. For Abel, this attention buoyed his
hopes that he might secure a living as a mathematician that
would allow him to marry his fiancée, Christine Kemp, who,
like Abel, had no means and remained in Norway working
as a governess.

Despite the requirement that he spend the bulk of his time
in Paris, Abel could not resist accompanying his friends on
their journeys to Italy and Switzerland. His letters pleaded
with his professors in Norway not to disapprove of his desire
to see these fabled places, even though the trip strained his
pI'ECciI'IOUb finances to the limit. T nougn he was then in gOOCl
health and young, he had a premonition that this would be
his only chance to see the world.

Atlast, Abel took leave of his friends and steeled himself to
face Paris alone. There, after all, he could meet Adrien-Marie
Legendre and Cauchy, eminent members of the Académie
des Sciences, well qualified to appreciate Abel’s achieve-
ments and promote his career. His reception was chilly. His
formal visits to the great men were received politely but with-
out real warmth or recognition. They paid no attention to his
proof. They were more absorbed in their own concerns and
saw him only as one more bright young man among so many
that had come seeking their favor over the years. Abel wrote
to a friend that the French were “monstrous egotists ... un-
commonly reserved with respect to foreigners. ... Everyone
works by himself here, without bothering others. Everyone
wants to teach and no one wants to learn.” Though Abel was
disappointed, he kept working diligently and continued to
send Crelle more and more papers, as he spread his wings
ever further.
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Jacques Frédéric Saigey, the mathematical editor of Baron de
Férrusac’s Bulletin, an important journal of the day, asked
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Abel to write brief accounts of articles in other journals, in-
cluding his unsolvability proof for the quintic. It was at this
point (1826) that Abel became aware of Ruffini’s work and
noted its unsatisfactory quality. Abel also met an important
self-taught scientist, Francois-Vincent Raspail, an ardent par-
tisan of the French Republic who was several times exiled or
imprisoned. In his scientific work, he had made steps toward
the development of the cell theory of biclogy and the notion
of microbe-borne disease. Raspail was quite struck by Abel.

Despite his loneliness and dwindling funds, Abel found
diversion in Paris. He played billiards and indulged his pas-
sion for the theater, which he described in animated letters.
At the end of 1826, his funds ran out and he had to return
home months early. He hoped to find a post in Norway, but
the only vacancy in the whole country had been filled during
his absence, ironically by his teacher and mentor, Holmboe.
Abel was not bitter, and their friendship continued, but he
musthave been deeply perplexed. He could not think of mar-
rying in such penury; he had to eke out his living as a substi-
tute teacher in a military academy. Nevertheless, he had not
stopped thinking about his proof of unsolvability, seeking its
larger implications.

In March 1828, he came to a crucial realization. In a new
paper he sent to Crelle, Abel wrote that “Although the alge-
braic solution of equations is not possible in general, there
are nevertheless particular equations of all degrees that ad-
mit such solutions. Such are, for example, the equations of
the form x" — 1 = 0,” which Gauss had solved so brilliantly
when younger than Abel. “The solution of these equations is
founded on certain relations among the roots. I have sought

F onnaralio Haio matlhhead laer @ s ok Frare vevnbo ~F o
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given equation are so connected that one can express ratio-
nally the one by the other, and I have come to the result that
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such an equation can always be solved with the help of a cer-

tain number of equations of lower degree. There are even cases

where one can solve algebraically the given equation itself.”
Abel gives this interrelation of the roots a simple form.

He calls the first root x;; then he assumes that the next root
X, = f(x,),where f(x,)is arational function of x,. He then as-
sumes that the next root is the same function of the previous
root, x; = f(x,) = f(f(x)), which he calls f*(x,), meaning
the function f applied two successive times. He then keeps
applying f toeachsuccessive root and gets the series of roots
X, f(x), fAx), P, ..., [ (x), where n is the degree
of the equation. For instance, if n = 5, x, = f°(x) = x,,
since the equation can have only five different roots, which
one can arrange in a circle,

showing the cyclical symmetry of the roots of such solvable
“abelian equations " as they are now known.
Ale A1/ o S ol e cn ardliralal

ApeL's ulmguL is LllciL, in these solvable equatl

roots are related by a rational function. If this is true, then
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all the roots are rational functions of each other and of the
coefficients of the given equation. We need one further con-
dition, however, and it is crucial. It is implicit in the case
we have considered, but becomes explicit when Abel con-
siders an equation whose degree can be factored into several
primes, so that the roots can be grouped into different cycles
if the equation is solvable. If x is a root of such an equation
and two other roots are given by f(x) and g(x), which are
two (possibly different) rational functions of x, then Abel
concludes that the equation is always solvable it

g () = f(g(x)).

That is, if the order in which these two functions are applied
to x does not matter, then the equation is solvable.

This is the insight that I consider most helpful. At first, it
may seem merely formal or devoid of significance. Abelian
equations are solvable if their roots are related by functions
such that it does not matter in what order we apply the func-
tions. Contrariwise, the equation may not be solvable if the
order does matter. But a great surprise is hidden in this seem-
ingly flat statement. Until this point, none of the basic opera-
tions of arithmetic and algebra has been “noncommutative.”
Thus, a +b =b+a anda x b = b xa. These so-called com-
mutative laws express an important quality of numbers, and
they hold sway in the operations used in every equation, of
whatever degree.

Abel’s insight connects solvability with commutativity, at
least for abelian equations. Thus, he opened the whole issue
of commutativity for consideration. Indeed, Ibelieve that this
was the first time that the possibility that operations might
not commute emerged in mathematics, especially in the con-
text of simple equations where we would least expect such
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a strange thing. Though Abel did not live to see it, his suc-
cessors gradually extended and elucidated the subtle con-
nection between noncommutativity and unsolvability. In the
rest of this book, I hope to follow this story and explore its
implications.

Notice, first of all, how Abel’s insight into solvable equa-
tions squares with this. He was able to organize the roots of
abelian equations into the cyclic pattern shown above. It is
clear that in such cases the relations between the roots are
commutative, for it does not matter whether we go around
the circle backward or forward. Abel emphasizes this com-
mutative symmetry as the crux of this pattern. Yet thisinsight
is only a beginning, for it does not explain how to determine
whether the pattern of a given equation is or is not cyclic in
this way. Abel must have seen that he needed to take it much
further. His 1828 paper leaves us wondering how he might
have carried his question about commutativity even further.

Just at this point, however, Abel’s brief strand of life ran
out. Hewasill at the beginning of 1828 and did not know how
widely his papers were being read, for Norway still remained
isolated. Although he was not given to undue enthusiasm,
Gauss now spoke of the “depth, delicacy, and elegance” of
Abel’s work, and it may be that Abel heard of this through
Crelle. He probably did not yet know of the admiration of
Legendre or Carl Gustav Jacob Jacobi, who was vying with
Abel to extend his results still further. At age twenty-three,
Jacobi was already an associate professor at the University of
Kénigsberg. Indeed, both Jacobi and Abel were proposed for
membership in the Institut de France in 1828, though neither
was elected. Crelle was working hard to find a place for Abel,

W hU dCD\.lJ.UCU ll.J.lJ.lDC].l as UCJ.J. LS ao lJUUl das a cnurcnimouse
in a note begging an old friend for a loan, which he signed
“Yours destroyed.”
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Crelle was not the only one trying to help Abel. Four dis-
tinguished French mathematicians (including Legendre and
Siméon-Denis Poisson) wrote to the king of Sweden implor-
ing some help for one of his own subjects, “a young math-
ematician, Monsieur Abel, whose works show that he has
mental powers of the highest rank and who nonetheless
grows ill there in Christiania in a position of too little value
for one of his so rare and early-developed talent.” The king
never responded, and Abel probably never knew of this
attempt to intervene on his behalf.

For his part, Abel continued to work, not just on the solv-
ability of equations but also on elliptic functions and what
now are called Abelian integrals, making fundamental con-
tributions. He began to receive some letters from Legendre
that comforted him by their frank admiration and interest
in his work, even though Legendre seemed to have lost an
important paper that Abel had sent to the Institut years be-
fore (which Abel did not mention in his replies). Generously,
Abel wrote back that Legendre’s recognition gave him “one
of the happiest moments” of his life, “for I would have ac-
complished nothing without having been led by your light.”
With childlike pride, Abel quoted such praise to his friends.
He also wrote: “I am, however, almost completely alone. 1
assure you that in the most profound sense I am not in asso-
ciation with a single human being. Nevertheless, this lack of
friends is not foremost in my mind because I have so horribly
much to do for [Crelle’s] Journal.”

At Christmas, 1828, Abel could not resist the opportu-
nity to spend the holiday with his fiancée in the country,
even though the winter was exceptionally cold. He was in-

LLCCIDJ.J.LSJ.)( 1u but his friends could not dissuade him from

going. He set off, with only socks to warm his hands. After
the Christmas balls and festivities, he took to his bed with
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pneumonia. He went on to complete one more paper on tran-
scendental functions, in order to record part of the treatise lost
in Paris. Crelle wrote him that he was almost sure of having
secured him a position in Berlin, which would allow him
financial security and the possibility of marriage at last. But
the matter was not completely resolved. Abel kept denying
that he was dying of tuberculosis. During his last days, he
was brave. During the nights, his anger and despair fright-
ened those around him. He cursed his poverty and the in-
justice of the neglect he had suffered, but still made light
of his condition. He died on April 6, 1829, in the presence
of his fiancée Christine. Two days later, not knowing of his
friend’s death, Crelle sent final word that Abel’s appoint-
ment was approved. On his deathbed, Abel had sent word
to his friend Keilhau urging him to marry Christine after his
death. Though he had never met her, Keilhau proposed in a
letter and they were soon married.

Thus, Abel’s new insight of 1828 appeared in print only
after his death. We can only speculate where he might have
taken these ideas. Yet even before Abel’s death, and without
knowing his final work, a young Frenchman had already
taken the steps that would generalize Abel’s insightinto a full
account of the solvability of equations. The story of Evariste
Galois (figure 7.1) stands beside that of Abel among the most
dramaticlives in mathematics. Galois’s story is, however, far
better known, elaborated and romanticized in novels, films,
and biographies. Abel died at twenty-six, but Galois died at
only twenty years old, in a mysterious duel linked to love
and politics.

Galois was born in 1811 in Bourg -la-Reine, just south of

Paris. His Lcuuu_y nad dauuvpicu uic ideals of the Revolution

of 1789, which ended more than eight hundred years of rule
by the Bourbon-Capetian dynasty. After Napoleon’s first



Abel and Galois 103

Figure 7.1
Evariste Galois.
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downfall and exile to Elba, however, France turned back to
its royalist past, and Louis XVIII took the throne vacated by
his executed brother, Louis XVI. When Napoleon attempted
a comeback from Elba, Galois’s father became the mayor of
Bourg-la-Reine, a position he held for fifteen years, even after
Napoleon’s defeat at Waterloo in 1815. Atage eleven, Evariste
entered the famous Parisian College de Louis-le-Grand as a
boarding student. Despite its great name, the school was as
grim as a prison. The students rose at 5:30 A.m. to study in
silence for two hours before a breakfast of bread and wa-
ter. Often punished, they were put in solitary cells for days
at a time. By now Louis XVIII had returned to power, and
the school’s administration was rigidly royalist. Nonethe-
less, Galois made brilliant progress and won prizes in Greek
and Latin.

Like Abel, Galois was helped by his teachers, first
Hippolyte Jean Vernier and then Louis-Paul-Emile Richard.
Though shy, Richard went out of his way to seek oppor-
tunities for his amazing student. He approached Cauchy,
who presented one of Galois’s papers to the Académie des
Sciences in 1829, to be reviewed by himself and other
distinguished members. It was a crushing disappointment
when that judgment never came; indeed, Galois never even
got his manuscript back, for unclear reasons. Galois blamed
Cauchy for losing the manuscript, but some documents sug-
gest instead that Cauchy urged Galois to revise and expand
his work. Galois might well have been somewhat paranoid,
and stories told after his death do reveal a darker side. The
mathematician Sophie Germain describes Galois attending
the sessions of the Académie and insulting the speakers.
The romantic myth of misunderstood genius ignores such
provocative and probably outrageous behavior. Yet the
whole story is sadly reminiscent of Abel’s disappointment in
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Paris in 1826 to 1827, when his submission to the Académie
also disappeared. (Abel described Cauchy as “a Catholic
bigot.”) Though they were in Paris at the same time, it does
not seem that Abel and Galois ever met, though we might
imagine them passing each other, unknowing, in the street.
Certainly they were pondering the same questions about the
solv