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INTRODUCTION

S§I.1 THIS BOOK IS A HISTORY OF ALGEBRA, written for the curious
nonmathematician. It seems to me that the author of such a book
should begin by telling his reader what algebra is. So what is it?

Passing by an airport bookstore recently, I spotted a display of
those handy crib sheets used by high school and college students, the
ones that have all the basics of a subject printed on a folding triptych
laminated in clear plastic. There were two of these cribs for algebra,
titled “Algebra—Part 1”7 and “Algebra—Part 2.” Parts 1 and 2 com-
bined (said the subheading) “cover principles for basic, intermediate,
and college courses.”!

I read through the material they contained. Some of the topics
might not be considered properly algebraic by a professional math-
ematician. “Functions,” for example, and “Sequences and Series” be-
long to what professional mathematicians call “analysis.” On the
whole, though, this is a pretty good summary of basic algebra and
reveals the working definition of the word “algebra” in the modern
American high school and college-basics curriculum: Algebra is the
part of advanced mathematics that is not calculus.

In the higher levels of math, however, algebra has a distinctive
quality that sets it apart as a discipline by itself. One of the most fa-
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mous quotations in 20th-century math is this one, by the great Ger-
man mathematician Hermann Weyl. It appeared in an article he pub-
lished in 1939.

In these days the angel of topology and the devil of abstract algebra
fight for the soul of each individual mathematical domain.

Perhaps the reader knows that topology is a branch of geometry,
sometimes called “rubber-sheet geometry,” dealing with the proper-
ties of figures that are unchanged by stretching and squeezing, but
not cutting, the figure. (The reader who does not know this will find
a fuller description of topology in §14.2. And for more on the context
of Weyl’s remark, see §14.6.) Topology tells us the difference between
a plain loop of string and one that is knotted, between the surface of a
sphere and the surface of a doughnut. Why did Weyl place these
harmless geometrical investigations in such a strong opposition
to algebra?

Or look at the list of topics in §15.1, mentioned in citations for
the Frank Nelson Cole Prize in Algebra during recent years. Un-
ramified class field theory . . . Jacobean variety . . . function fields . . .
motivitic cohomology. . .. Plainly we are a long way removed here
from quadratic equations and graphing. What is the common
thread? The short answer is hinted at in that quote from Hermann
Weyl: It is abstraction.

§I.2  All of mathematics is abstract, of course. The very first act of
mathematical abstraction occurred several millennia ago when hu-
man beings discovered numbers, taking the imaginative leap from
observed instances of (for example) “three-ness”—three fingers, three
cows, three siblings, three stars—to three, a mental object that could
be contemplated by itself, without reference to any particular instance
of three-ness.
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The second such act, the rise to a second level of abstraction, was
the adoption, in the decades around 1600 CE, of literal symbolism—
that is, the use of letter symbols to represent arbitrary or unknown
numbers: data (things given) or quaesita (things sought). “Universal
arithmetic,” Sir Isaac Newton called it. The long, stumbling journey
to this point had been motivated mainly by the desire to solve equa-
tions, to determine the unknown quantity in some mathematical situ-
ation. It was that journey, described in Part 1 of my book, that planted
the word “algebra” in our collective consciousness.

A well-educated person of the year 1800 would have said, if asked,
that algebra was just that—the use of letter symbols to “relieve the
imagination” (Leibniz) when carrying out arithmetic and solving
equations. By that time the mastery of, or at least some acquaintance
with, the use of literal symbolism for math was part of a general Eu-
ropean education.

During the 19th century’ though, these letter symbols began to
detach themselves from the realm of numbers. Strange new math-
ematical objects4 were discovered’: groups, matrices, manifolds, and
many others. Mathematics began to soar up to new levels of abstrac-
tion. That process was a natural development of the use of literal
symbolism, once that symbolism had been thoroughly internalized
by everyone. It is therefore not unreasonable to regard it as a continu-
ation of the history of algebra.

I have accordingly divided my narrative into three parts,
as follows:

Part 1: From the earliest times to the adoption of a systematic
literal symbolism—Iletters representing numbers—around the
year 1600.

Part 2: The first mathematical victories of that symbolism and the
slow detachment of symbols from the concepts of traditional arith-
metic and geometry, leading to the discovery of new mathemati-
cal objects.
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Part 3: Modern algebra—the placing of the new mathematical ob-
jects on a firm logical foundation and the ascent to ever higher lev-
els of abstraction.

Because the development of algebra was irregular and haphaz-
ard, in the way of all human things, I found it difficult to keep to a
strictly chronological approach, especially through the 19th century.
I hope that my narrative makes sense nonetheless and that the reader
will get a clear view of all the main lines of development.

SI.3 My aim is not to teach higher algebra to the reader. There are
plenty of excellent textbooks for that: I shall recommend some as I go
along. This book is not a textbook. I hope only to show what alge-
braic ideas are like, how the later ones developed from the earlier
ones, and what kind of people were responsible for it all, in what kind
of historical circumstances.

I did find it impossible, though, to describe the history of this
subject without some minimal explanation of what these algebraists
were doing. There is consequently a fair amount of math in this book.
Where I have felt the need to go beyond what is normally covered in
high school courses, I have “set up” this material in brief math prim-
ers here and there throughout the text. Each of these primers is placed
at the point where you will need to read through it in order to con-
tinue with the historical narrative. Each provides some basic con-
cepts. In some cases I enlarge on those concepts in the main text; the
primers are intended to jog the memory of a reader who has done
some undergraduate courses or to provide very basic understanding
to a reader who hasn’t.

§I.4 This book is, of course, a work of secondary exposition, drawn
mostly from other people’s books. I shall credit those books in the
text and Endnotes as I go along. There are, however, three sources
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that I refer to so often that I may as well record my debt to them here
at the beginning. The first is the invaluable Dictionary of Scientific
Biography, referred to hereinafter, as DSB, which not only provides
details of the lives of mathematicians but also gives valuable clues
about how mathematical ideas originate and are transmitted.

The other two books I have relied on most heavily are histories of
algebra written by mathematicians for mathematicians: A History of
Algebraby B. L. van der Waerden (1985) and The Beginnings and Evo-
lution of Algebra by Isabella Bashmakova and Galina Smirnova (trans-
lated by Abe Shenitzer, 2000). I shall refer to these books in what
follows just by the names of their authors (“van der Waerden
says...”).

One other major credit belongs here. I had the great good for-
tune to have my manuscript looked over at a late stage in its develop-
ment by Professor Richard G. Swan of the University of Chicago. Pro-
fessor Swan offered numerous comments, criticisms, corrections, and
suggestions, which together have made this a better book than it
would otherwise have been. I am profoundly grateful to him for his
help and encouragement. “Better” is not “perfect,” of course, and any
errors or omissions that still lurk in these pages are entirely my own
responsibility.

§I.5 Here, then, is the story of algebra. It all began in the remote
past, with a simple turn of thought from the declarative to the inter-
rogative, from “this plus this equals this” to “this plus what equals
this?” The unknown quantity—the x that everyone associates with
algebra—first entered human thought right there, dragging behind
it, at some distance, the need for a symbolism to represent unknown
or arbitrary numbers. That symbolism, once established, allowed the
study of equations to be carried out at a higher level of abstraction.
As a result, new mathematical objects came to light, leading up to yet
higher levels.
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In our own time, algebra has become the most rarefied and de-
manding of all mental disciplines, whose objects are abstractions of
abstractions of abstractions, yet whose results have a power and
beauty that are all too little known outside the world of professional
mathematicians. Most amazing, most mysterious of all, these ethe-
real mental objects seem to contain, within their nested abstractions,
the deepest, most fundamental secrets of the physical world.
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NumMBERS AND POLYNOMIALS

SNP.1 AT INTERVALS THROUGH THIS BOOK [ shall interrupt the histori-
cal narrative with a math primer, giving very brief coverage of some
math topic you need to know, or be reminded of, in order to follow
the history.

This first math primer stands before the entire book. There are
two concepts you need to have a good grasp of in order to follow
anything at all in the main narrative. Those two concepts are number
and polynomial.

S§NP.2 The modern conception of number—it began to take shape
in the late 19th century and became widespread among working
mathematicians in the 1920s and 1930s—is the nested “Russian dolls”
model. There are five Russian dolls in the model, denoted by “hollow
letters” N, Z, Q, R, and C and remembered by the nonsense mne-
monic: “Nine Zulu Queens Ruled China.”

The innermost doll is the natural numbers, collectively denoted
by the symbol N. These are the ordinary® counting numbers: 1, 2,
3, ... They can be arranged pictorially as a line of dots extending in-
definitely to the right:
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o o o <) o o o <) o <) o
1 2 3 4 5 6 7 8§ 9 10 11

FIGURE NP-1 The family of natural numbers, N.

The natural numbers are very useful, but they have some short-
comings. The main shortcomings are that you can’t always subtract
one natural number from another or divide one natural number by
another. You can subtract 5 from 7, but you can’t subtract 12 from
7—not, I mean, if you want a natural-number answer. Term of art: N
is not closed under subtraction. N is not closed under division either:
You can divide 12 by 4 but not by 5, not without falling over the edge
of N into some other realm.

The subtraction problem was solved by the discovery of zero and
the negative numbers. Zero was discovered by Indian mathematicians
around 600 CE. Negative numbers were a fruit of the European Re-
naissance. Expanding the system of natural numbers to include these
new kinds of numbers gives the second Russian doll, enclosing the
first one. This is the system of integers, collectively denoted by Z (from
the German word Zahl, “number”). The integers can be pictured by a
line of dots extending indefinitely to both left and right:

o o o o o o o o o
-4 -3 -2 -1 0 1 2 3 4
FIGURE NP-2 The family of integers, Z.

We can now add, subtract, and multiply at will, though multipli-
cation needs a knowledge of the rule of signs:

A positive times a positive gives a positive.

A positive times a negative gives a negative.
A negative times a positive gives a negative.
A negative times a negative gives a positive.
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Or more succinctly: Like signs give a positive; unlike signs give a
negative. The rule of signs applies to division, too, when it is possible.
So —12 divided by -3 gives 4.

Division, however, is not usually possible. Z is not closed under
division. To get a system of numbers that is closed under division, we
expand yet again, bringing in the fractions, both positive and nega-
tive ones. This makes a third Russian doll, containing both the first
two. This doll is called the rational numbers, collectively denoted by
Q (from “quotient”).

The rational numbers are “dense.” This means that between any
two of them, you can always find another one. Neither N nor Z has
this property. There is no natural number to be found between 11
and 12. There is no integer to be found between —107 and —106. There
is, however, a rational number to be found between 1 and o,
even though these two numbers differ by less than 1 part in 16 tril-
lion. The rational number S22, for example, is greater than the first
of those rational numbers, but less than the second. It is easy to show
that since there is a rational number between any two rational num-
bers, you can find as many rational numbers as you please between
any two rational numbers. That’s the real meaning of “dense.”

Because Q has this property of being dense, it can be illustrated
by a continuous line stretching away indefinitely to the left and right.
Every rational number has a position on that line.

-4 -3 -2 -1 0 1 2 3 4

FIGURE NP-3 The family of rational numbers, (.
(Note: This same figure serves to illustrate the family of real numbers, R.)

See how the gaps between the integers are all filled up? Between any
two integers, say 27 and 28, the rational numbers are dense.

These Russian dolls are nested, remember. Q includes Z, and Z
includes N. Another way to look at this is: A natural number is an
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“honorary integer,” and an integer—or, for that matter, a natural
number—is an “honorary rational number.” The honorary number
can, for purposes of emphasis, be dressed up in the appropriate cos-
tume. The natural number 12 can be dressed up as the integer +12, or
as the rational number 2.

S§NP.3 That there are other kinds of numbers, neither whole nor
rational, was discovered by the Greeks about 500 BCE. The discovery
made a profound impression on Greek thought and raised questions
that even today have not been answered to the satisfaction of all math-
ematicians and philosophers.

The simplest example of such a number is the square root of 2—
the number that, if you multiply it by itself, gives the answer 2. (Geo-
metrically: The diagonal of a square whose sides are one unit in
length.) It is easy to show that no rational number can do this.” Very
similar arguments show that if N is not a perfect kth power, the kth
root of Nis not rational.

Plainly we need another Russian doll to encompass all these
irrationals. This new doll is the system of real numbers, denoted in
the aggregate by R. The square root of 2 is a real number but not a
rational number: It is in R but not in @ (let alone Z or N, of course).

The real numbers, like the rational numbers, are dense. Between
any two of them, you can always find another one. Since the rational
numbers are already dense—already “fill up” the illustrative line—
you might wonder how the real numbers can be squinched in among
them. The whole business is made even stranger by the fact that Z
and @ are “countable,” but R is not. A countable set is a set you can
match off with the counting numbers N: one, two, three, . . . , even if
the tally needs to go on forever. You can’t do that with R. There is a
sense in which R is “too big” to tally like that—bigger than N, Z, and
Q. So however can this superinfinity of real numbers be fitted in
among the rational numbers?
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That is a very interesting problem, which has caused mathemati-
cians much vexation. It does not belong in a history of algebra,
though, and I mention it here only because there are a couple of pass-
ing references to countability later in the book (§14.3 and §14.4).
Suffice it to say here that a diagram to illustrate R looks exactly like
the one I just offered for (: a single continuous line stretching away
forever to the left and right (Figure NP-3). When this line is being
used to illustrate R, it is called “the real line.” More abstractly, “the
real line” can be taken as just a synonym for R.

SNP.4 Within N we could add always, subtract sometimes, mul-
tiply always, and divide sometimes. Within Z we could add, sub-
tract, and multiply always but divide only sometimes. Within () we
could add, subtract, multiply, and divide at will (except that divi-
sion by zero is never allowed in math), but extracting roots threw
up problems.

R solved those problems but only for positive numbers. By the
rule of signs, any number, when multiplied by itself, gives a positive
answer. To say it the other way around: Negative numbers have no
square roots in R.

From the 16th century onward this limitation began to be a hin-
drance to mathematicians, so a new Russian doll was added to the
scheme. This doll is the system of complex numbers, denoted by C. In
it every number has a square root. It turns out that you can build up
this entire system using just ordinary real numbers, together with
one single new number: the number V-1, always denoted by i. The
square root of —25, for example, is 57, because 5ix 5i = 25 X (1),
which is —25. What about the square root of i? No problem. The fa-
miliar rule for multiplying out parentheses is (1 + v) X (x + y) =
ux + uy + vx+ vy. So

1 1. 1. 1,
—+—it+—i+—i
2 2 2 2’

ERRES
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and since i’ =—1and }+1 = 1, that right-hand side is just equal to i.
Each of those parentheses on the left is therefore a square root of 7.

As before, the Russian dolls are nested. A real number x is an
honorary complex number: the complex number x + 07. (A complex
number of the form 0 + yi, or just yi for short, y understood to be a
real number, is called an imaginary number.)

2i ¢
a a+bi
_________ /..
ie 2T
v .- '
3Pl )
!
el |
° ° al ° | e
-2 -1 1 2
—ie
—2i ¢

FIGURE NP-4 The family of complex numbers, C.
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The rules for adding, subtracting, multiplying, and dividing com-
plex numbers all follow easily from the fact that i* = —1. Here they
are:

Addition: (a+bi)+ (c+di)=(a+c)+(b+d)i
Subtraction: (a + bi) - (c+ di) = (a - c) + (b - d)i
Multiplication: (a + bi) X (c + di) = (ac— bd) + (ad + bc)i

act+bd bc—ad .

Division: (a + bi) + (c+ di) ey + ey i

Because a complex number has two independent parts, C can’t
be illustrated by a line. You need a flat plane, going to infinity in all
directions, to illustrate C. This is called the complex plane (Fig-
ure NP-4). A complex number a + bi is represented by a point on the
plane, using ordinary west-east, south-north coordinates.

Notice that associated with any complex number a + b1, there is
a very important positive real number called its modulus, de-
fined to be a’>+b”. 1 hope it is plain from Figure NP-4 that, by
Pythagoras’s theorem,” the modulus of a complex number is just its
distance from the zero point—always called the origin—in the com-
plex plane.

We shall meet some other number systems later, but everything
starts from these four basic systems, each nested inside the next: N, Z,
Q, R, and C.

SNP.5 So much for numbers. The other key concept I shall refer to
freely all through this book is that of a polynomial. The etymology of
this word is a jumble of Greek and Latin, with the meaning “having
many names,” where “names” is understood to mean “named parts.”
It seems to have first been used by the French mathematician Francois
Viete in the late 16th century, showing up in English a hundred
years later.
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A polynomial is a mathematical expression (not an equation—
there is no equals sign) built up from numbers and “unknowns” by
the operations of addition, subtraction, and multiplication only, these
operations repeated as many times as you like, though not an infinite
number of times. Here are some examples of polynomials:

5x'7 —22x7 — 141x° + x* — 19x” — 245
9x° — 13xy+ y° — 14x—35y+ 18
2x—7

X

211 .
—x4+7z,'x3—(7—81)x2 +4/3x
372

CHx+yty+ 2zt 4+t

ax’ + bx+ ¢
Notice the following things:

Unknowns. There can be any number of unknowns in a
polynomial.

Using the alphabet for unknowns. The true unknowns, the ones
whose values we are really interested in—Latin quaesita, “things
sought”—are usually taken from the end of the Latin alphabet: x, y, z,
and tare the letters most commonly used for unknowns.

Powers of the unknowns. Since you can do any finite number of
multiplications, any natural number power of any unknown can show
up: x, x°, X%, x°y’, Xy’ L

Using the alphabet for “givens.” The “things given”—Latin data—
are often just numbers taken from N, Z, Q, R, or C. We may general-
ize an argument, though, by using letters for the givens. These letters
are usually taken either from the beginning of the alphabet (a, b,
G ...) or from the middle (p, g, 7, . . .).
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Coefficients. “Data” now has a life of its own as an English word,
and hardly anyone says “givens.” The “things given” in a polynomial
are now called coefficients. The coefficients of that third sample poly-
nomial above are 2 and —7. The coefficient of the fourth polynomial
(strictly speaking it is a monomial) is 1. The coefficients of the last
polynomial are 4, b, and c.

S§SNP.6 Polynomials form just a small subset of all possible math-
ematical expressions. If you introduce division into the mix, you get a
larger class of expressions, called rational expressions, like this one:

x* =3y’
2xz

which is a rational expression with three unknowns. This is not a
polynomial. You can enlarge the set further by allowing more opera-
tions: the extraction of roots; the taking of sines, cosines, or loga-
rithms; and so on. The expressions you end up with are not polyno-
mials either.

Recipe for a polynomial: Take some “given” numbers, which you
may spell out explicitly (17, «E, T, . ..) or hide behind letters from
the beginning or middle of the alphabet (a, b, ¢,..., p, ¢, 1,...).
Mix in some unknowns (X, y, z, . . .). Perform some finite number of
additions, subtractions, and multiplications. The result will be a
polynomial.

Even though they comprise only a tiny proportion of mathemati-
cal expressions, polynomials are tremendously important, especially
in algebra. The adjective “algebraic,” when used by mathematicians,
can usually be translated as “concerned with polynomials.” Examine
a theorem in algebra, even one at the very highest level. By peeling off
a couple of layers of meaning, you will very likely uncover a polyno-
mial. Polynomial has a fair claim to being the single most important
concept in algebra, both ancient and modern.
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Chapter 1

Four THousaND YEARs AGO

§1.1 1~ THE BROAD SENSE I defined in my introduction, the turn of
thought from declarative to interrogative arithmetic, algebra began
very early in recorded history. Some of the oldest written texts known
to us that contain any mathematics at all contain material that can
fairly be called algebraic. Those texts date from the first half of the
second millennium BCE, from 37 or 38 centuries ago,9 and were writ-
ten by people living in Mesopotamia and Egypt.

To a person of our time, that world seems inconceivably remote.
The year 1800 BCE was almost as far back in Julius Caesar’s past as
Caesar is in ours. Outside a small circle of specialists, the only wide-
spread knowledge of that time and those places is the fragmentary
and debatable account given in the Book of Genesis and thereby
known to all well-instructed adherents of the great Western mono-
theistic religions. This was the world of Abraham and Isaac, Jacob
and Joseph, Ur and Haran, Sodom and Gomorrah. The Western civi-
lization of that time encompassed all of the Fertile Crescent, that
nearly continuous zone of cultivable land that stretches northwest
from the Persian Gulf up the plains of the Tigris and Euphrates, across
the Syrian plateau, and down through Palestine to the Nile delta and
Egypt. All the peoples of this zone knew each other. There was con-

19
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S

@ Damascus

Jericho

Memphis

Akhera Il‘l..l M A

Thebes

FIGURE 1-1 The Fertile Crescent.

stant traffic all around the Crescent, from Ur on the lower Euphrates
to Thebes on the middle Nile. Abraham’s trek from Ur to Palestine,
then to Egypt, would have followed well-traveled roads.

Politically the three main zones of the Fertile Crescent looked
quite different. Palestine was a provincial backwater, a place you went
through to get somewhere else. Peoples of the time regarded it as
within Egypt’s sphere of influence. Egypt was ethnically uniform and
had no seriously threatening peoples on her borders. The nation was
a millennium and a half old—older than England is today—before
she suffered her first foreign invasion, of which I shall say more later.
In their self-sufficient security the Egyptians settled early on into a
sort of Chinese mentality, a centralized monarchy ruling through a
vast bureaucratic apparatus recruited by merit. Almost 2,000 official
titles were in use as early as the Fifth Dynasty, around 2500 to 2350
BCE, “so that in the wondrous hierarchy everyone was unequal to
everyone else,” as Robert G. Wesson says in The Imperial Order.

Mesopotamia presents a different picture. There was much more
ethnic churning, with first Sumerians, then Akkadians, then Elamites,
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Amorites, Hittites, Kassites, Assyrians, and Aramaeans ascendant.
Egyptian-style bureaucratic despotism sometimes had its hour in
Mesopotamia, when a powerful ruler could master enough territory,
but these imperial episodes rarely lasted long. The first and most im-
portant of them had been Sargon the Great’s Akkadian dynasty, which
ruled all of Mesopotamia for 160 years, from 2340 to 2180 BCE, be-
fore disintegrating under assault by Caucasian tribes. By the time of
which I am writing, the 18th and 17th centuries BCE, the Sargonid
glory was a fading memory. It had, however, bequeathed to the re-
gion a more or less common language: Akkadian, of the Semitic fam-
ily. Sumerian persisted in the south and apparently also as a sort of
prestige language known by educated people, rather like Greek among
the Romans or Latin in medieval and early-modern Europe.

The normal condition of Mesopotamia, however, was a system of
contending states with much in common linguistically and culturally
but no central control. These are the circumstances in which creativ-
ity flourishes best: Compare the Greek city-states of the Golden Age,
or Renaissance Italy, or 19th-century Europe. Unification was occa-
sional and short lived. No doubt the times were “interesting.” Perhaps
that is the price of creativity.

§1.2  One of the more impressive of these episodes of imperial uni-
fication in Mesopotamia ran from about 1790 to 1600 BCE. The
unifier was Hammurabi, who came to power in the city-state of
Babylon, on the middle Euphrates, around the earlier of those dates.
Hammurabi'’ was an Amorite, speaking a dialect of Akkadian. He
brought all of Mesopotamia under his rule and made Babylon the
great city of the age. This was the first Babylonian empire."

This first Babylonian empire was a great record-keeping civiliza-
tion. Their writing was in the style called cuneiform, or wedge-
shaped. That is to say, written words were patterns made by pressing
a wedge-shaped stylus into wet clay. These impressed clay tablets and
cylinders were baked for permanent record-keeping. Cuneiform had
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been invented by the Sumerians long before and adapted to Akkadian
in the age of Sargon. By Hammurabi’s time this writing method had
evolved into a system of more than 600 signs, each representing an
Akkadian syllable.

Here is a phrase in Akkadian cuneiform, from the preamble to
Hammurabi’s Code, the great system of laws that Hammurabi im-
posed on his empire.

wF o BT =5 TS ] B 5% BT b= Y 30

FIGURE 1-2 Cuneiform writing.

It would be pronounced something like En-lil be-el sa-me-e u er-sce-
tim, meaning “Enlil, lord of heaven and earth.” The fact that this is a
Semitic language can be glimpsed from the word be-el, related to the
beginning of the English “Beelzebub,” which came to us from the He-
brew Ba’al Zebhubh—"“Lord of the flies.”

Cuneiform writing continued long after the first Babylonian em-
pire had passed away—down to the 2nd century BCE, in fact. It was
used for many languages of the ancient world. There are cuneiform
inscriptions on some ruins in Iran, belonging to the dynasty of Cyrus
the Great, around 500 BCE. These inscriptions were noticed by mod-
ern European travelers as long ago as the 15th century. Beginning in
the late 18th century, European scholars began the attempt to deci-
pher these inscriptions.'” By the 1840s a good base of understanding
of cuneiform inscriptions had been built up.

At about that same time, archeologists such as the Frenchman
Paul Emile Botta and the Englishman Sir Austen Henry Layard were
beginning to excavate ancient sites in Mesopotamia. Among the dis-
coveries were great numbers of baked clay tablets inscribed with
cuneiform. This archeological work has continued to the present day,
and we now have over half a million of these tablets in public and
private collections around the world, their dates ranging from the
very beginning of writing around 3350 BCE to the 1st century BCE.
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There is a large concentration of excavated tablets from the Ham-
murabi period, though, and for this reason the adjective “Babylonian”
gets loosely applied to anything in cuneiform, although the first
Babylonian empire occupied less than 2 of the 30-odd centuries that
cuneiform was in use.

§1.3 It was known from early on—at least from the 1860s—that
some of the cuneiform tablets contained numerical information. The
first such items deciphered were what one would expect from a
well-organized bureaucracy with a vigorous mercantile tradition: in-
ventories, accounts, and the like. There was also a great deal of
calendrical material. The Babylonians had a sophisticated calendar
and an extensive knowledge of astronomy.

By the early 20th century, though, there were many tablets whose
content was clearly mathematical but which were concerned with nei-
ther timekeeping nor accounting. These went mainly unstudied until
1929, when Otto Neugebauer turned his attention to them.

Neugebauer was an Austrian, born in 1899. After serving in World
War I (which he ended in an Italian prisoner-of-war camp alongside
fellow-countryman Ludwig Wittgenstein), he first became a physi-
cist, then switched to mathematics, and studied at Gottingen under
Richard Courant, Edmund Landau, and Emmy Noether—some of
the biggest names in early 20th-century math. In the mid-1920s,
Neugebauer’s interest turned to the mathematics of the ancient world.
He made a study of ancient Egyptian and published a paper about
the Rhind Papyrus, of which I shall say more in a moment. Then he
switched to the Babylonians, learned Akkadian, and embarked on a
study of tablets from the Hammurabi era. The fruit of this work was
the huge three-volume Mathematische Keilschrift-Texte (the German
word keilschrift means “cuneiform”) of 1935-1937, in which for the
first time the great wealth of Babylonian mathematics was presented.

Neugebauer left Germany when the Nazis came to power.
Though not Jewish, he was a political liberal. Following the purging
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of Jews from the Mathematical Institute at Gottingen, Neugebauer
was appointed head of the institute. “He held the famous chair for
exactly one day, refusing in a stormy session in the Rector’s office to
sign the required loyalty declaration,” reports Constance Reid in her
book Hilbert. Neugebauer first went to Denmark and then to the
United States, where he had access to new collections of cuneiform
tablets. Jointly with the American Assyriologist Abraham Sachs, he
published Mathematical Cuneiform Texts in 1945, and this has re-
mained a standard English-language work on Babylonian mathemat-
ics. Investigations have of course continued, and the brilliance of the
Babylonians is now clear to everyone. In particular, we now know
that they were masters of some techniques that can reasonably be
called algebraic.

§1.4 Neugebauer discovered that the Hammurabi-era math-
ematical texts were of two kinds: “table texts” and “problem texts.”
The table texts were just that—Tlists of multiplication tables, tables
of squares and cubes, and some more advanced lists, like the famous
Plimpton 322 tablet, now at Yale University, which lists Pythagorean
triples (that is, triplets of numbers a, b, ¢, satisfying a* + b* = ¢’,
as the sides of a right-angled triangle do, according to Pythag-
oras’s theorem).

The Babylonians were in dire need of tables like this, as their sys-
tem for writing numbers, while advanced for its time, did not lend
itself to arithmetic as easily as our familiar 10 digits. It was based on
60 rather than 10. Just as our number “37” denotes three tens plus
seven ones, the Babylonian number “37” would denote three sixties
and seven ones—in other words, our number 187. The whole thing
was made more difficult by the lack of any zero, even just a “posi-
tional” one—the one that, in our system, allows us to distinguish be-
tween 284, 2804, 208004, and so on.

Fractions were written like our hours, minutes, and seconds,
which are ultimately of Babylonian origin. The number two and a
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half, for example, would be written in a style equivalent to “2:30.” The
Babylonians knew that the square root of 2 was, in their system, about
1:24:51:10. That would be 1 + (24 + (51 + 10 + 60) + 60) + 60, which
is accurate to 6 parts in 10 million. As with whole numbers, though,
the lack of a positional zero introduced ambiguities.

Even in the table texts, an algebraic cast of mind is evident. We
know, for example, that the tables of squares were used to aid multi-
plication. The formula

(a+b)2 —(a —b)z

4
reduces a multiplication to a subtraction (and a trivial division). The
Babylonians knew this formula—or “knew” it, since they had no way
to express abstract formulas in that way. They knew it as a proce-
dure—we would nowadays say an algorithm—that could be applied
to specific numbers.

ab =

§1.5 These table texts are interesting enough in themselves, but it is
in the problem texts that we see the real beginnings of algebra. They
contain, for example, solutions for quadratic equations and even for
certain cubic equations. None of this, of course, is written in any-
thing resembling modern algebraic notation. Everything is done with
word problems involving actual numbers.

To give you the full flavor of Babylonian math, I will present one
of the problems from Mathematical Cuneiform Texts in three formats:
the actual cuneiform, a literal translation, and a modern working of
the problem.

The actual cuneiform is presented in Figure 1-3. It is written
on the two sides of a tablet, which I am showing here beside
one another."”

Neugebauer and Sachs translate the tablet as follows: Italics
are Akkadian; plain text is Sumerian; bracketed parts are unclear or
“understood.”



26 UNKNOWN QUANTITY

FIGURE 1-3 A problem text in cuneiform.

(Left of picture)

[The igib]Jum exceeded the igum by 7.

What are [the igum and] the igibum?

As for you—halve 7, by which the igibum exceeded the igum,
and (the result is) 3;30.

Multiply together 3;30 with 3;30, and (the result is) 12;15.

To 12515, which resulted for you,

add [1,0, the produ]ct, and (the result is) 1,12;15.

What is [ the square root 0f 1],12;152 (Answer:) 8;30.

Lay down [8;30 and) 8;30, its equal, and then

(Right of picture)

Subtract 3;30, the item, from the one,
add (it) to the other.

One is 12, the other 5.

12 is the igibum, 5 the igum.
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(Note: Neugebauer and Sachs are using commas to separate the
“digits” of numbers here, with a semicolon to mark off the whole
number part from the fractional part of a number. So “1,12;15” means
1x60+12+ %, which is to say, 725.)

Here is the problem worked through in a modern style:

A number exceeds its reciprocal by 7. Note, however, that because

of the place-value ambiguity in Babylonian numerals, the “recipro-

Cal)) Ofxmay mean % , or 6)‘:70, or 36)?0

divided by x. It seems from the solution that the authors have taken
60

“reciprocal” here to mean 5. So

... in fact, any power of 60

60 _
X— 7 =7
What are x and its “reciprocal”? Since the equation simplifies to
X' =7x-60=0

we can apply the familiar formula' to get

7% 7 +(4x60)

x=— v v 7
2

This delivers solutions x = 12 and x = —5. The Babylonians knew
nothing of negative numbers, which did not come into common
use until 3,000 years later. So far as they were concerned, the only
solution is 12; and its “reciprocal” (that is, %) is 5. In fact, their
algorithm does not deliver the two solutions to the quadratic equa-
tion, but is equivalent to the slightly different formula

2
x = u +60 = u
2 2

for x and its “reciprocal.” You might, if you wanted to be nitpicky
about it, say that this means they did not, strictly speaking, solve the
quadratic equation. You would still have to admit, though, that this
is a pretty impressive piece of early Bronze Age math.
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§1.6 I emphasize again that the Babylonians of Hammurabi’s time
had no proper algebraic symbolism. These were word problems, the
quantities expressed using a primitive numbering system. They had
taken only a step or two toward thinking in terms of an “unknown
quantity,” using Sumerian words for this purpose in their Akkadian
text, like the igum and igibum in the problem above. (Neugebauer
and Sachs translate both igum and igibum as “reciprocal.” In other
contexts the tablets use Sumerian words meaning “length” and
“width,” that is, of a rectangle.) The algorithms supplied were not of
universal utility; different algorithms were used for different word
problems.

Two questions arise from all this. First: Why did they bother?
Second: Who first worked this all out?

Regarding the first question, the Babylonians did not think to tell
us why they were doing what they were doing. Our best guess is that
these word problems arose as a way to check calculations—calcula-
tions involving measurement of land areas or questions involving the
amount of earth to be moved to make a ditch of certain dimensions.
Once a rectangular field had been marked out and its area computed,
you could run area and perimeter “backward” through one of these
quadratic equation algorithms to make sure you got the num-
bers right.

To the second, the proto-algebra in the Hammurabi-era tablets is
mature. From what we know of the speed of intellectual progress in
remote antiquity, these techniques must have been cooking for cen-
turies. Who first thought them up? This we do not know, though the
use of Sumerian in these problem tablets suggests a Sumerian origin.
(Compare the use of Greek letters in modern mathematics.) We have
texts going back before the Hammurabi era, deep into the third mil-
lennium, but they are all arithmetical. Only at this time, the 18th and
17th centuries BCE, does algebraic thinking show up. If there were
“missing link” texts that show an earlier development of these alge-
braic ideas, they have not survived, or have not yet been found.
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Nor do the Hammurabi-era tablets tell us anything about the
people who wrote them. We know a great deal about Babylonian
math, but we don’t know any Babylonian mathematicians. The first
person whose name we know, and who was very likely a mathemati-
cian, lived at the other end of the Fertile Crescent.

§1.7  While the Hammurabi dynasty was consolidating its rule over
Mesopotamia, Egypt was enduring its first foreign invasion. The in-
vaders were a people known to us by the Greek word Hyksos, a cor-
ruption of an Egyptian phrase meaning “rulers of foreign lands.”
Moving in from Palestine, not in a sudden rush, but by creeping an-
nexation and colonization, they had established a capital at Avaris, in
the Eastern Nile delta, by around 1720 BCE.

During the Hyksos dynasty there lived a man named Ahmes, who
has the distinction of being the first person whose name we know
and who has some definite connection with mathematics. Whether
Ahmes was actually a working mathematician is uncertain. We know
of him from a single papyrus, dating from around 1650 BCE—the
early part of the Hyksos dynasty. In that papyrus, Ahmes tells us he is
acting as a scribe, copying a document written in the Twelfth Dynasty
(about 1990-1780 BCE). Perhaps this was one of the text preserva-
tion projects that we know were initiated by the Hyksos rulers, who
were respectful of the then-ancient Egyptian civilization. Perhaps
Ahmes was a mathematical ignoramus, blindly copying what he saw.
This, however, is unlikely. There are few mathematical errors in the
papyrus, and those that exist look much more like errors in computa-
tion (wrong numbers being carried forward) than errors in copying.

This document used to be called the Rhind Papyrus, after A.
Henry Rhind, a Scotsman who was vacationing in Egypt for his
health—he had tuberculosis—in the winter of 1858. Rhind bought
the papyrus in the city of Luxor; the British Museum acquired it when
he died five years later. Nowadays it is thought more proper to name
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the papyrus after the man who wrote it, rather than the man who
bought it, so it is now usually called the Ahmes Papyrus.

While mathematically fascinating and a great find, the Ahmes
Papyrus contains only the barest hints of algebraic thinking, in the
sense [ am discussing. Here is Problem 24, which is as algebraic as the
papyrus gets: “A quantity added to a quarter of itself makes 15.” We
write this in modern notation as

1
x+—x=15
4

and solve for the unknown x. Ahmes adopted a trial-and-error ap-
proach—there is little in the way of Babylonian-style systematic algo-
rithms in the papyrus.

§1.8 “A considerable difference of opinion exists among students
of ancient science as to the caliber of Egyptian mathematics,” wrote
James R. Newman in The World of Mathematics. The difference ap-
parently remains. After looking over representative texts from
Babylonia and Egypt, though, I don’t see how anyone could maintain
that these two civilizations, flourishing at opposite ends of the Fertile
Crescent in the second quarter of the second millennium BCE, were
equal in mathematics. Though both were working in arithmetical
styles, with little evidence of any powers of abstraction, the Bab-
ylonian problems are deeper and more subtle than the Egyptian ones.
(This was also Neugebauer’s opinion, by the way.)

It is still a wonderful thing that with only the most primitive
methods for writing numbers, these ancient peoples advanced as far
as they did. Perhaps even more astonishing is the fact that they ad-
vanced very little further in the centuries that followed.



Chapter 2

THE FATHER OF ALGEBRA

§2.1 FROM EGYPT TO EGYPT: Diophantus,” the father of algebra, in
whose honor T have named this chapter, lived in Alexandria, in Ro-
man Egypt, in either the 1st, the 2nd, or the 3rd century CE.

Whether Diophantus actually was the father of algebra is what
lawyers call “a nice point.” Several very respectable historians of math-
ematics deny it. Kurt Vogel, for example, writing in the DSB, regards
Diophantus’s work as not much more algebraic than that of the old
Babylonians and Archimedes (3rd century BCE; see §2.3 below), and
concludes that “Diophantus certainly was not, as he has often been
called, the father of algebra.” Van der Waerden pushes the parentage
of algebra to a point later in time, beginning with the mathematician
al-Khwarizmi, who lived 600 years after Diophantus and whom I shall
get to in the next chapter. Furthermore, the branch of mathematics
known as Diophantine analysis is most often taught to modern un-
dergraduates as part of a course in number theory, not algebra.

I shall give an account of Diophantus’s work and let you make
your own judgment, offering my opinion on the matter, for what it is
worth, as a conclusion.

31
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§2.2  The people of Mesopotamia went on writing in cuneiform
through centuries of ethnic and political churning, down to the
region’s conquest by the Parthians in 141 BCE. We have mathemati-
cal texts in cuneiform from right up to that conquest. It is an aston-
ishing thing, testified to by everyone who has studied this subject,
that there was almost no progress in mathematical symbolism, tech-
nique, or understanding during the millennium and a half that sepa-
rates Hammurabi’s empire from the Parthian conquest. The math-
ematician John Conway, who has made a study of cuneiform tablets,
says that the only difference that presents itself to the eye is a “posi-
tional zero” marker in the latest tablets—a way, that is, to distinguish
between, say, 281 and 2801. As with Mesopotamia, so with Egypt: We
have no grounds for thinking that Egyptian mathematics made any
notable progress from the 16th to the 4th century BCE.

If the mathematicians of Babylon and Egypt had made no
progress in their homelands, though, their brilliant early discoveries
had spread throughout the ancient West, and possibly beyond. From
this point on—in fact, from the 6th century BCE—the story of alge-
bra in the ancient world is a Greek story.

§2.3 The peculiarity of Greek mathematics is that prior to Dio-
phantus it was mainly geometrical. The usual reason given for this,
which sounds plausible to me, is that the school of Pythagoras (late
6th century BCE) had the idea to found all mathematics—and music,
and astronomy—on number but that the discovery of irrational
numbers so disturbed the Pythagoreans, they turned away from arith-
metic, which seemed to contain numbers that could not be written,
to geometry, where such numbers could be represented infallibly by
the lengths of line segments.

Early Greek algebraic notions were therefore expressed in geo-
metrical form, often very obscurely. Bashmakova and Smirnova, for
example, note that Propositions 28 and 29 in Book 6 of Euclid’s
great treatise The Elements offer solutions to quadratic equations. I
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suppose they do, but this is not, to say the least of it, obvious on a
first reading. Here is Euclid’s Proposition 28, in Sir Thomas
Heath’s translation:

To a given straight line to apply a parallelogram equal to a given
rectilineal figure and deficient by a parallelogrammic figure similar
to a given one: thus the given rectilineal figure must not be greater
than the parallelogram described on the half of the straight line and
similar to the defect.

Got that? This, say Bashmakova and Smirnova, is tantamount to solv-
ing the quadratic equation x(a — x) = S. I am willing to take their
word for it.

Euclid lived, taught, and founded a school in the city of Alexan-
dria when it, and the rest of Egypt, was ruled by Alexander’s general
Ptolemy (whose regnal dates as Ptolemy I are 306-283 BCE). Alexan-
dria had been founded—by Alexander, of course—on the western
edge of the Nile delta, looking across the Mediterranean to Greece,
shortly before Euclid was born. Euclid himself is thought to have got-
ten his mathematical training in Athens, at the school of Plato, before
settling in Egypt. Be that as it may, Alexandria in the 3rd century BCE
was a great center of mathematical excellence, more important than
Greece itself.

Archimedes, who was 40 years younger than Euclid, and who
probably studied under Euclid’s successors in Alexandria, continued
the geometric approach, though taking it into much more difficult
terrain. His book On Conoids and Spheroids, for example, treats the
intersection of a plane with curved two-dimensional surfaces of a
sophisticated kind. It is clear from this work that Archimedes could
solve certain particular kinds of cubic equations, just as Euclid could
solve some quadratic equations, but all the language is geometric.
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§2.4  Alexandrian mathematics went into something of a decline
after the glory days of the 3rd century BCE, and in the disorderly 1st
century BCE (think of Anthony and Cleopatra) seems to have died
out altogether. With the more settled conditions of the early Roman
imperial era, there was a revival. There was also a turn of thought
away from purely geometrical thinking, and it was in this new era
that Diophantus lived and worked.

As I intimated at the beginning of this chapter, we know next to
nothing about Diophantus, not even the century in which he lived.
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FIGURE 2-1 Ancient Alexandria. The Pharos was the famous lighthouse,
one of the Seven Wonders of the ancient world, destroyed by a succession of
earthquakes from the 7th century to the 14th. The great library is thought
to have been in the vicinity of the palace, in the northeastern part of the
city. The crenellated line shows the original (331 BCE) city walls.
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The 3rd century CE is the most popular guess, with the dates 200—
284 CE often quoted. Diophantus’s claim on our attention is a trea-
tise he wrote, titled Arithmetica, of which less than half has come
down to us. The main surviving part of the treatise consists of 189
problems in which the object is to find numbers, or families of num-
bers, satisfying certain conditions. At the beginning of the treatise is
an introduction in which Diophantus gives an outline of his symbol-
ism and methods.

The symbolism looks primitive to our eyes but was very sophisti-
cated in its own time. An example will show the main points. Here is
an equation in modern form:

X =2x"+10x-1=5
Here it is as Diophantus writes it:
KYacT dh AYBM @ ic M&

The easiest thing to pick out here is the numbers. Diophantus
used the Greek “alphabetic” system for writing numbers. This worked
by taking the ordinary Greek alphabet of 24 letters and augmenting it
with three obsolete letters to give a total of 27 symbols. These were
divided into three groups of nine each. The first nine letters of this
augmented alphabet represented the digits from 1 to 9; the second
nine represented the tens from 10 to 90; the third nine represented
the hundreds from 100 to 900. The Greeks had no symbol for zero;
neither did anyone else at this time."° _

So in the equation I have shown, & represents 1, 8 represents 2,
U represents 10, and € represents 5. (The bars on the top are just to
show that these letters are being used as numerals.)

Of the other symbols, ’io is short for ’icog, meaning “equals.”
Note that there are no bars on top here; these are letters being used to
spell a word (actually an abbreviation), not to represent numbers.
The inverted trident, M, indicates subtraction of everything that fol-
lows it, as far as the “equals sign.”
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That leaves us with four symbols left to explain: K*, ¢, A", and M.
The second one, ¢, is the unknown quantity, our modern x.
The others are powers of the unknown quantity: K" the third power
(from Greek kv Bog, a cube), A" the square (from §vvoutg, strength
or power), M the zeroth power—what we would nowadays call “the
constant term.”

Armed with this knowledge, we can make a literal, symbol-for-
symbol, translation of Diophantus’s equation as follows:

x’1x10-x*2x"1=x°5

It makes a bit more sense if you put in the understood plus signs and
some parentheses:

(x*1+x10) = (x*2 4+ x"1) = x°5

Since Diophantus wrote the coefficient after the variable, instead of
before it as we do (that is, instead of “10x,” he wrote “x10”), and since
any number raised to the power of zero is 1, this is equivalent to the
equation as I originally wrote it:

X =2x*+10x-1=5

It can be seen from this example that Diophantus had a fairly
sophisticated algebraic notation at his disposal. It is not clear how
much of this notation was original with him. The use of special sym-
bols for the square and cube of the unknown was probably Dio-
phantus’s own invention. The use of ¢ for the unknown quantity,
however, seems to have been copied from an earlier writer, author of
the so-called Michigan Papyrus 620, in the collection of the Univer-
sity of Michigan."”

Diophantus’s system of notation had some drawbacks, too. The
principal one was that he could not represent more than one un-
known. To put it in modern terms, he had an xbut no y or z. This is a
major difficulty for Diophantus, because most of his book (though
not, as Gauss wrongly said, all of it), deals with indeterminate equa-
tions. This needs a little explanation.
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§2.5 The word “equation” as mathematicians use it just means the
statement that something is equal to something else. If I say “two plus
two equals four,” I have stated an equation. Of course, the equations
that mathematicians, including Diophantus, are interested in are ones
with some unknown quantities in them. The presence of an unknown
moves the equation from the indicative mood, “this is so,” to the in-
terrogative, “is this so?” or, more often, “when is this so?” The equation

x+2=4

is implicitly a question: “What plus two equals four?” The answer is
of course 2. This equation is so when x = 2.
Suppose, however, I ask this question:

xt+y+2=4

What is the answer? We are now in deeper waters.

In the first place, a mathematician will immediately want to know
what kind of answers you are seeking. Positive whole numbers only?
Then the only solution is x= 1, y = 1. Will you settle for non-negative
whole numbers (that is, including zero)? Now we have two more so-
lutions: (a) x=0, y=2,and (b) x =2, y = 0. Will you allow negative
numbers as solutions? If you will, there is now an infinity of solu-
tions—this one, for example: x = 999, y = -997. Will you allow
rational numbers? If so, again there is an infinity of solutions, like
this one: x =17, y=2_And, of course, if you permit irrational
numbers or complex numbers as solutions, then infinities pile upon
infinities.

Equations of this sort, with more than one unknown in them
and a potentially infinite number of solutions (depending on what
kind of solutions are asked for), are called indeterminate.

The most famous of all indeterminate equations is the one that
occurs in Fermat’s Last Theorem:

xﬂ+yﬂ:Zﬂ

where x, y, z,and n must all be positive whole numbers. This equation
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has an infinity of solutions if n =1 or n = 2. Fermat’s Last Theorem
states that it has no solutions when # is greater than 2.

Pierre de Fermat was reading Diophantus’s Arithmetica (in a
Latin translation), around the year 1637, when the theorem occurred
to him, and it was in the margin of this book that he made his famous
note, stating the theorem, then adding (also in Latin): “Of which T
have discovered a really wonderful proof, but the smallness of the
margin cannot contain it.” The theorem was actually proved 357 years
later, by Andrew Wiles.

§2.6 As I said, most of the Arithmetica consists of indeterminate
equations. And, as I also said, this put Diophantus at a grave disad-
vantage, since he had a symbol for only one unknown (with those
extra symbols for its square, cube, and so on).

To see how he got around this difficulty, here is his solution to
the problem alongside which Fermat wrote that famous marginal
note: Problem 8 in Book 2.

Diophantus states the problem: “A square number is to be de-
composed into a sum of squares.” We should nowadays express this
problem as: “Given a number g, find numbers x and y such that
x2+ )/2 = a’” Diophantus, of course, did not have a notation as so-
phisticated as ours, so he preferred to spell out the problem in words.

To solve the problem, he begins by giving a a definite value, a = 4.
So we are seeking x and y for which x* + y* = 16. He then writes y as
an expression in x, the particular, though apparently arbitrary, ex-
pression y = 2x— 4. So now we have a specific equation to solve, one
to which Diophantus could apply his literal symbolism:

x*+(2x-4)°=16

This is just a quadratic equation, and Diophantus knew how to
solve it. The solution is x =2, (There is another solution: x = 0.
Diophantus, who had no symbol for zero, ignores this.) It follows
that y=2.
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This does not look very impressive. In fact, it looks like cheating.
The equation x* + y* = a” has an infinity of solutions. Diophantus
only got one. He got it by a procedure that can easily be generalized,
though, and he knew—he says it elsewhere in his book—that there
are infinitely many other solutions.

§2.7 Inoted before that the first question in a mathematician’s mind
when faced with an indeterminate equation like x + y + 2 = 4 is:
What kind of solutions are you looking for? In Diophantus’s case the
answer is positive rational numbers, like the +* and 2 of the problem
I worked out a moment ago. Negative numbers, along with zero, had
not yet been discovered; Diophantus remarks of the equation 4x + 20
= 4 that it is “absurd.” He knows about irrational numbers, of course,
but displays no interest in them. When they show up in a problem, he
adjusts the terms of the problem to get rational solutions.

Seeking rational-number solutions to problems like the ones
Diophantus tackled is really equivalent to seeking whole-number so-
lutions to very closely related problems. The equality

(5] (5]

16>+ 12° = 207

is really

in thin disguise. So nowadays we use the phrase “Diophantine
analysis” to mean “seeking whole-number solutions to polynomial
equations.”

§2.8 Possibly the reader is still unimpressed by Diophantus’s attack
on the equation x* + y* = a’. There seems to be remarkably little
there to show for 2,000 years of mathematical reflection on the
Babylonians’ solution of the quadratic equation and their other
achievements.
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In fairness to Diophantus, I should say that while that particular
problem is a handy one to bring forward, he tackled much harder
problems than that. The equation x* + y* = a” illustrates his methods
very well, it has that interesting connection with Fermat’s Last Theo-
rem, and it doesn’t take long to explain; that is why it’s a popular
example. Elsewhere Diophantus takes on cubic and quartic equations
in a single unknown; systems of simultaneous equations in two, three,
and four unknowns; and a problem equivalent to a system of eight
equations in 12 unknowns.

Diophantus knew much more than is on display in his solution
of x* + y* = a’. He knew the rule of signs, for example, stating it thus:

Wanting (that is, negativity) multiplied by wanting yields forthcom-
ing (that is, positivity); wanting multiplied by forthcoming equals
wanting.

This is a pretty remarkable thing, considering that, as I have already
said, negative numbers had not yet been discovered!

In fact, that “not discovered” needs some slight qualification.
While Diophantus had no notion of, let alone any notation for, nega-
tive numbers as independent mathematical objects and would not
admit them as solutions, he actually makes free use of them inside his
computations, for example, subtracting 2x + 7 from x*+4x+ 1 to
get x* + 2x— 6. Clearly, even though he regarded —6 to be “absurd” as
a mathematical object in its own right, he nonetheless knew, at some
level, that 1 — 7 = —6.

It is situations like this that make us realize how deeply unnatural
mathematical thinking is. Even such a basic concept as negative num-
bers took centuries to clarify itself in the minds of mathematicians,
with many intermediate stages of awareness like this. Something simi-
lar happened 1,300 years later with imaginary numbers.

Diophantus also knew how to “bring a term over” from one side
of an equation to the other, changing its sign as he did so; how to
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“gather up like terms” for simplification; and some elementary prin-
ciples of expansion and factorization.

His insistence on rational solutions also pointed into the far fu-
ture, to the algebraic number theory of our own time. That equa-
tion x* + y* = a’ is, we would say nowadays, the equation of a circle
with radius a. In seeking rational-number solutions to it, Diophantus
is asking: Where are the points on that circle having rational-number
coordinates x and y? That is a very modern question indeed, as we
shall see much later (§14.4).

§2.9 So, was Diophantus the father of algebra? I am willing to give
him the title just for his literal symbolism—his use of special letter
symbols for the unknown and its powers, for subtraction and equal-
ity. The first time I saw one of Diophantus’s equations laid out in his
own symbolism, my reaction was, as yours probably was: “Say what?”
Looking through some of his problems, though, I quickly got used to
it, to the degree that I could “read off” a Diophantine equation with-
out much pause for thought.

At last I appreciated what a great advance Diophantus made with
his literal symbolism. I do take Vogel’s point about the absence of
general methods in the Arithmetica and am willing to take on faith
Diophantus’s lack of originality in choice of topics. Probably it is also
the case that he was not the first to deploy a special symbol for the
unknown quantity.

Diophantus was, however, by the fortunes of history, the earliest
to pass down to us such a widely comprehensive collection of prob-
lems so imaginatively presented. It is a shame we do not know who
first used a symbol for the unknown, but since Diophantus used it so
well, so early, we ought to honor him for that. Probably someone of
whom we have no knowledge, nor ever will have any knowledge, was
the true father of algebra. Since the title is vacant, though, we may as
well attach it to the most worthy name that has survived from antiq-
uity, and that name is surely Diophantus.
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FIGURE 2-2 The Pharos (lighthouse) at Alexandria, as imagined by
Martin Heemskerck (1498-1574).



Chapter 3

CompPLETION AND REDUCTION

§3.1 THE WORD “ALGEBRA,” as everyone knows, comes from the Arabic
language. This has always seemed to me somewhat unfair, for reasons
I shall get to shortly. Unfair or not, it requires some explanation from
the historian.

§3.2 Supposing the dates I gave for Diophantus (200-284 CE) are
correct, he lived through a very unhappy period. The Roman Empire,
of which Egypt was a province, was then embarked on its well-known
decline and fall, of which Edward Gibbon wrote so eloquently and at
such length. The sorry state of affairs in Diophantus’s time, if it was
his time, is described in Chapter 7 of Gibbon’s masterpiece.

The empire rallied somewhat in the later 3rd century. Diocletian
(284-305 CE) and Constantine (306-337 CE) are counted among
the great Roman emperors. The first of them fiercely persecuted
Christians; the second was the son of a Christian, issued the Edict of
Milan (313 CE) commanding tolerance of Christianity throughout
the empire, and himself accepted baptism in his last illness.

The decision first to tolerate and then to enforce the practice of
Christianity did little to retard the crumbling of the empire. In some

43
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ways it may have accelerated it. One of the great strengths of early
Christianity was that it appealed to all classes. To do this, however, it
had to “pay off” the sophisticated urban intellectuals with appealing
but complex metaphysical theories, while maintaining its hold on
the masses with a plain, clear message of salvation and divine pow-
ers, fortified with some colorful stories and concessions to older pa-
gan beliefs. Inevitably, though, the masses got wind of the lofty
metaphysical disputes and used them as fronts for social and eth-
nic grievances.

Diophantus’s own city of Alexandria illustrates the process well.
Even after 300 years as a Greek city and a further 300 as a Roman one,
Alexandria remained a glittering urban enclave that was fed and
clothed from a hinterland of illiterate, Coptic-speaking Egyptian
peasants. To a Christian Copt from the desert fringes, the words
“Greek,” “Roman,” and “Pagan” must have been near-synonyms, and
the fabulous Museion (“Temple of the Muses”), with its tradition of
secular learning and its attached great library, probably seemed to be
a house of Satan.

The matter was made worse in Egypt by the cult of monasticism,
especially strong there, which placed several thousand vigorous but
sex-starved young males at the service of anyone who wanted to whip
up a religious mob. Which, of course, ambitious politicians—a cat-
egory that at this point in Roman history frequently included officers
of the church—often did. This is the context for the murder of
Hypatia in 415 CE, which so outraged Gibbon.

Hypatia is the first female name in the history of mathematics.
All her written works have been lost, so we know them only by hear-
say. On this basis it is difficult to judge whether she can properly be
called a significant mathematician or not. It is certain, at any rate,
that she was a major intellectual. She taught at the Museion (of which
her father, Theon, was the last president) and was a compiler, editor,
and preserver of texts, including math texts. She was an adherent and
a teacher of the philosophy called Neoplatonism, an attempt to locate
in another world the order, justice, and peace so conspicuously lack-
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ing in the later Roman empire.'® She was also, we are told, a beauty
and a virgin.

Hypatia was active in scholarly teaching and learning during the
time when Cyril of Alexandria was archbishop of the city. Cyril, later
Saint Cyril, is a difficult person to judge through the mists of time
and theological controversy. Gibbon gives him very unfavorable cov-
erage, but Gibbon nursed a prejudice against Christianity and can’t
be altogether trusted. Certainly Cyril launched a pogrom against
Alexandria’s Jews, driving them out of the city, but the Jews seem
previously to have conducted a nasty anti-Christian pogrom of their
own, as even Gibbon allows."’ The Alexandrians of this time were, as
we learn from the Catholic Encyclopedia, “always riotous.” At any rate,
Cyril got into a church-state dispute with Orestes, the Prefect (that is,
the Roman official in charge of Egypt), and it was put about that
Hypatia was the main obstacle to the healing of this split. A mob was
raised, or raised itself, and Hypatia was pulled from her chariot and
dragged through the streets to a church, where the flesh was scraped
from her bones with, depending on the authority and translator, ei-
ther oyster shells or pottery shards.”

Hypatia seems to have been the last person to teach at the
Museion, and her appalling death in 415 is usually taken to mark the
end of mathematics in the ancient European world. The Roman em-
pire in the west limped along for another 60 years, and Alexandria
continued under the authority of the eastern, Byzantine, emperors
for a further 164 years (interrupted by a brief Persian®' occupation,
616—629), but the intellectual vitality was all gone. The next notewor-
thy name in the history of algebra had his home 900 miles due east of
Alexandria, on the banks of the Tigris, in that same Mesopotamian
plain where the whole thing had begun two and a half millen-
nia before.

§3.3 The northern and western territories of the Roman empire
were lost to Germanic barbarians in the 5th century. The southern
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and eastern ones, except for Greece, Anatolia, and some southern
fragments of Italy and the Balkans, fell to the armies of Islam in the
7th. Alexandria itself fell on December 23, 640 CE, breaking the heart
of the Byzantine emperor Heraclius, who had spent his entire work-
ing life recovering territories that had been lost to the early 7th-
century Persian resurgence.”

The actual conqueror of Alexandria was a person named
Amr ibn al-’As.”> He was a direct report to Omar, the second Caliph
(that is, leader of the Muslims after Mohammed’s death). Alexan-
dria put up a fight—the siege lasted 14 months—but most of Egypt
was a pushover for the Muslims. The Egyptians had persisted in a
Christian heresy called Monophysitism, and after wresting the prov-
ince back from its brief subjection to Persia, the Byzantine emperor
Heraclius persecuted them savagely for this.”* The result was that
the native Egyptians came to detest the Byzantines and were glad to
exchange a harsh master for a more tolerant one.

The third Caliph, Othman, belonged to the Omayyad branch of
Mohammed’s clan. After some complicated civil wars between his
faction and that of the Prophet’s son-in-law Ali (one indirect result of
which was the Sunni-Shiite split that still divides Islam today), the
Omayyads established a dynasty that ruled the Islamic world from
Damascus for 90 years, 661-750 CE. Then a revolt led to a change of
dynasty, the Omayyads keeping only Spain, where they hung on for
another 300 years.

The new dynasty traced its descent to Mohammed’s uncle
al-Abbas, and so its rulers are known to history as the Abbasids. They
founded a new capital, Baghdad, in 762 CE, plundering the old
Babylonian and Persian ruins for building materials. The English
word “algebra” is taken from the title of a book written in this
Baghdad of the Abbasid dynasty around 820 CE by a man who re-
joiced in the name Abu Ja’far Muhammad ibn Musa al-Khwarizmi. I
shall refer to him from here on just as al-Khwarizmi, as everyone
else does.”
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§3.4 Baghdad under the fifth, sixth, and seventh Abbasid Caliphs
(that is, from 786 to 833 CE) was a great cultural center, dimly famil-
iar to modern Westerners as the world of viziers, slaves, caravans, and
far-traveling merchants pictured in the Arabian Nights stories. Arabs
themselves look back on this as a golden age, though in fact the Ca-
liphate no longer had the military strength to keep together all the
conquests won in the first flush of Islamic vigor and was losing terri-
tories to rebels in North Africa and the Caucasus.

Persia was part of the Abbasid domain, under the spiritual and
temporal authority of the Caliph. However, Persia had been the home
of high civilizations since the Median empire of 1,400 years earlier,
while the Arabs of 800 CE were only half a dozen generations away
from their roots as desert-dwelling nobodies. The Abbasids therefore
nursed something of a cultural inferiority complex toward the Per-
sians, rather as the Romans did toward the Greeks.

Beyond the Persians were the Indians, whom the first great Mus-
lim expansion left untouched. Northern India had been united under
the Gupta dynasty in the 4th and 5th centuries CE but thereafter was
generally divided into petty states until Turkish conquerors arrived
in the late 10th century. These medieval Hindu civilizations were fas-
cinated by numbers, especially very big numbers, for which they had
special names. (The Sanskrit term tallakchana, should you ever en-
counter it, means a hundred thousand trillion trillion trillion tril-
lion.) It is to the Indians—probably to the mathematician Brahma-
gupta, 598—670 CE—that the immortal honor of having discovered
the number zero belongs, and our ordinary numerals, which we call
Arabic, are actually of Indian origin.

Beyond the Indians were of course the Chinese, with whom In-
dia had been in cultural contact since at least the travels of the Bud-
dhist monk Xuan-zang in the middle 7th century and with whom the
Persians conducted a busy trade along the Silk Route. The Chinese
had long had a mathematical culture of their own—I shall say some-
thing about it in §9.1.
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Those inhabitants of Baghdad who had the leisure and inclina-
tion could therefore acquaint themselves with everything that was
known anywhere in the civilized world at that time. The culture of
the Greeks and Romans was familiar to them through Alexandria,
now one of their cities, and through their trading contacts with the
Byzantine empire. The cultures of Persia, India, and China were eas-
ily accessible.

All that was needed to make Abbasid Baghdad an ideal center for
the preservation and enrichment of knowledge was an academy, a
place where written documents could be consulted and lectures and
scholarly conferences held. Such an academy soon appeared. It was
called Dar al-Hikma, the “House of Wisdom.” This academy’s great-
est flourishing was in the reign of the seventh Abbasid Caliph,
al-Mamun. In the words of Sir Henry Rawlinson, Baghdad under
al-Mamun “in literature, art, and science . . . divided the supremacy
of the world with Cordova; in commerce and wealth it far surpassed
that city.” This was the time when al-Khwarizmi lived and worked.

§3.5 We know very little about al-Khwarizmi’s life. His dates are
known only approximately. There are some fragmentary dry notices
in the works of Islamic historians and bibliographers, for details of
which I refer the reader to the DSB. We do know that he wrote several
books: one on astronomy, one on geography, one on the Jewish cal-
endar, one on the Indian system of numerals, one a historical
chronicle.

The work on Indian numerals survives only in a later Latin trans-
lation, whose opening words are “Dixit Algorithmi . ..” (“According
to al-Khwarizmi . ..”). This book lays out the rules for computing
with the modern 10-digit place value system of arithmetic, which the
Indians had invented, and it was tremendously influential. Because of
those opening words, medieval European scholars who had mastered
this “new arithmetic” (as opposed to the old Roman numeral system,
which was hopeless for computation) called themselves
“algorithmists.” Much later the word “algorithm” was used to mean
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any process of computing in a finite number of well-defined steps.
This is the sense in which modern mathematicians and computer
scientists use it.

The book that really concerns us is the one titled al-Kitab
al-mukhtasar fi hisab al-jabr wa’l-mugabala (“A Handbook of Calcu-
lation by Completion and Reduction”). This is a textbook of algebra
and arithmetic, the first significant work in the field since
Diophantus’s Arithmetica of 600 years earlier. The book is in three
parts, with these topics: solution of quadratic equations, measure-
ment of areas and volumes, and the math required to deal with the
very complicated Islamic laws of inheritance.

Only the first of these three parts is strictly algebraic, and it is
something of a disappointment. For one thing, al-Khwarizmi has no
literal symbolism—no way to lay out equations in letters and num-
bers, no sign for the unknown quantity and its powers. The equation
we would write as

x*+10x=39
and which Diophantus would have written as
AY@ ¢T ’ic M 20
appears in al-Khwarizmi’s book as

One square and ten roots of the same amount to thirty-nine
dirhems; that is to say, what must be the square which, when in-
creased by ten of its own roots, amounts to thirty-nine?

(Dirhem was a unit of money. Al-Khwarizmi uses it to refer to what
we nowadays call the constant term, the term in x°)

For another thing, Diophantus’s historic turn away from the geo-
metrical method toward manipulation of symbols is nowhere visible
in al-Khwarizmi’s work. This is not very surprising, since he had no
symbols to manipulate, but it is still a sliding back from Diophantus’s
great breakthrough of 600 years earlier. Says van der Waerden: “[W]e
may exclude the possibility that al-Khwarizmi’s work was much in-
fluenced by classical Greek mathematics.”



50 UNKNOWN QUANTITY

Al-Khwarizmi’s main algebraic achievement, in fact, was to bring
forward the idea of equations as objects of interest, classifying all
equations of the first and second degrees in one unknown and giving
rules for manipulating them. His classification was into six funda-
mental types, which we would write in modern symbolism as

(1) ax’ = bx (3) ax=1b (5) ax’ + c=bx
(2) ax*=b (4) ax* + bx=c (6) ax*=bx+c

Some of these look trivially the same type to us but that is be-
cause we have negative numbers to help us. Al-Khwarizmi had no
such aids. He could speak of subtraction, of course, and of one quan-
tity exceeding another, or falling short of another, but his natural
arithmetic tendency was to see everything in terms of positive quan-
tities.

As for techniques of manipulation, that is where “completion”
(al-jabr) and “reduction” (al-mugqabala) come in. Once you have an
equation like

x* = 40x — 4x’

(or, as al-Khwarizmi says, “a square which is equal to forty things less
four squares”), how do you manipulate it into one of those six stan-
dard forms? By al-jabr, that's how—“completing” the equation by
adding 4x” to each side, leaving us with a type-1 equation:

5x° = 40x.

That is adding equal terms on both sides. The opposite thing,
where you need to subtract equal terms from both sides, is
al-mugqabala, for example, turning the equation

50 + x> =29 + 10x
into a type 5
21 + x* = 10x,

by subtracting 29 from both sides.
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§3.6 None of this is really new. In fact, al-jabr and al-muqabala can
both be found in Diophantus—together with, of course, a rich literal
symbolism to aid the manipulations. “Al-Khwarizmi’s scientific
achievements were at best mediocre, but they were uncommonly in-
fluential,” says Toomer in the DSB.

I fear, in fact, that at this point the reader may be slipping into the
conviction that these ancient and medieval algebraists were not very
bright. We started in 1800 BCE with the Babylonians solving qua-
dratic equations written as word problems, and now here we are 2,600
years later with al-Khwarizmi . . . solving quadratic equations writ-
ten as word problems.

It is, I agree, all a bit depressing. Yet it is also inspiring, in a way.
The extreme slowness of progress in putting together a symbolic al-
gebra testifies to the very high level at which this subject dwells. The
wonder, to borrow a trope from Dr. Johnson, is not that it took us so
long to learn how to do this stuff; the wonder is that we can do it at all.

And in fact things began to pick up a little in these middle Middle
Ages.”® Al-Khwarizmi was followed by other mathematicians of note
operating in Muslim lands, both eastern and western. Thabit ibn
Qurra, of the generation after al-Khwarizmi and also based in
Baghdad, did notable work in mathematical astronomy and the pure
theory of numbers. A century and a half later, Mohammed al-Jayyani
of Cordova in Muslim Spain wrote the first treatise on spherical
trigonometry. None of them made significant progress in algebra,
though. In particular, none attempted to replicate Diophantus’s great
leap into literal symbolism. All spelled out their problems in words,
words, words.

I am going to give detailed coverage to only one other mathema-
tician from medieval Islam, partly because he is worth covering, but
also as a bridge to the Europe of the early Renaissance, where things
really begin to pick up.



52 UNKNOWN QUANTITY

§3.7 Omar Khayyam is best known in the West as the author of the
Rubaiyat, a collection of four-line poems offering a highly personal
view of life—a sort of death-haunted hedonism with an alcoholic
thread, somewhat prefiguring A. E. Housman. Edward Fitzgerald
turned 75 of these into English quatrains, each rhymed a-a-b-a, in a
translation published in 1859, and Fitzgerald’s The Rubaiyat of Omar
Khayyam was a great favorite all over the English-speaking world up
to World War I. (An elaborate jeweled copy of the original went down
with the Titanic.)

The DSB gives 1048—1131 as the most probable dates for
Khayyam, and those are the dates I shall use faute de mieux. This puts
Khayyam at least 250 years after al-Khwarizmi. It is worth bearing in
mind these great gulfs of time when surveying intellectual activity in
the Middle Ages.

The region in which Khayyam lived and worked was at the
eastern end of the first great zone of Islamic conquest. That eastern-
most region included Mesopotamia, the northern part of present-
day Iran, and the southern part of Central Asia (present-day
Turkmenistan, Uzbekistan, Tajikistan, and Afghanistan). In
Khayyam’s time this was a region of both ethnic and religious
conflict. The principal ethnies involved were the Persians, the Arabs,
and the Turks. The religious conflict was all within Islam: first
between Sunnis and Shias, then between two factions of Shias, the
main body and the split-off Ismailites.”

The Turks, originally nomads from farther Central Asia, had been
hired as mercenaries by the declining Abbasids. Of course, the Turks
soon realized what the true balance of power in the relationship was,
and the later Abbasid caliphs, excepting a short-lived revival in the
late 9th century, were puppets of their Turkish guards. Their only
consolation was that the Turks had at least converted to orthodox
(that is, Sunni) Islam. The farther eastern territories, beyond
Mesopotamia, were anyway lost by the Abbasids to a Persian (and
Shiite) revival in the 10th century. These short-lived Persian dynas-
ties hired Turkish troops just as the Abbasids had. In due course a
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Turkish general overthrew his Persian masters, establishing the
Ghaznavid dynasty—the first Turkish empire. Wisely deferring to the
now-subjugated Persians in matters of statecraft and high culture,
the Ghaznavids ran a decent court, adorned with famous Persian
scholars and poets. They also conducted several invasions of south
Asia, carrying Islam to the region occupied by present-day Pakistan
and India.

In 1037, a few years before Omar Khayyam was born, a man
named Seljuk, one of the Ghaznavids’ own Turkish mercenaries, re-
belled and defeated the Ghaznavid armies. This new Turkish power
expanded very fast. In 1055, when Omar was seven years old, Seljuk’s
grandson took Baghdad and gave himself the title of Sultan, meaning
“ruler” The implication here was that the Caliph’s power was now to
be merely spiritual, like the Pope’s.

The Seljuks ruled all the eastern territories of Islam through the
remainder of the 11th century and much of the 12th. Their domin-
ions extended all the way westward to the Holy Land and the borders
of Egypt (at this time under Shiite rulers, of the Ismailite sub-
persuasion—the Seljuks were orthodox Sunnis). It was the Seljuk de-
feat of the Byzantine Emperor at the battle of Manzikert in 1071 that
won them Anatolia, laying the first foundations of modern Turkey. It
was the loss of Anatolia that caused the Byzantines to call on Western
Europe for aid, thus precipitating the Crusades. And it was Seljuk
Turks that the Crusaders faced on their trek across Anatolia to the
Holy Land and at Antioch and Jerusalem.

§3.8  Omar Khayyam’s life was therefore spent under the rule of the
Seljuk Turks. His great patron was the third Seljuk sultan, Malik Shah,
who ruled from 1073 to 1092 from his capital city of Esfahan in
present-day Iran, 440 miles east of Baghdad.” Malik Shah is less fa-
mous than his vizier Nizam al-Mulk, one of the greatest names in the
history of statecraft, a genius of diplomacy. Al-Mulk, like Khayyam,
was a Persian. The two of them are sometimes spoken of together
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with Hasan Sabbah, founder of the Assassins sect,”” as “the three Per-
sians” of their time—that is, the three important men of the Persian
ethny in the Seljuk empire.

Malik Shah’s court seems to have been easygoing in matters of
religion, as such things went in medieval Islam. This probably suited
Khayyam very well. His poems show a skeptical and agnostic attitude
to life, and his contemporaries often spoke of him as a freethinker.
Anxious mainly to get on with his work—he was director of the great
observatory as Esfahan—and studies, Khayyam did his best to stay
out of trouble, writing orthodox religious tracts to order and prob-
ably performing the pilgrimage to Mecca that is every Muslim’s duty.
From the poems and such biographical facts as are available, Khayyam
strikes the modern reader as rather simpatico.

His main interest for algebraists is a book he wrote in his 20s
before going to Esfahan. The book’s title is Risala fi’l-barahin “ala
masa’il al-jabr wa’l-muqabala, or “On the Demonstration of Prob-
lems in Completion and Reduction.”

Like al-Khwarizmi and all the other medieval Muslim mathema-
ticians, Khayyam ignores, or was altogether ignorant of, Diophantus’s
great breakthrough into literal symbolism. He spells out everything
in words. Also, like the older Greeks, he has a strongly geometric ap-
proach, turning naturally to geometric methods for the solution of
numerical problems.

Khayyam’s main importance for the development of algebra is
that he opened the first serious assault on the cubic equation. Lack-
ing any proper symbolism and apparently unwilling to take negative
numbers seriously, Khayyam was laboring under severe handicaps.
The equation that we would write as x* + ax = b, for example, was
expressed by Khayyam as: “A cube and a number of sides are equal to
anumber.” Nonetheless he posed and solved several problems involv-
ing cubic equations, though his solutions were always geometrical.

This is not quite the first appearance of the cubic equation in
history. Diophantus had tackled some, as we have seen. Even before
that, Archimedes had bumped up against cubics when deliberating
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on such problems as the division of a sphere into two parts whose
volumes have some given ratio.” (The connection with Archimedes’
interest in floating bodies will occur to you if you think about this for
a minute.) Khayyam seems to have been the first to recognize cubic
equations as a distinct class of problems, though, and offered a classi-
fication of them into 14 types, of which he knew how to solve four by
geometrical means.

As an example of the kind of problem Khayyam reduced to a
cubic equation, consider the following:

Draw a right-angled triangle. Construct the perpendicular from the
right angle to the hypotenuse. If the length of this perpendicular
plus the length of the triangle’s shortest side equals the length of the
hypotenuse, what can you say about the shape of the triangle?

The answer is that the ratio of the triangle’s shortest side to the
next shortest—a ratio that completely determines the triangle’s
shape—must satisfy the cubic equation

2x° = 2x"+2x-1=0

The only real-number solution of this equation is 0.647798871 .. . .,
anirrational quantity very close to the rational number 1%. So a right-
angled triangle with short sides 103 and 159 very nearly fills the bill, as
the reader can easily verify.”’ Khayyam took an indirect approach,
ending up with a slightly different cubic, which he solved numerically
via the intersection of two classic geometric curves.

§3.9 To offer an extremely brief summary of events to date:
= The ancient Babylonians developed some techniques for

solving a limited range of linear and quadratic equations
with one unknown.
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® The later Ancient Greeks tackled similar equations geo-
metrically.

® Diophantus, in the 3rd century, broadened the scope of in-
quiry to many other kinds of equations, including equations
of higher degree, equations with many variables, and systems
of simultaneous equations. He also developed the first literal
symbolism for algebraic problems.

® Medieval Islamic scholars gave us the word “algebra.” They
began to focus on equations as worthwhile objects of inquiry
in themselves and classified linear, quadratic, and cubic equa-
tions according to how difficult it was to solve them with the
techniques available.

In discussing Omar Khayyam, I mentioned the terrible battle of
Manzikert, the great retreat of Eastern Christendom that followed it,
and the strange, disorderly, and still controversial reaction to that re-
treat: the Crusades. By the time of these events—Khayyam’s time—
Western European culture was beginning to struggle to its feet after
the Dark Ages. The lights came on earliest and brightest in Italy, and
it is there that we meet our next few algebraists.



NMath Primer

CuBic AND QuARTIC EQUATIONS

§CQ.1 THE FIRST GREAT ADVANCE in algebra after the Middle Ages was
the general solution of the cubic equation, immediately followed by a
solution for the quartic. I tell the full story in the next chapter. There,
however, I shall be looking at the topic through 16th-century eyes.
Here I just want to give a brief modern account of the underlying
algebra to clarify the issues and difficulties.

It is important to understand what is being sought here. It is not
difficult to find approximate numerical solutions to cubic equations,
or equations of any degree, to any desired accuracy. Sometimes you
can just guess a correct solution. Drawing a graph will often get you
very close. More sophisticated arithmetic and geometric methods
were known to the Greeks, Arabs, and Chinese. Medieval European
mathematicians were familiar with these methods too and could gen-
erally figure out a numerical value for the real solution of a cubic
equation to good accuracy.

What they did not have was a properly algebraic solution—a uni-
versal formula for the solutions of a cubic equation, like the one for
the quadratic equation in Endnote 14. A formula of that general kind
was what early-modern mathematicians sought. Only when it was
found could the cubic equation be considered solved.

57
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§CQ.2 Here is a general cubic equation™ in one unknown: x* + Px’
+ Qx + R=0. The first thing we can do is drop the term in x’, just by
noticing the following simple algebraic fact:

3 ) 5
x’+Px’+Qx+R= 2] 4 Q—P— e D[ g 2P
3 3 3 3 27

To put it another way,

p? QP 2P’
3 27 )

X +Px*+Qx+R=X’ +[Q—?JX+[R——+
where X = x + P/3. So by dint of a simple substitution, any cubic
equation can be converted to one with no x” term, and if we can solve
the simpler equation by finding X, we can then easily get x by simply
subtracting P/3. This kind of cubic, one with no x* term, is techni-
cally known by the rather charming name depressed cubic.”

The long and short of it is that we need only bother with de-
pressed cubic equations, ones that look like this:

X+ px+q=0

§CQ.3 So far, so good, but what is the general solution of that
depressed cubic? Cast your mind back to the general quadratic
equation

x2+px+q=0

with its two solutions
—p—+p’ 49

) it
2 2

Since negative numbers do not have real-number square roots, if

and x =

p’ — 4q is negative, the solutions are complex numbers. If p* — 44 is
precisely zero, then the two solutions are the same; so from a numeri-
cal point of view there is only one solution. And, of course, if p* — 4q
is positive, there are two real-number solutions.
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All of this can easily be illustrated by plotting graphs of quadratic
polynomials. If we plot the graph y = x” + px + g, the solutions of the
quadratic equation are where y = 0, that is, where the curve cuts the
horizontal axis. The three cases I covered above—no real solutions,
one real solution, two real solutions—are shown in Figures CQ-1,
CQ-2, and CQ-3.

To see what we might expect from the cubic, we could start from
the graphical picture. There are three basic situations, illustrated in
Figures CQ-4, CQ-5, and CQ-6. Notice that in all three cubics the
curve starts in the far southwest and ends up in the far northeast.
This is because when x is very big (positive or negative), the x” term
in x’ + px+ g“swamps” the other terms. For “big enough” values of x,
x’ + px+ q“looks like” x°. (The precise size involved in “big enough”
depends on how big p and g are.) Now, the cube of a negative num-

x’—4x+3

B T X
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x*-26x+60 X>-27x+54 x-21x+20
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FIGURE CQ-4 FIGURE CQ-5 FIGURE CQ-6
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ber, by the rule of signs, is negative, and the cube of a positive num-
ber is positive. So the graph of a cubic polynomial will always go
southwest to northeast. It follows, since the curve must cross the hori-
zontal axis somewhere, that there must always be at least one real solu-
tion to x” + px+ g = 0.

As the graphs show, in fact, there can be one, two, or three solu-
tions of a cubic equation, but there cannot be none, and there cannot
be more than three. On the basis of our experience with the quadratic
equation, you might suspect that, in most of the cases where there is
only one real solution, there are two complex solutions hidden away
out of sight. That is correct.

§CQ.4 Here, in fact, are the general three solutions of the cubic
equation x’ + px + g = 0:

o 3\/—q+1/q2+(4p3/27) N 3\/—q—qu+(4p3/27)

2 2

[@qu ) [ﬁqu
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That needs a little explanation. In fact, it needs a lot of explanation.

First note that the two things under the cube root on each line
differ by only a sign, plus or minus. If you look more closely, in fact,
you will see that they are the two solutions of the quadratic equation

3

p
tP+qt—-—=0
1 27
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(I switched from x to t as my “dummy variable” to avoid confusion
with the main topic.) Let’s call these two numbers o and f for
convenience.

Next, what are those complex numbers in the second and third
lines? Well, they are cube roots of 1. In the world of real numbers, of
course, the number 1 has only one cube root, namely itself, since
1x1x1 = 1. In the world of complex numbers, however, it has two
more, and there they are. If you glance forward to §RU.1 in my primer
on the roots of unity, between Chapters 6 and 7, you will see that the
first of these complex numbers, as they appear above, is commonly
denoted by o, the second by @’, and that each is the square of
the other.

Now I can write down the solutions of the general cubic equa-
tion very succinctly. They are

c=a + 4B,
x=wi/&+w“\/ﬁ,
xza)“\/a+a)3\/ﬁ,

where @ and @” are the complex cube roots of 1, and & and 3 are the
solutions of the quadratic equation ¥ + qt— (p’/27) = 0.

§CQ.5 Justlooking at the three solutions like that, it seems that the
first is a real number and that the second and third are complex num-
bers. How can that be, since we know that a cubic equation can have
three real solutions (Figure CQ-6)?

The snag is that both o and 8 may be complex numbers them-
selves. Both of them contain the square root of g° + (4p>/27), and this
might be negative. If it is, then o and 8 are both complex; if it is not, &
and f3 are both real. The case where they are both complex is the so-
called irreducible case.” Then you are stuck with finding the cube
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root of a complex number—no easy matter. This makes the general
solution of the cubic, while intellectually very satisfying, not
very practical.

The actual status of the three solutions, in relation to the sign of
q’ + (4p’/27), which I am going to refer to (rather loosely, I am afraid)
as the discriminant of the equation, is summarized in the following
table. The botto