
5 Vectorial Pulse Width
Modulation for Basic
Three-Phase Inverters

Previous chapters have explained the need for pulse width modulation (PWM)

control of three-phase converters and presented some conventional methods that

generate PWM on each phase independently. Some limitations in its practical

implementation have stimulated efforts to find other principles to generate PWM

controls. The most remarkable is the analysis of the three-phase inverter in the

complex plane by the Vector Space theory. Understanding the mathematical rep-

resentation of the inverter operation in the complex plane provided a tool for the

generation of a new PWM algorithm called Space Vector Modulation (SVM).

(Note the difference between a vector space, which means a space of vectors, and

a space vector, which means a vector with a spatial displacement.)

SVM has become a standard for medium- and high-power switching converters

in both industry and university. The last 20 years have provided a large volume of

publications that fully define SVM theory. Implementation on different digital plat-

forms has been considered and some dedicated integrated circuits have already been

developed on the basis of this principle. The SVM theory initially developed for

three-phase voltage-source inverters has been extended with new applications to

other three-phase topologies. Such methods will be presented in later chapters.

5.1 REVIEW OF SPACE VECTOR THEORY

5.1.1 HISTORY AND EVOLUTION OF THE CONCEPT

The first vectorial representation of three-phase systems was introduced by Park [1],

Kron [2], and Stanley [3]. They showed the separation of effects on two axes at the

operation of a three-phase electrical drive. First, Park [1] replaced the variables

associated to the stator windings with variables of fictitious windings rotating

with the rotor. This work can be considered the base for the well-known theory of

vector control or field-orientation control for induction and synchronous drives. In

the late 1930s, Stanley [2] used the same idea for induction machine drives but

he replaced the rotor variables to a frame fixed on the stator. During the 1960s,

the advent of thyristors led to the systematic use of the Space Vector theory to

analyze and control three-phase electrical drives. Kovacs and Racz [4] provided

mathematical treatment along with a physical description and understanding of
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machine drive transients even in the cases in which machines were fed through elec-

tronic converters.

Space Vector-derived methods were widely used by the industry in the early

1970s and numerous books have presented this theory. Stepina [5] and

Serrano-Iribarnegaray [6] suggested the use of the Space Phasor to analyze electri-

cal machines. The Space Phasor concept is now used mainly for current and flux

measures when analyzing electrical machines.

It was again the semiconductor technology that pushed for more consideration

of the vectorial analysis theory in the early 1980s. Development and intensive use

of the first microprocessors in industry opened new research areas to find the

most appropriate implementation algorithms for conventional issues of PWM gen-

eration, current control, or field-orientation-based control of electrical drives. Murai

and Tsunehiro [7] reported in 1983 an improved PWM method derived from vecto-

rial analysis of the operation of a three-phase inverter. A few years later, different

researchers [8–11], considering all three phases in a unique vector, developed the

SVM theory further to control the inverter in open loop and, later, in closed loop.

The new method provided great advantages in digital implementation with the

newly arrived microcontrollers.

5.1.2 THEORY: VECTORIAL TRANSFORMS AND ADVANTAGES

A three-phase system defined by ux(t), uy(t), and uz(t) can be represented uniquely by

a rotating vector uS in the complex plane.

us ¼
2

3
½ux(t)þ auy(t)þ a2uz(t)� (5:1)

where a ¼ e jð2p=3Þ and a2 ¼ e jð4p=3Þ.

All vectors in the complex plane form a space of vectors [12]. The mathematical

theory of vector spaces is next employed to provide an instrument for analysis.

A base within a vector space consists of a system of vectors B (b1,b2,b3) that is a

unique representation of any member V of that vector space as a linear combination

of vectors from B. For instance,

~V ¼ b1(vj)vd þ b2(vj)vq þ b3(vj)v0 (5:2)

or

~V ¼ b1(vj)vd þ b2(vj)vq (5:3)

where vd, vq, and v0 are also called co-ordinates. If the vector space has a finite

dimension, then all possible bases have the same number of elements. The dimen-

sion of a vector space refers to the number of vectors within any base. When

applied to three-phase power systems or power converters, the dimension of the

vector space is three, which means that any base has three elements. A base is

114 Power-Switching Converters

Copyright © 2006 Taylor & Francis Group, LLC



orthonormalized if all its vectors are unitary and any two different vectors are

orthogonal. The mathematical theory of vector spaces also provides tools for

making transformations between different bases of the same vector space. These

transformations are unique and reversible and can have linear or rotational effects

on the vectors.

All the previously reported papers in the three-phase power electronics

indirectly consider the orthogonal base vectors as

b1(vi)½ �
T
¼

3

2
cosvit cos vit �

2p

3

� �
cos vit �

4p

3

� �� �
(5:4)

b2(vi)½ �
T
¼

3

2
sinvit sin vit �

2p

3

� �
sin vit �

4p

3

� �� �
(5:5)

b3(vi)½ �
T
¼

3

2
½1 1 1� (5:6)

The selection of this set of vectors is not unique. Coefficients and functions

within each term may have other forms depending on where they are to be aplied.

In our case, in a three-phase system, we would like to take advantage of sin and

cos functions because we know that our phase voltages have this type of variation

and we hope to separate DC quantities (constant numbers) as coordinates of

Equation (5.2). The discontinuous PWM algorithms presented in Chapter 3 can

enlarge the field of application of this theory. The ON-time variation is represented

by the discontinuous function, depending on the phase coordinates and the conven-

tional outputs of the vector control algorithm. Selecting base vectors characterized

by that type of variation would provide a mathematical instrument for directly trans-

forming the quasi-DC quantities of the vector control algorithm into an ON-time

variation function that can be used to control the PWM generator.

Another example can refer to the selection of the coefficients in [2]. Engineers

analyzing power systems take advantage of this property by defining base vectors

and transform coefficients from either power conservation or magnitude conserva-

tion constraints. Thus, the coefficient (3/2) from Equation (5.4) and Equation (5.5) is

calculated to preserve the magnitude of the vector in the complex plane, but some

engineers use a coefficient of sqrt(3/2) to preserve power through the transform.

Basically, this theory says that we can decompose any vector in the complex

plane in a form shown by Equation (5.2) where the base vectors may have a form

as in Equation (5.4), Equation (5.5), and Equation (5.6). The coordinate vd of

Equation (5.2) is the result of that part of the first phase voltage that follows

cosvit added to that part of the second phase that follows cos (vit 2 2p/3) and to

that part of the third phase that follows cos (vit 2 4p/3).

Similarly, the coordinate vq of Equation (5.2) is the result of that part of the first

phase voltage that follows sinvit added to that part of the second phase that follows

sin (vit 2 2p/3) and to that part of the third phase that follows sin (vit 2 4p/3).

Finally, the quasi-DC components in all the phases are added in v0. Replacing

Vectorial Pulse Width Modulation for Basic Three-Phase Inverters 115

Copyright © 2006 Taylor & Francis Group, LLC



Equation (5.4), Equation (5.5), and Equation (5.6) in Equation (5.2) yields a

relationship between coordinates in different bases:

~V ¼
ux

uy

uz

2
64

3
75 ¼ 3

2
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� �
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3
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2
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3
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2
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(5:7)

This is the core idea of a vector transformation from coordinates ux(t), uy(t), uz(t)

to coordinates ud(t), uq(t), u0(t) or vice versa. This operation of transforming a three-

phase system in a unique vector followed by the transformation of the orthogonal

vector coordinates in quasi-DC coordinates (d, q, 0) is known as Park/Clarke trans-

forms for three-phase systems.

5.1.2.1 Clarke Transform

First, let us transform the phase measures into orthogonal coordinates with a third

homopolar (or zero sequence) coordinate. Any vector in the complex plane can

be decomposed into two orthogonal coordinates (Ua, Ub) and a homopolar coordi-

nate U0.

Ua

Ub

U0

2
4

3
5 ¼ 2

3

1 �
1

2
�

1

2

0

ffiffiffi
3
p

2

�
ffiffiffi
3
p

2
1

2

1

2

1

2

2
666664

3
777775

ux

uy

uz

2
4

3
5 ð5:8Þ

where (Ua, Ub) form an orthogonal two-phase system and us ¼ Uaþ jUb. If the

system of phase voltages is symmetrical, the homopolar term equals zero and it

can miss within the previous transform. Moreover, this transform is unique, as

shown in Figure.5.1.
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5.1.2.2 Park Transform

This transform is not directly necessary for the presentation of the SVM algorithm,

but is often used by electrical engineers in vector control of power converters. The

two coordinates (a, b) are transformed through a vector rotation, with the rotational

frequency identical to the electrical frequency.

Ud

Uq

U0

2
4

3
5 ¼

cos u sin u 0

�sin u cos u 0

0 0 1

2
4

3
5 Ua

Ub

U0

2
4

3
5 (5:9)

Frequently, these two transforms are used in a single transform stage that

coincides with the vector space theory introduced in the beginning (5.7)
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2
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Each of these transforms has an inverse that allows transformation from the

orthogonal coordinates to the phase measures. The general inverse transform is

given by

ux(t) ¼ Re½us� þ u0(t)

uy(t) ¼ Re½a2 us� þ u0(t)

uz(t) ¼ Re½a us� þ u0(t)

8<
: (5:11)

where u0(t) ¼ 1
3
½ux(t)þ uy(t)þ uz(t)� represents the homopolar component. Particu-

lar forms are also available for Park and Clarke inverse transforms.

86

34

Im

30

Re

[−120, 34, 86] → [−120, 30, 0]

−120

−120

FIGURE 5.1 Derivation of a vector equivalent to a three-phase system.
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5.1.3 APPLICATION TO THREE-PHASE CONTROL SYSTEMS

This mathematical representation of three-phase measures treats the analysis of the

three-phase system as a whole, instead of considering equations for each phase indi-

vidually. Many control methods for three-phase systems have been derived from this

mathematical approach.

Electrical drives (induction machine or synchronous machine drives) are con-

trolled by the so-called field-orientation principle (Figure 5.2a). The three-phase

Flux
control

Torque
control

PI

PI

idref

iqref

εd

εq

vds

vqs

vxs

PWM

3/2
Transf

+
ej θ

e− j θ
3-PH
INV

idm

iqm

IM
vys

S1,…,S6

(a)

Power
stage

Load

ea,eb

PLL
Ref angle

Current
transform

ia,ib

PI

PI

PIudc-ref

udc

id

iqref=0

iq
Compensation

volt limit
transform

PWM

(b)

FIGURE 5.2 Examples of application of vectorial representation in control (a) motor drive

controller; (b) grid interactive controller.
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grid interfaces or AC /DC converters (Figure 5.2b) are nowadays seen as active

filtering systems controlled by the instantaneous power components (p–q) theory.

All these systems use PWM algorithms in the final control stage.

5.2 VECTORIAL ANALYSIS OF THE THREE-PHASE INVERTER

5.2.1 MATHEMATICAL DERIVATION OF THE CURRENT SPACE VECTOR

TRAJECTORY IN THE COMPLEX PLANE FOR SIX-STEP OPERATION

(WITH RESISTIVE AND RESISTIVE-INDUCTIVE LOADS)

The three-phase inverter presented in Figure 5.3 is built of six insulated gate bipolar

transistors (IGBTs), but it can be made with any other power-switching device,

depending on the voltage and current ratings.

Figure 5.4 presents the appropriate output voltages without PWM. This is the

so-called six-step operation and it is also the simplest and oldest control method

for this type of power converter. Different switching states are given in the figure

with a digital code (for example: 1 0 1), showing whether the high-side IGBT is

ON (for 1) or the low-side device is ON (for 0). Another possible notation uses a

sign to show where the pole terminals (A, B, C) are connected.

Each state of the power converter leads to a switching vector in the complex

plane. There are thus six active switching vectors V1, . . .,V6 equally sharing six

sectors within the complex plane (Figure 5.5).

The vectorial analysis of the operation of this system is first developed for an

inductive three-phase load. Each phase current waveform can be derived by the inte-

gral of each phase voltage equation.

va ¼ Ls
dia
dt

vb ¼ Ls
dib
dt

vc ¼ Ls
dic
dt

8>>><
>>>:

(5:12)

VDC

+

−

A

M A B C

Va Vb Vc
Zs Zs Zs

S1 S3 S5

S2 S4 S6

FIGURE 5.3 Basic topology for the three-phase voltage-source inverter.
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Applying transform (Equation (5.2)) to these allows writing the same equations

for the vector space variables.

vs ¼ L
dis

dt
(5:13)

The variation slope of the phase current is doubled when the phase voltage gets

doubled. The maximum value of the phase current is denoted here by IM. During the

time interval [t1, t2], the output voltage vector is V1 and the phase voltages are

2/3Vdc, 21/3Vdc, and 21/3Vdc.

10 0

Va

Vb

Vc

101 110 010 011 0 01

+−−+−+ ++− −+− −++ −−+

State:

V6 V1 V2 V3 V4 V5

2/3VDC 1/3VDC

FIGURE 5.4 Output voltage waveforms and state coding for a six-step operation.

V2(1,1,0)

V1(1,0,0)

V3(0,1,0)

V4(0,1,1)

V5(0,0,1) V6(1,0,1)

Im

0
Re

FIGURE 5.5 Switching vectors corresponding to the six-step operation of the inverter.
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Choosing the time origin in t1 (t1 ¼ 0), the load current and voltage expressions

can be mathematically expressed as linear variations during the interval (t1, t2).

From Figure 5.6, this yields

ia(t) ¼ �0:5IM þ
2VDC

3L
t

ib(t) ¼ �0:5IM �
VDC

3L
t

ic(t) ¼ IM �
VDC

3L
t

8>>>>><
>>>>>:

(5:14)

Applying definition (5.1) to the space vectors associated to the current and

voltage waveforms yields

v(t) ¼
2

3
½va(t)þ avb(t)þ a2vc(t)� (5:15)

i(t) ¼
2

3
½ia(t)þ aib(t)þ a2ic(t)� (5:16)

where

a ¼ �
1

2
þ j

ffiffiffi
3
p

2
a2 ¼ �

1

2
� j

ffiffiffi
3
p

2
(5:17)

leading to

v(t) ¼
2

3
Vd þ j0 (5:18)

and

i(t) ¼ �
IM

2
þ

2

3

Vd

L
t

� �
þ j �

ffiffiffi
3
p

2
IM

� �
(5:19)

V1V6 V2 V3 V4 V5 V6

T/6

va

ia

IM

IM/2

−IM/2

−IM
t1 t2

IM

Not shown
vc = vb = −0.33 VDC

FIGURE 5.6 Output phase current and voltage waveforms.

Vectorial Pulse Width Modulation for Basic Three-Phase Inverters 121

Copyright © 2006 Taylor & Francis Group, LLC



It can be seen from Equation (5.18) that the magnitude of each voltage switching

vector is (2/3)VDC. The tip of the current space vector has a linear variation in the

complex plane, with the real part varying linearly from 20.5IM to 0.5IM during the

time interval [t1, t2] of duration T/6 (Figure 5.7). This trajectory is oriented so that

the current space vector is quasi-perpendicular on the voltage space vector, and this

is expected from the integral form of the inductive load equation. The vector projec-

tion on the real axis represents the value of the first phase current. The variation of

the phase current during the interval [t1, t2] allows determination of the maximum

value of the current (IM). It yields

2

3
VDC ¼ L

0:5IM � (�0:5)IM

T=6
(5:20)

and

IM ¼
2

3L

T

6
VDC (5:21)

The voltage space vector is identical with the switching vector V2 at the next

interval. The current space vector moves between the position along the vectors

V6 (at t2) and V1 (at next interval, t3). Similar calculation proves the linearity of

this trajectory. Extending the same reasoning for all six possible voltage-switching

vectors defines the trajectory of the tip of the current vector in the complex plane.

The resulting trajectory is a hexagon oriented along the voltage-switching vectors.

The projection on the real axis is at any time equal to the current on the first

phase. Currents or voltages on the other two phases can be graphically derived by

the projection on two fictitious axes at 120 and 2408 respectively. This vectorial

analysis provides information about all the currents and voltages in the system.

Moreover, because of the 608 symmetry of the operation, it is enough to limit the

vectorial analysis to a 608 sector.

Extending this analysis to the general case of an R–L load, consider the vectorial

equation for the load circuit

Vs ¼ isRs þ Ls

d

dt
is (5:22)

with the generic solution

is(t) ¼
1

R
Vs þ Ce�t=t (5:23)

where C is a complex constant and t ¼ R/L represents the time constant of the load.

In other words, for each switching vector applied to the load, the current trajectory is

a portion of exponential (Figure 5.8). To better define such a trajectory, assume that

the initial value is equal to i(0) ¼ I and the final value after T/6 is

i
2p

6v

� �
¼ Ie� jp=3
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These conditions help to define the constant C and the initial value I:

t ¼ 0) I ¼ 1
R

Vs þ C

t ¼ p
3
) Ie jp=3 ¼ 1

R
Vs þ Ce�p=3vt

)

)
C ¼ I � 1

R
Vs

Ie jp=3 ¼ 1
R

Vs þ Ce�p=3vt

(

)
C ¼ I � 1

R
Vs

Ie jp=3 ¼ 1
R

Vs þ I � 1
R

Vs

� �
e�p=3vt

(

)
C ¼ I � 1

R
Vs

I e jp=3 � e�p=3vt
� �

¼ 1
R

Vs 1� e�p=3vt
� �

(

)

C ¼ 1
R

Vs

1� e�p=3vt

e jp=3 � e�p=3vt
� 1

� �

I ¼ 1
R

Vs

1� e�p=3vt

e jp=3 � e�p=3vt

8>><
>>:

(5:24)

V6

V1

I(t2)

V2

Re0

I(t1)

I(tx)

Im

Applied vector V1

Linear current
trajectory

Re

0

Im

IM/2–IM/2

–IM/2 IM/2

i(t)

Trajectory of
the tip of the current vector

(a)

(b)

FIGURE 5.7 Current vector trajectory in the complex plane for a pure L load. (a) Calculation,

(b) full-cycle trajectory.
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Replacing complex constant C in Equation (5.23) yields

i(t) ¼
1

R
Vs 1� e�t=t
� 	

þ Ie�t=t (5:25)

This gives a mathematical form to the expected exponential variation. If the

inductive character is strong and t is small, the trajectory is close to a hexagon in

the complex plane. If the resistive term makes t large enough, the trajectory

suffers from the presence of the exponential term. Both cases are shown in

Figure 5.8. The PWM operation splits this trajectory into smaller intervals of repeti-

tive application of the switching vectors. The tip of the current vector follows a

multi-edged trajectory, with each edge parallel to the same direction derived pre-

viously by the analysis of the six-step operation (Figure 5.9).

5.2.2 DEFINITION OF FLUX OF A (VOLTAGE) VECTOR AND

IDEAL FLUX TRAJECTORY

Three-phase power-switching inverters are often used to supply a machine drive or a

load strongly inductive. The leakage inductance of the machine and the inertia of the

Re

0

Im

i (t )

Trajectory of the
tip of the current
vector for small

R/L constant

Trajectory of the
tip of the current
vector for large
R/L constant 

FIGURE 5.8 Current vector trajectory in the complex plane for an R–L load.

Re

0

Im

i(t )

Trajectory of
the tip of the
current vector
for PWM

FIGURE 5.9 Current space vector trajectory for a simplified PWM case.
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mechanical system account for low-pass filtering of the harmonics provided by the

discontinuous power flow at switching. If a voltage drop across the resistance and

leakage inductance of the stator windings is neglected, the flux linkage in the

machine is approximately equal to the time integral of the impressed voltage. The

flux vector yields

l ¼

ð
Vs dt (5:26)

A very similar definition can be made for AC/DC applications, where the boost

input inductance accounts for low-pass filtering of the voltage pulses resulting from

the PWM operation of the power stage.

All these applications will work properly if the magnitude of the flux linkage is

kept constant, which denotes a circular trajectory of the flux. As Vs occupies differ-

ent discrete positions in the complex plane, its time integral leads to a polygon close

to a circle, as anticipated by Figure 5.9. What was not explained previously is the

existence of zero vectors in the flux trajectory at control with PWM. A zero

vector, also called homopolar vector, is achieved when all power devices are con-

nected to the same DC bus terminal, positive or negative. Any of the PWM

methods explained previously in Chapter 3 uses zero-vector states during operation.

Voltages applied on each phase of the load equal zero in this case and the integral of

these voltages show no displacement of the flux trajectory. A direct consequence of

this is the possibility of using zero vectors to regulate the speed of the flux trajectory

(Figure 5.10).

A real trajectory of the flux achieved by PWM operation presents both radial and

angular errors. The radial errors are variations along the radius of the circular locus,

whereas the angular errors are variations from a constant rotational speed. In a motor

Flux trajectory 
derived from a PWM
model with reduced

number of edges

Flux trajectory derived
from a PWM model

derived from previous
by repetition of groups

of three identical pulses

FIGURE 5.10 Flux trajectory improved by increasing the switching frequency even if the

same shape of pulses is used.
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drive, any error in the flux trajectory has a direct influence on the torque ripple. The

difference between the reference l0 having a circular locus in the complex plane and

the actual trajectory l produced by a PWM inverter causes the torque oscillations.

The dependence of the torque pulsation on radial and angular components of

the flux error has been analyzed and presented in [13–17], and it has been stated

that the torque oscillation is more sensitive to the angular error than the radial

error. The angular error can be reduced by operating with a smoother rotational

speed that can be achieved when employing more zero states on the flux locus.

The radial errors can be reduced with an optimal polygonal flux locus having all

edges staying as close to the desired circular locus.

As the angular error is more important than the radial error, the torque ripple is lower

when a higher carrier frequency (more zero vector states) is employed, even though this

splits a polygonal flux locus to a reduced number of edges. A limited switching frequency

is desired for completely different reasons, such as reduction of the switching loss.

5.3 SVM THEORY: DERIVATION OF THE TIME INTERVALS

ASSOCIATED TO THE ACTIVE AND ZERO STATES BY

AVERAGING

SVM was developed in [7–11] and the importance of this method has been outlined in

many publications [18–21]. The three-phase inverter presented in Figure 5.3 produces

a symmetrical three-phase system of voltages on the load. If the magnitude of the phase

voltages is Vs, this is equivalent to generating a circular locus with a constant radius

equaling the same magnitude. Such an ideal locus cannot be achieved with a switching

power converter that leads to six discrete positions of only the voltage space vector.

Each desired position on the circular locus can be synthesized only through an

average relationship between two neighboring active vectors and zero vectors

VsTs ¼ Vata þ Vbtb þ V0t0 (5:27)

where Ts is the sampling period of the given circular locus (as, usually, the switching

frequency is not equal to the carrier frequency, it is preferable to call Ts the sampling

period) and ta, tb are the time intervals allocated to the neighboring vectors Va, Vb. The

averaging process is a result of the low pass filtering action of the load on the voltage

pulses. Zero vectors are necessary to keep the sampling interval constant and they are

calculated by

t0 ¼ Ts � tb � ta (5:28)

In order to calculate the time intervals associated with a desired position of the

voltage vector in the complex plane, the symmetry after a 608 interval is first

noticed. This opens up the possibility that the analysis can be limited to a generalized

sector of 608, repeated six times. To simplify the calculation, such a sector is con-

sidered superimposed with the first sector of the complex plane.
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Decomposition of Equation (5.27) on real and imaginary axes yields:

Re: Vs cosaTs ¼
2

3
VDC

� �
ta þ

2

3
VDC

� �
1

2
tb

Im: Vs sinaTs ¼
2

3
VDC

� � ffiffiffi
3
p

2
tb

8>>><
>>>:

(5:29)

Time intervals involved in the PWM generation are calculated by (Figure 5.14):

ta ¼
3Vs

2VDC

T s cos a�
1ffiffiffi
3
p sin a

� �
¼

ffiffiffi
3
p

Vs

Vdc

Ts sin
p

3
� a

h i

tb ¼

ffiffiffi
3
p

Vs

VDC

Ts sina

t0 ¼ Ts � ta � tb

8>>>>><
>>>>>:

(5:30)

Calculation of the time intervals associated with each active state is only the first

part of the generation of a PWM algorithm. Determination of the switching sequence

is the second stage. Modern microcontrollers achieve both functions and take advan-

tage of special expressions for the time intervals associated with the conduction of

each switch. These allow the implementation of the SVM method within the center-

aligned PWM hardware. Calculation of the pulse widths is based on a memory look-

up table for the sine function within a 608 interval or of the sina and sin (60 2 a)

functions within a 308 interval. Alternative solutions are based on real-time interp-

olation of a minimized look-up table. This interpolation can be carried out by fuzzy

logic as well [22,23]. Chapter 9 will present hardware solutions available in the

market to implement SVM.

Observing Equation (5.30) and Figure 5.11, one can derive the maximum modu-

lation. It will correspond to the circular locus with the maximum radius and it equals

Vmax ¼
2

3
VDC cos

p

6
¼

1ffiffiffi
3
p VDC ¼ 0:577VDC ¼ 0:866

2VDC

3

� �

mmax �����������!
definition Vmax

Vmagn six step

)mmax ¼ 0:866

(5:31)

This value is 15% higher than the maximum modulation index from the sinusoi-

dal modulation.

The sampling period Ts is shown in Equation (5.30). Note the nomenclature

difference between sampling interval/sampling frequency and switching interval/
switching frequency. A new PWM method can be derived by changing the sampling

frequency while using the same equations. The frequency modulation is the result of

adjusting Ts during the fundamental or cycle period [10,17]. Several methods have

been developed by using the sampling frequency as a degree of freedom in optim-

ization after one or more criteria: low harmonics reduction, harmonic current factor
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(HCF) reduction, and so on, but all redefine Ts as

Ts ¼
1

Nf
(1þ d cos (6a)) (5:32)

with N being number of intervals over the fundamental period (at frequency f ).

Conventional PWM is characterized by d ¼ 0, while the optimized methods

require Ts modulated so that it gets shorter periods at 0 and 608 but lengthier at

308 within each 608 sector. These ensure minimum angular errors, current distortion

factor at low harmonics, and minimum torque oscillations. Random SVM represents

a special type of frequency modulation.

Finally, note that the averaging principle used here does not provide any require-

ment on zero vector generation during t0. Moreover, the sequence of the active and

zero vectors within the sampling period is not unique and these degrees of freedom

make the difference between space vector methods. The most well-known alterna-

tives will be analyzed later in this chapter.

5.4 ADAPTIVE SVM: DC RIPPLE COMPENSATION

The presence of the DC voltage (VDC) in Equation (5.30) compensates for the ripple

of the DC bus voltage [24] (Figure 5.12). This ripple can be produced with insuffi-

cient filtering of the input rectifier power stage in a back-to-back converter structure.

Measuring the DC voltage at each sampling interval or with a larger sampling period

will be appropriately compensated by Equation (5.30) for the effect of this ripple in

the output voltage.

Figure 5.13 shows how the time intervals ta, tb are affected by the variation of the

DC bus voltage in order to preserve the same harmonics on the load. The drawback

of this method is that it reduces the maximum available voltage at the inverter

output. The maximum available output voltage is achieved when the DC bus has

the lower value within the ripple and the inverter operates at maximum modulation

index of 0.866.

Vmax = (2/3VDC)*cos 30

2/3VDC

30°

FIGURE 5.11 Definition of the maximum modulation index. (From Neacsu DO, Tutorial

presented at IECON’01: The 27th Annual Conference of the IEEE Industrial Electronics

Society 2001, IEEE Paper 0-7803-7108-9/01. With permission.)
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5.5 LINK TO VECTOR CONTROL: DIFFERENT FORMS AND

EXPRESSIONS OF TIME INTERVAL EQUATIONS IN THE

(d,q) COORDINATE SYSTEM

This SVM algorithm calculates the time intervals associated with each state based

on the polar coordinates (Vs, a) of the desired space vector position. This is not

very convenient for vector control methods for drives and for active filtering.

The result of the vector control methods is given in the coordinates (vx, vy) and

these can also be expressed depending upon the polar coordinates (5.33 to 5.38) [25].

Sector 1

vx ¼ Vs cosa

vy ¼ Vs sina
(5:33)

Sector 2

vx ¼ Vs cos aþ
p

3

h i

vy ¼ Vs sin aþ
p

3

h i (5:34)

tb

ta

Ideal DC
Harm. DC

0 π/3

FIGURE 5.13 SVM with adaptive compensation.

Vminimum = 2.12*V Vaverage = 2.34*V

FIGURE 5.12 Reduction of the maximum output voltage by an unfiltered DC bus with a

six-step rectifier.
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Sector 3

vx ¼ �Vs cos
p

3
� a

h i

vy ¼ Vs sin
p

3
� a

h i (5:35)

Sector 4

vx ¼ �Vs cosa

vy ¼ �Vs sina
(5:36)

Sector 5

vx ¼ �Vs cos aþ
p

3

h i

vy ¼ �Vs sin aþ
p

3

h i (5:37)

Sector 6

vx ¼ Vs cos
p

3
� a

h i

vy ¼ �Vs sin
p

3
� a

h i (5:38)

For the first sector, replacing Equation (5.33) in Equation (5.30) yields

ta ¼
3

2 VDC
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1ffiffiffi
3
p vy

� �

tb ¼

ffiffiffi
3
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VDC

Tsvy

t0 ¼ Ts � ta � tb

8>>>><
>>>>:

(5:39)

For the second sector
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1

2
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3
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2
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(5:40)
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Similar calculus leads to the following results [25]:

Sector 1

ta ¼
3Ts

2VDC

vx �
1ffiffiffi
3
p vy

� �

tb ¼

ffiffiffi
3
p

Ts

VDC

vy

(5:41)

Sector 2

ta ¼
3Ts

2VDC

vx þ
1ffiffiffi
3
p vy

� �

tb ¼

ffiffiffi
3
p

Ts

VDC

1

2
vy �

ffiffiffi
3
p

2
vx

� � (5:42)

Sector 3

ta ¼
Ts

ffiffiffi
3
p

VDC

(vy)

tb ¼

ffiffiffi
3
p

Ts

2VDC

(� vy �
ffiffiffi
3
p

vx)

(5:43)

Sector 4

ta ¼
3Ts

2VDC

�vx þ
1ffiffiffi
3
p vy

� �

tb ¼
�

ffiffiffi
3
p

Ts

VDC

vy

(5:44)

Sector 5

ta ¼

ffiffiffi
3
p

Ts

2VDC

(� vx � 2vy)

tb ¼

ffiffiffi
3
p

Ts

2VDC

(� vy þ vx)

(5:45)

Sector 6

ta ¼
3Ts

2VDC

vx �
2
ffiffiffi
3
p

3
vy

� �

tb ¼

ffiffiffi
3
p

Ts

2VDC

(vy �
ffiffiffi
3
p

vx)

(5:46)

The time intervals allocated to the zero vectors remain

t0 ¼ Ts � ta � tb (5:47)
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Another mathematical form for the transformation of (vx, vy) coordinates into

time intervals is provided by Equation (5.48) and is derived from (x, y)-type ortho-

gonal coordinates of the active switching vectors denoted here as (Vx
2, Vy

2) and

(Vx
1, Vy

1). The relationship for the time intervals yields

t1 ¼
½V2

y vx � V2
x vy�Ts

V1
x V2

y � V2
x V1

y

t2 ¼
½V1

x vy � V1
y vx�Ts

V1
x V2

y � V2
x V1

y

(5:48)

Any of these forms expressing the time intervals represents only the first step for

PWM implementation. Next, the time intervals corresponding to the inverter-

switching states need to be converted into a logical switching sequence applied to

the gates of IGBTs. In order to implement this step, the switching reference function

(also called modulation function) is defined.

5.6 DEFINITION OF THE SWITCHING REFERENCE FUNCTION

Once we know the time intervals for each state, we need to establish the sequence of

these intervals. If we try to directly use the previous relationships, the definition of

the switching sequence can be implemented only by the software. It is more advan-

tageous to define a function called the switching reference function that represents

the duty ratio of each inverter leg or the conduction time normalized to the sampling

period for a given switch; this is a mathematical function varying between 0 and 1

centered around 0.5. This is also called the modulation function.

The switching reference function can be derived by algebraic operations

between the time intervals previously calculated. For instance, on the first sector

from Figure 5.14:

. The instant when S1 goes ON equals t01 from the beginning of the sampling

period, and the value of the switching reference function for S1 will equal

[t01 /Ts].
. The instant when S3 goes ON equals a delay of t01þ ta from the beginning

of the sampling period, and the value of the switching reference function for

S3 will equal [t01þ ta /Ts].
. The instant when S5 goes ON equals a delay of t01þ taþ tb from the begin-

ning of the sampling period, and the value of the switching reference func-

tion for S5 will equal [t01þ ta /Ts].

The switching reference function is calculated at the sampling instants, and the

real variation is a staircase waveform that can be interpolated as shown in

Figure 5.13. The switching reference function has the same meaning as the reference

used in sine-triangle comparison-based PWM methods. It is, therefore, simpler to
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use the mathematical definition of a continuous function not influenced by the

sampling frequency rate. At this point, it is also easier to understand why the repeti-

tive frequency used in PWM generation is called sampling frequency. It simply

means to sample the switching reference function.

After successive derivations from Equation (5.38) through Equation (5.43), one

can calculate the switching reference function for all sectors. This is shown in

Figure 5.15 for the case of regular SVM. The difference between this function

and a pure cosine function is given by the following equation with a rich content

in the third harmonic:

PWharm ¼

0:500 sin a, for a [ (0,60)

0:866 cos a, for a [ (60,120)

�0:500 sin a, for a [ (120,180)

8<
: (5:49)

The third harmonic is present in the switching reference function but it is not

present in the output phase or line voltages. It only represents the average of the

A–M voltage from Figure 5.16:

vAB ¼ vAM � vBM ¼) third harmonic vanishes (5:50)

V5(0,0,1)

V4(0,1,1)

V3(0,1,0) V2(1,1,0)

V1(1,0,0)

V6(1,0,1)

Vs(Vs,α)

V0(–,–,–)
V7(+,+,+)

Im 1 = t01 ~000
2 = ta  ~100
3 = tb  ~110
1 = t02 ~011

Re
0 a

1
2 3

4

FIGURE 5.14 Generation of voltage space vector by SVM. (From Neacsu DO, Tutorial

presented at IECON’01: The 27th Annual Conference of the IEEE Industrial Electronics

Society 2001, IEEE paper 0-7803-7108-9/01. With permission.)
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The previous chapter showed the role and meaning of the injection of the third

harmonics in the sinusoidal modulation. The amount of this harmonic injection

has been shown to vary depending on the optimization objective:

. Maximization of the fundamental content (third harmonic with 0.25 of the

magnitude of the sinusoidal reference)
. Minimization of the total content in harmonics (third harmonic with 0.16 of

the magnitude of the sinusoidal reference)

The third harmonic in the SVM method is between the two values previously

calculated at about 0.22. References [27–30] analyze the equivalence between

regular, sampled sine-triangle methods and SVM and conclude that both methods

are analogous and that conventional digital center-aligned PWM devices can be

used for the implementation of the SVM algorithm.

1.0

0.5

0.0

FIGURE 5.15 Switching reference function for the regular SVM. (From Neacsu DO, Tutorial

presented at IECON’01: The 27th Annual Conference of the IEEE Industrial Electronics

Society 2001, IEEE Paper 0-7803-7108-9/01. With permission.)
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FIGURE 5.16 Third harmonics in SVM generation.
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5.7 DEFINITION OF THE SWITCHING SEQUENCE

5.7.1 CONTINUOUS REFERENCE FUNCTION: DIFFERENT METHODS

5.7.1.1 Direct-Inverse SVM [9,11]

The number of switchings can be reduced with a special arrangement of the switching

sequence so that only one switching on each inverter leg occurs during the transition

from one state to the next. When using both available zero states from Figure 5.14,

one zero state will start the sequence and the other will end it. For instance, the

switching state sequence has to be � � � 0 1 2 7 2 1 0 � � � The only remaining degree

of freedom consists in the amount t0 shared between the vectors V0 and V7.

The averaging theory used for SVM calculation does not define a way of sharing t0
among the possible zero vector states. In the original method, t0 was shared equally

between the two zero vectors. But this is not the most optimal partition solution. The

same low-sampling frequency algorithm is analyzed but with different sharing of the

zero states. All the sectors and bisectrix symmetries are considered as well as the alter-

nation of the zero state vectors. Results for the sharing ratio are shown in Figure 5.17

and Figure 5.18 for a low number (equal to 24) of sampling intervals in the fundamental

[31,32]. At larger sampling frequencies, the differences are smaller.

These results also show that high-performance SVM systems can be improved

further by a different placement of the zero states within the sampling interval.

The two extreme situations for the sharing of the zero-state intervals are:

. Method D-I-H (direct-inverse-half) (Figure 5.19, Figure 5.21a): Equal

sharing of the zero vector intervals at each sampling interval (t0 ¼ t7)

[10,11] is shown in Figure 5.19 with a phase voltage waveform. Observe

the trajectory of the tip of the current vector derived from this sequence.
. Method D-I-O (direct-inverse-one) (Figure 5.20): Use of only a zero vector

interval within each sampling period (e.g., t0 ¼ 0, t7 ¼ Ts 2 ta 2 tb).
. Both methods determine three switching on each sampling periods. Method

D-I-O is often employed at high sampling frequencies, whereas in low

0.524

z

0. 522

0.8003

z

0.800
0% Ratio 100%0% Ratio 100%

 Modulation index 0.3; fsw/ffund = 24  Modulation index 0.7; fsw/ffund = 24

FIGURE 5.17 Effect of different sharing of the zero state interval in the content of

fundamental (z). (From Neacsu DO, Tutorial presented at IECON’01: The 27th Annual

Conference of the IEEE Industrial Electronics Society 2001, IEEE Paper 0-7803-7108-9/
01. With permission.)
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frequencies, it produces even harmonics in the output phase voltage, as the

waveform symmetries are no longer taken into account. The spectral differ-

ences between the voltages carried out by either Method D-I-H or Method D-

I-O are small if the sampling frequency is large enough.
. Simple direct SVM or S-D-H Method: The simplest way to synthesize the

output voltage vector is to turn on all the switches connected to the same

DC link potential at the beginning of the switching cycle (sampling

period) and to turn them off sequentially during the sampling interval.

The zero-vector interval splits between V0 and V7 (t0 ¼ t7). The drawback

consists in switching all three inverter legs somewhere in the middle of

the sampling interval in order to change from V0 to V7 (for instance, the

switch sequence: . . . 0127–0127–0127 . . .). This method is similar to the

usual sine-triangle comparison-based PWM (Figure 5.28, Figure 5.2b).
. Symmetrically generated SVM: This modulation scheme is based on a sym-

metrical sequence within each sampling period. The phase voltages and

switching signals are similar to the D-I-H method but the direct-inverse

sequence is now inside the same sampling period (Figure 5.36). This

method is similar to the center-aligned PWM devices and can be directly

implemented in the existing PWM IC working on this basis.

0.09

HCF

0.05

0.042

HCF

0.033
0% Ratio 100%0% Ratio 100%

 Modulation index 0.3; fsw/ffund = 24  Modulation index 0.7; fsw/ffund = 24

FIGURE 5.18 Effect of different sharing of the zero state interval in HCF. (From Neacsu DO,

Tutorial presented at IECON’01: The 27th Annual Conference of the IEEE Industrial

Electronics Society 2001, IEEE Paper 0-7803-7108-9/01. With permission.)
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FIGURE 5.19 Pulse generation with method D-I-H.
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FIGURE 5.20 Pulse generation with method D-I-O.

FIGURE 5.21 Three-phase voltage waveforms for (a) direct inverse and (b) direct sequences

at a low-sampling frequency.
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5.7.2 DISCONTINUOUS REFERENCE FUNCTION [33–42] FOR REDUCED

SWITCHING LOSS

The previous chapter including the regular sampled PWM algorithms, demonstrated

the advantages of discontinuous algorithms to reduce the inverter switching loss

[33–37]. The same idea is now used with the SVM algorithm as support [38–42].

The averaging theory used for SVM calculation does not define the sequence of

the switching states. Any possible sequence of states will satisfy the average

relationship if the time intervals are calculated correctly. Any two neighboring

vectors are different by only one a switching in an inverter leg. Therefore, always

select the zero vector that does not change the status of that zero vector. For instance,

in the first sector, shown in Figure 5.14, the first leg does not switch when active

vectors are changed (from 1 0 0 to 1 1 0 or vice versa). Selection of the homopolar

vector is not unique; each time two zero vectors can be used. Always selecting 1 1 1

as the zero vector means that the first leg will not switch for the whole first sector (for

instance, sequences . . .–1 1 1–1 1 0–1 0 0–1 1 1–1 1 0–1 0 0–1 1 1– . . .). But this

solution is not unique. In the first sector, the third leg does not switch when the active

vectors are changed. This time, the lower switch will be ON during both active states

(from 1 0 0 to 1 1 0 or vice versa). Always selecting 0 0 0 as the zero vector means

that the third leg will not switch for the whole first sector (for instance, sequences
. . .–0 0 0–1 0 0–1 1 0–0 0 0–1 0 0–1 1 0–0 0 0 . . .). The advantage of using

any one of these solutions is the reduction in switching losses. There are two sol-

utions to minimize the number of switching processes within each sector of the

complex plane. This raises the question whether to change or not the selection of

the zero vector and the whole optimized sequence when passing to the next sector.

If we do not ever change the selection of the zero vector and always select the

zero vector as 0 0 0 or 1 1 1, we get one of the following solutions:

. Method DZ0: The null vector is always fixed as [0 0 0]

. Method DZ1: The null vector is always fixed as [1 1 1]

The switching reference function can be calculated as shown previously in

section 5.5 and it leads to the waveforms shown in Figure 5.22, with large intervals

that have no switchings for each of the six IGBTs within the inverter. These func-

tions are also not linear.

As can be seen, the switch that is not switched is either always on the low-side (for

the selection of the 0 0 0 zero vector) or on the high-side (for the selection of the 1 1 1

zero vector). Three switches are ON for extended periods of time and this may create a

problem in inverter bridges that use isolation circuits such as the bootstrap or charge

pumps for their gate drivers. That is why these methods are not used in the industry.

To obtain a symmetrical stress from the power devices, the degree of freedom

consists in alternating the zero vector at each 608 interval. As each phase can be

kept unswitched for 1208 consecutively, there is a degree of freedom in selecting

where exactly the zero vector can be changed for sequences of 608. For instance,

the first leg can be kept unswitched from 260 to 608 (notice vectors 1 1 0 and
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1 0 0 in Sector 1; 1 0 0 and 1 0 1 in Sector 6), but a 608 interval has to be chosen

within this. Switching loss is approximately proportional to the magnitude of the

current being switched and it would be better to avoid switching the inverter leg

with the highest instantaneous current. In other words, the no-switching 608 interval

can be selected at exactly the peak of the current.

How is the switching sequence selected? It can be based on four states in each

sampling interval: a zero vector in the beginning, the first active state, the second

active state, and another zero state at the end. Applying the principles explained

earlier to such a switching sequence leads to results shown in Figure 5.23. The

same phase voltages are obtained as in the case of Method S-D-H.

However, such a sequence violates the idea of having only one switch at a time

and leads to four switches over a sampling interval. Another solution that respects

this constraint and also takes advantage of the no-switch rule for 608 consecutively

is different from conventional SVM. It uses a direct-inverse sequence

jVA1 2 VA2 2 VZ j VZ 2 VA2 2 VA1 j VA1 2 VA2 – VZ j (Figure 5.37).

This selection of the switching sequence allows the maximum reduction of the

number of switches.

DZ0
0.0

0.5

1.0

DZ1
0.0

0.5

1.0

FIGURE 5.22 Switching reference function calculated for PWM generation with methods

DZ0 and DZ1.
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FIGURE 5.23 Switching sequence with four states take advantage of no-switch rule on the

first leg.
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There are several solutions accepted by the industry:

. Method DD1: The intervals of no switches coincide with the plane sectors.

A null vector [1 1 1] is assigned for sectors 1, 3, and 5 and a null vector [0 0

0] is assigned for sectors 2, 4, and 6. The 608 interval without switches

occurs right after the peak of the phase voltage. Generally, the current

lags behind the phase voltage and the peak of the current fundamental

settles in the next 60 8 after the peak voltage (Figure 5.38).
. Method DD2: The 608 no-switch interval is spread equally around the peak

of the fundamental of voltage. This method is very useful to reduce switch-

ing losses in grid-related applications, in which the power factor is unity and

the peak of current is close to the peak of voltage (Figure 5.38).
. Method DD3: The 608 interval without switches can be spread equally

around the measured peak of the phase current. Despite the difficulty of

sensing the phase currents, this solution seems attractive, as it tracks the

maximum loss reduction. However, if the phase current and voltage out of

phase are greater than 308, the 608 no-switch region will overcome the

vector sector (Figure 5.24).

If the voltage vector is, for instance, V1 and the current vector is at 488, equally

spreading the no-switch region for the first inverter leg around the current vector

leads to an area between 18 and 788. For a . 60, keeping the first phase ON (1)

is no longer possible as the Sector 2 is characterized by switches in the first phase

due to the use of V3(0 1 0). There need not be any switches in the other two

phases, but the other currents are less able to control the complexity, thereby com-

promising the merits of the method.

Let us analyze Figure 5.25 to understand how much power loss can be saved by

using discontinuous PWM algorithms. Switching power loss for the discontinuous

V3(0,1,0)
V2(1,1,0)

V1(1,0,0) Re

V0(–,–,–)

V7(+,+,+)

Supposed 60°
S1 no-switch area

around peak current

Impossible to
keep S1=1

due to use of V3

OK for keeping  
S1=1

Im

Current
vector

a = 48°

FIGURE 5.24 Vectorial discussion around the DD3 method. (From Neacsu DO, Tutorial

presented at IECON’01: The 27th Annual Conference of the IEEE Industrial Electronics

Society 2001, IEEE Paper 0-7803-7108-9/01. With permission.)
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PWM algorithm is normalized to the switching power loss for the continuous PWM

algorithm and shown in respect with the load power angle. The results are based on a

computer-based analysis, considering the level of the load current at switching instant

and the number of switching processes. The best case leads to 50% savings in switch-

ing loss [42–44].

This reduction in switching loss does not exactly come free. There is a small

drawback as the discontinuous PWM methods can introduce oscillations around

the points where the sector is changed. This is due to the different set of equations

used within each sector to calculate the time intervals. The effects are clearer at low

output fundamental frequencies and they result in increased loss in the load and may

introduce instabilities of the feedback control system (Figure 5.26).

5.8 COMPARISON BETWEEN DIFFERENT VECTORIAL PWM

5.8.1 LOSS PERFORMANCE

The difference between the conduction loss among the SVM techniques is less than

3% of the total loss. Switching performance is presented in Table 5.1.

5.8.2 COMPARISON OF TOTAL HARMONIC DISTORTION/HCF

As shown in the previous chapter, the most important performance index for a power

converter refers to the harmonic content in the output (input) current. This can be

0.9

0.85

0.80 DD1

Psw(discont)

Psw(comin)

DD2

DD3

0 —π
2

– —π
2

0.75

0.7

0.65

0.6

0.55 Load power
factor

FIGURE 5.25 Switching loss for discontinuous PWM normalized to the switching loss for

continuous PWM algorithm versus load power angle. (From Neacsu DO, The 27th Annual

Conference of the IEEE Industrial Electronics Society 2001, IEEE Paper 0-7803-7108-9/
01. With permission.)
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expressed by

HCF(%) ¼
100

V(1)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX1
n¼5

V(n)

n

� �2

vuut (5:51)

and represents a normalization of the harmonic content to the fundamental.

These PWM algorithms have different sequences during the sampling interval

and the number of switching processes is different. For this reason, the definition

of the switching frequency differs from method to method. A proper comparison

must consider the same switching frequency even if reached by different means.

The best harmonic content is achieved for reduced loss algorithm operated at

high-modulation indices. In low-modulation indices, the best harmonic content

can be achieved from the conventional SVM. The approximate threshold for this

kind of comparison lies at a modulation index of about 0.6.

Many other researchers or engineers present the current harmonic by normaliza-

tion to the harmonics obtained by a six-step operation at the power stage. Figure 5.39

shows the difference between harmonics with an inverter obtained by a six-step

operation and a PWM inverter. The operation with six pulses introduces larger

harmonics at low frequency.

TABLE 5.1
Switching Performance

Method
Number of

Switchings Within Ts THDv
Number of

Switching States

Direct-inverse (D-I-H) 3 4

Direct inverse (D-I-O) 3 3

Simple direct (S-D-H) 6 4

Symmetrically generated

(SGS)

6 Least 7

Direct-direct/000 (DZ0) 4 3

Direct-direct/111 (DZ1) 4 3

Direct-direct/sect (DD1) 4/2 3

Direct-direct/peak (DD2) 4/2 3

Direct-direct/mes (DD3) 4/2 3

60°
Glitches due to
change of equations
at sector change

FIGURE 5.26 Output phase current when applying discontinuous PWM algorithms.
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By normalization to this waveform, the monotony of the plots changes. Results

for the most well-known methods derived from SVM are shown in Figure 5.27.

5.9 OVERMODULATION FOR SVM

It has been shown that the maximum modulation index of the regular SVM

algorithm is achieved when the circular trajectory with the largest radius becomes

tangential to the external hexagon formed with the switching vectors (see

Figure 5.11). The linearity of the PWM ends at this point.

Many applications, however, require more voltage up to the six-step mode.

Operation between these two limits is called overmodulation and was presented

in Chapter 4. Let us see here how an overmodulation algorithm can be defined

under SVM.

0.8 m0.60.40.20
0

0.01

0.02

0.03

0.04

0.05

d 2

DD1
DD2

16% Third harmonics

SVM
25% Third harmonics

Sine PWM

FIGURE 5.27 Distortion factor versus modulation index. (From Neacsu DO, Tutorial

Presented at IECON’01: The 27th Annual Conference of the IEEE Industrial Electronics

Society 2001, IEEE Paper 0-7803-7108-9/01. With permission.)
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FIGURE 5.28 Pulse generation with method S-D-H.
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First, the operation is characterized by a trajectory of the averaged space vector

along a circle of radius m . 0.866 as long as the circle arc is located within the

hexagon and along the hexagon sides in the remaining portions. The same Equations

(5.30) are used for PWM generation when the tip of the averaged space vector is on

the circular trajectory. For points that lie on the sides of the hexagon, there is no zero

state (t0 ¼ 0) and the following equations are used for the active states

ta ¼ Ts

ffiffiffi
3
p

cosa� sinaffiffiffi
3
p

cosaþ sina

tb ¼ Ts

2 sinaffiffiffi
3
p

cosaþ sina

(5:52)

At m ¼ 0.952, the trajectory shows at the hexagon, and no portions move into

the circular locus. In order to advance towards the six-step operation, Operation

Mode II is defined. This time, the velocity of the tip of the averaged space vector

is controlled. The higher the modulation index is expected to be, the higher is the

velocity in the center of each hexagon side and the lower in the corners. This

mode converges smoothly into a six-step operation when the trajectory is limited

to six discrete positions in the complex plane. The structure of a pulse over each

sampling interval is composed of only two active states. Zero states are never used.

Both operation modes are characterized by nonlinear transfer characteristics with

addition of harmonics that jeopardize the harmonic performance. This is natural

because the six-step operation has been already shown to have important harmonics.

5.10 VOLT-PER-HERTZ CONTROL OF PWM INVERTERS

Chapter 4 introduced the volt-per-hertz control associated with PWM techniques. It

has also been shown that industry uses PWM with different numbers of pulses for

different fundamental frequency intervals (Figure 5.30). A larger frequency ratio

is therefore considered for low frequencies, whereas the power converter operates

at high fundamental frequencies with a smaller frequency ratio. Extension of this

method to SVM control is presented next.

28

21

14

7

0

HCF  [%]

m0.10 0.860.60

6-Step

D-I-H-24 D-I-H-48

D-I-H-72

FIGURE 5.29 HCF for different numbers of sampling intervals over the fundamental.
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SVM control of a gate turn-off (GTO) inverter with a switching frequency below

960 Hz is shown in Figure 5.30 [45]. The switching frequency is limited to GTO

devices and has wide enough pulses to compensate for the voltage drop across the

stator resistance. The following operation modes are accordingly obtained:

. At higher frequencies: An operation mode with a constant voltage is pre-

ferred in order not to exceed the induction machine nominal value. The

voltage is kept constant between 40 and 80 Hz with an optimal SVM

having 24 pulses.
. At lower frequencies: A PWM method is used with V1/f ¼ constant and a

number of pulses on different frequency intervals: 24 pulses, . . . 20–40 Hz;

48 pulses, . . . 10–20 Hz; 96 pulses, . . . 5–10 Hz; 192 pulses, . . . ,5 Hz.

The specifics of SVM for each operation mode are pesented in Figure 5.31.

192

96

48

24
24

V1

f [Hz]

8040201050

FIGURE 5.30 Volt-per-hertz control.

Linear
(saturation)
to hexagon

Portion of
circular

trajectory

FIGURE 5.31 Operation Mode (I).
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5.10.1 LOW-FREQUENCIES OPERATION MODE

The relation V1/f ¼ constant can be written as V1QT ¼ constant, where Q is the

number of pulses over the fundamental period (also called frequency ratio). For

each frequency interval shown in Figure 5.30, the magnitude and RMS of the

output phase voltage take values within a finite interval and the vectorial represen-

tation of this operation brings us inside a circular corona (for example, between Vs1

and Vs2 in Figure 5.32).

The time allocated to the switching vectors neighboring a desired space vector pos-

ition has been defined previously by Equations (5.30). These equations can be seen as

ta, tb ¼ constant � Vs
� Ts for a given direction on the complex plane. The similarity

between these forms of Equations (5.30) and the volt-per-hertz control condition

(V1QT ¼ constant) implies a possible modification of the RMS value of the output

voltage by adjusting the sampling interval Ts while both ta, tb are kept constant

(Figure 5.33).

In order to decrease the frequency, the sampling period is increased by enlarging

the zero-states’ intervals. When the period doubles, the transition to the next domain

occurs. This domain will be characterized by twice the number of pulses achieved by

splitting the previous sampling period into two intervals. The use of the same time

constants in all low-frequency operation modes is therefore possible, improving

microcontroller and memory look-up table use. Figure 5.34 presents all possible

positions of the tip of the space vector with the magnitude equaling the condition

for transition from one domain to the next. Intermediary magnitude values are

easily generated on the basis of the same time constants by enlarging the zero-

state intervals. This figure is also important as it shows the positions that need to

have time constants stored in memory. All the other positions will use the same

time constants (ta, tb). Considering all other symmetries of a three-phase system

limits the total number of memory locations to

NML ¼ 2 1þ
m

12

h i
(5:53)

Vs1

Vs2
0 Re

Im

FIGURE 5.32 Circular corona.
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5.10.2 HIGH-FREQUENCY OPERATION MODE

The operation of the induction machine in high fundamental-frequency range

implies limitation of the voltage. The same PWM pattern is supposed to be used

for all these frequencies. Due to the nature of the high-frequency operation, the

number of pulses in this pattern is limited (24 pulses in our example) and the harmo-

nic results are not very good. It is a good practice to define an optimal PWM algor-

ithm on the basis of harmonic elimination or global harmonic minimization for this

domain.

Reducing this pattern to a 308 sector when considering the symmetries within a

three-phase system shows a position on the real axis — one intermediary position

and the last one on the 308 direction. There is a degree of freedom in neglecting

Equations (5.30) and in defining a new set of optimal time constants instead of calculat-

ing ta, tb on the basis of the optimization constraints. For instance, one can set the

t01_1

ta tb

t02_1

t01_2 t02_2

ta tb

Ts2 = 2*Ts1

Ts1 = 1/(Q*f1) ⇔ Vs1

Ts2 = 1/(Q*f2) ⇔ Vs2

Ts1

FIGURE 5.33 Pulse width changes over a circular corona in the complex plane.

0           0.125 0.250 0.500   1.000   Vs[norm]

0           5 10  20 40 f [Hz] 

Time
constants
stored
in memory

Use the same
time constants

30°

FIGURE 5.34 Operation within a 308 sector.
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fundamental voltage at a desired value and limit both lowest harmonics as

min(V5
2
þ V7

2). This implies replacing the time constants calculated with Equations

(5.30) by

ta ¼ 0:793Ts

tb ¼ 0:152Ts

(5:54)

These values yield both 5th and 7th harmonics below 3% of the fundamental of the

output voltage. These harmonic results are shown in Figure 5.35.

200 440 680  920 1160 1400   1640   1880
 2  520  760 1000 1240 1480 1720 1960

(a)

(b)

f [Hz]

f [Hz]

 200 440  680 920 1160  1400  1640 1880
240 520 760 1000 1240 1480 172a0  1960

40

FIGURE 5.35 Spectra for different PWM patterns at 40 Hz. (a) Optimal PWM at

fundamental frequency of 40 Hz (b) Optimal SVM at fundamental frequency of 40 Hz.
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FIGURE 5.36 Pulse generation with method SGS.
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FIGURE 5.37 Modified space vector modulation.

FIGURE 5.38 Pulse generation with methods DD1 and DD2 for different modulation indices.
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5.11 CONCLUSION

The space vector theory has been known for more than half a century, but only

during the last 20 yrs, it has been consistently used in the control of three-phase con-

verters. Details of PWM generation on the basis of vector representation as well as

use of this concept in motor drives are the subjects of this chapter. All SVM vari-

ations are reviewed and the advantages of discontinuous reference functions are

also outlined.

5.12 PROBLEMS

P.5.1 Write relationship for Park/Clarke direct transforms and inverse trans-

forms and prove the meaning of coefficients for power conservation and for magni-

tude conservation.

P.5.2 Establish the mathematical expressions for waveforms in Figure 5.22.

Consider each one as a phase function and write the mathematical expressions for

the other two phases taking into account the phase shifts of 120 and 2408.
P.5.3 Consider functions defined in P.4.2. and define a new base in the vector

space similar to the base defined in Equation (5.4), Equation (5.5), and Equation

(5.6). Then define a vector transform able to convert the (d, q, 0) quasi-DC coordi-

nates into phase voltages as shaped in Figure 2.22. Use a computer program

(MathCAD, Matlab) to implement these relationships and run the program to plot

control functions.

P.5.4 Imagine a PWM pattern synchronized with the fundamental period and a

count of 24 pulses on one period:

. Draw the spatial distribution of the tip of the voltage vector.

. For each discrete position thus determined, calculate the amount of time

associated with each neighboring active vectors using Equation (5.29) and

DD1

D-I-H

S-D-H

2.5

2.0

1.5

1.0

0.5

0.0

HCF [%]

m
0.10 0.860.60

FIGURE 5.39 HCF for several modulation methods calculated for f1 ¼ 50 Hz, fsw ¼

3.6 kHz.
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Equations (5.30) for a modulation index of 0.55 defined as in Equation

(5.31).
. Consider the active vectors in the middle of the sampling interval and draw

the time evolution of the voltage on the first phase during the first sector

(method D-I-H), using information from Figure 5.14.

P.5.5 If a three-phase inverter is supplied from a three-phase central-point rec-

tifier with very weak filtering or without filtering, calculate the maximum voltage we

can have at the inverter output without overmodulation. Use Figure 5.11 and

Equation (5.31) after definition of the minimum value of the rectified voltage

(VDC). Consider the grid RMS voltage as 120 V per phase.

P.5.6 Demonstrate Equation (5.41) to Equation (5.46).

P.5.7 Write Equation (5.48) for each sector, using the active switching vectors

from Figure 5.14 and their orthonormal coordinates in the complex plane.

P.5.8 Use Figure 5.36 and define the instants for turning ON each of the six

IGBT switches.

. Write their expressions as a delay from the beginning of the sampling

interval: For instance, f (S1) ¼ t0/2, f (S2) ¼ Ts 2 t0/2, and so on. Replace

definitions from Equation (5.41) to Equation (5.46) for each sector.

Organize these results as a flowchart to be implemented in a microcontroller

with a center-aligned PWM generator.
. Write a computer program and draw the evolution of the calculated

ON-time. Compare the results with Figure 5.15.

P.5.9 Do the same as in P.5.7. with the switching sequence shown in Figure 5.37.

Compare results with Figure 5.38.

P.5.10 Explain an algorithm to take advantage of the best HCF from Figure 5.25

and Figure 5.39. at any modulation index. How can we modify the switching refer-

ence function to ensure a smooth transition from one method to another?
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